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Abstract

he aim of this thesis is to develop a Learning Model Predictive Control (LMPC)
framework for quadrotors; this thesis results to be one of the first comprehensive

studies on LMPC applied to quadrotors in real-case scenarios.
LMPC is a novel control technique that autonomously learns to improve its perfor-
mances, by collecting data coming from past executions of the control task. Given a
certain task, the control algorithm makes the quadrotor to perform it repetitively; infor-
mation coming from these repetitive iterations is progressively collected and employed by
the controller to obtain better performances for the required task. This control method
is especially versatile and useful for time-sensitive operations, in which the drone has to
make fast and dexterous maneuvers in constrained and cluttered environments.
In this scenario, our specific goal is to implement a LMPC algorithm that pilots the
quadrotor within a closed 3D race track, in which multiple types of obstacles can be
inserted. The task of the controller is to autonomously find the trajectory achieving the
minimum lap time, after multiple flights of the drone within the track.
The control algorithm is fully developed in MATLAB and is tested via several software-
in-the-loop simulations, employing a complete dynamic model of the quadrotor.
The conducted simulations show that the LMPC algorithm successfully achieves the
task of finding the optimal path for lap time minimization and also the additional task
of avoiding the obstacles placed within the track: the control algorithm has learned
to fly the quadrotor aggressively, adopting a flight style that exploits multiple driving
tricks to optimize both the travelled distance and the time needed to complete a lap.
The simulations not only demonstrate the correct functionality of the algorithm, but

also empirically verify all the fundamental theorems of LMPC.
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Introduction

nmanned Aerial Vehicles (UAVs), such as quadrotors, are aircrafts becoming nowa-
U days increasingly more employed to assist humans in performing a wide range of
time-sensitive tasks, typically in constrained outdoor and indoor environments; such
tasks include logistics, transport, search, rescue, and monitoring. These time-sensitive
operations require UAVs to make fast decisions and agile maneuvers in uncertain, clut-
tered, and dynamic environments, by intelligently exploiting environmental information

to improve their performances over time.

In this scenario, the aim of this thesis is to investigate the use of Learning Model
Predictive Control (LMPC) for quadrotors, which is a novel control technique that
exploits past information, coming from previous iterations of the given control task, to
autonomously improve its performance over time, while respecting system dynamics,

environmental and actuation constraints.

It is worth remarking that, so far, very few studies have been developed on the appli-
cation of LMPC to quadrotors; specifically, such studies are either limited only to 2D
motion control [1] or employ just a simple kinematic model of the quadrotor as system
to be controlled in software-in-the-loop simulations [8].

In this thesis, instead, we use LMPC to control the quadrotor motion within a closed 3D
environment, having a limited height, horizontally delimited by a planar race track, and

with the possibility of adding different kinds of obstacles therein; moreover, in the simu-
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1. Introduction

lations, we employ a complete dynamic model of the quadrotor (including aerodynamic

effects) as system to be controlled.

The majority of the studies that combine quadrotors control with past data collection are
actually based only on classic MPC, instead of LMPC. In these works, MPC is integrated
with additional features, such as perception capabilities, data-driven refinement of the
system dynamics, or neural networks based identification of the system model. However,
such control methods are limited to reference tracking applications and, in general,
exploit past information only to refine the quadrotor model, and not to improve the

control performances.

The most relevant studies on LMPC apply this control method to ground vehicles [17]
[3]. In these works, the vehicle task is to travel repetitively within a planar race track.
During each lap, the LMPC algorithm collects the states of the generated trajectories
and their corresponding costs. The vehicle learns from this “past” data to explore new
ways to decrease the cost of its current trajectory, as long as it maintains the ability to
reach one of the states collected during previous iterations.

This approach has the advantage of not requiring a reference trajectory; thus, it is
especially versatile and useful during tasks where the desired trajectory is not known
or is difficult to compute due to the system complexity. A clear example of such tasks
is drone racing competitions, in which the UAV is required to autonomously perform
agile and dexterous maneuvers to achieve a superior performance compared to human
controlled aircrafts. Specifically, the control algorithm needs to find the trajectory
achieving the minimum lap time after multiple flights of the drone within the race

track.

In this thesis, we develop a LMPC framework for quadrotors control, that finds a good
application in the context of drone racing and, in general, to any other scenario of con-
strained indoor activity.

Specifically, we implement a LMPC algorithm that controls the quadrotor motion within
a closed 3D environment. This region of space, in which the quadrotor can move, has
a limited vertical height and is delimited horizontally by a closed race track, having a
predefined shape and a limited width. Moreover, within this space, multiple kinds of
obstacles can be inserted at any point of the track, thus including the additional task,
for the quadrotor, of avoiding such obstacles during its motion.

The quadrotor should move from the start to the finish line of the track, performing

repetitive laps, staying within the bounds defined by the vertical and horizontal borders,
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1. Introduction

and avoiding the obstacles therein.

The states of the generated trajectories and the related costs are stored at every com-
pleted lap. With this data, collected across multiple successful iterations of the same
task, the algorithm learns to explore new paths within the track to improve, at every
iteration, the cost of the current trajectory followed by the quadrotor.

For our purposes, the cost of each trajectory will be quantified as the time needed by it
to complete a lap; thus, the goal of the control algorithm is to obtain the optimal path

that minimizes the lap time of the quadrotor.

The LMPC algorithm is developed starting from the construction of all the mathemati-
cal objects and tools required by LMPC theory. Through them, we formulate the LMPC
optimization problem, which is the key element of the prediction phase of the algorithm;
such optimization problem is then relaxed, to reduce its computational complexity and
making it suitable for real-time applications. Finally, we formulate the complete LMPC
algorithm. The functionality of the algorithm is tested by means of software-in-the-loop
simulations, that use, as system to be controlled, a complete dynamic model of the

quadrotor.

This thesis is organized as follows:

e In Chapter 2, the dynamic model of the quadrotor is derived. Staring from some
fundamental notions on quadrotors flight, the modelling phase makes use of the
Lagrangian approach to mechanics to derive the model of the quadrotor. Therefore,
generalized coordinates for the quadrotor are defined, along with the computation of
its kinetic and potential energy, to finally derive the system of Lagrange equations
constituting the final model of the quadrotor.

In this chapter, it is also taken into account the choice of a suitable coordinate system
that allows to describe, in the most convenient way, the motion of the quadrotor

within the track. For this purpose, the Frenet coordinate system is used.

e In Chapter 3, a first control approach based on classic MPC is formulated. This
intermediate step is necessary, since, as explained in the next chapter, the LMPC
algorithm needs to be initialized with a first feasible trajectory that allows the quadro-
tor to complete its first lap, before starting to be controlled by the proper LMPC.
Such trajectory is generated by means of a basic reference tracking control method,
which is chosen to be indeed MPC.
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1. Introduction

Therefore, a MPC algorithm for quadrotor trajectory tracking is developed. Starting
from the general theory of Nonlinear MPC (NMPC), the MPC optimization problem
and algorithm for the quadrotor are formulated, along with some relaxation tech-
niques, that allow to reduce the computational complexity and provide robustness

to infeasibility.

e In Chapter 4, the proper LMPC control algorithm for quadrotor autonomous and
optimal path planning is formulated. Starting from general theoretical considera-
tions on LMPC, all the LMPC mathematical objects and tools are constructed. The
general LMPC optimization problem and algorithm are then formulated; to make
such algorithm more suitable for real-time applications, relaxation procedures for
the optimization problem are described and employed in the actual algorithm for
quadrotors control.

The general algorithm is then reformulated for the application to quadrotors; specif-
ically, all the elements of the LMPC problem are readapted for the purpose of au-
tonomously finding the path corresponding to the minimum lap time.

The LMPC algorithm is then improved by adding the capability of avoiding obsta-
cles within the track. This improved algorithm is meant to achieve both the task of
finding the optimal path minimizing the lap time and the task of avoiding possible

obstacles in the flight area.

e In Chapter 5, finally, we report all the results obtained through simulations of the
MPC algorithm for quadrotor trajectory tracking and of the LMPC algorithms for
quadrotor optimal path planning and obstacle avoidance. These algorithms are em-
ployed in software-in-the-loop simulations, in which they control the same quadrotor
dynamic model on a certain number of different race tracks and in various conditions

(including the addition of obstacles within the track).
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Quadrotor modelling in

Frenet coordinates

2.1. Introduction to systems modelling

he mathematical model of a real-world dynamical system is, in general, a system
T of ordinary differential equations (ODEs) that manages to fully describe the time
evolution of the system, using a limited number of variables.
The mathematical modelling of dynamical systems is a branch of mathematical physics
that plays a crucial role in automatic control: indeed, modelling is a mandatory step
in control systems design, since every control method requires some knowledge of the

mathematical equations governing the behaviour of the system to be controlled.

In a mathematical model (hereafter called just “model”), we identify two types of vari-

ables: state variables and input variables.

e State variables (denoted as & € R™) are the unknowns of the ODEs constituting the
model; in general, they are internal quantities of the system that are able to fully
describe its actual state.

By solving the system of ODEs, we obtain the values x(t) of the state variables over

time, which indeed represent the time evolution of the system.
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2. Quadrotor modelling in Frenet coordinates

For example, considering a rigid body that is free to move in the 3D space, the
state variables of its model can be the position coordinates x,y, z (with respect to
a fixed Cartesian frame), and a triplet of orientation angles ¢,6,1. Assuming that
also the mass m of the body can change over time (like, for example, in a rocket,
due to propellant consumption over time), m is another state variable of the system.
The model will then be a system of seven ODEs in seven unknowns (i.e. the state

variables).

Instead, considering an electrical circuit, the state variables are, in the general case,
the voltage and the current of each circuit element. Therefore, if the circuit is
composed by n nodes and b branches (b is also equal to the number of circuit elements,
assuming to have only bipoles), its model will be a system of 2b differential-algebraic
equations (DAESs) in 2b unknowns, where n — 1 equations are given by the Kirchhoff
current law, b — n 4+ 1 come from the Kirchhoff voltage law, and the last b are the

constitutive equations of each component.

e Input variables (denoted as u € R™) represent external actions on the system that
can influence its “free” evolution over time (i.e. when no inputs are present).
Input variables can either be adjustable from the external (and so can be exploited
as control inputs for the system), or cannot be controlled (in this case, they are called

disturbance inputs).

For the 3D rigid body, the input variables are all the external forces and torques

applied on it.

In the electrical circuit, instead, the input variables are the voltage/current of inde-

pendent voltage /current sources.

For what concerns mechanical systems, models are typically subdivided in two categories:

kinematic models and dynamic models.

e Kinematic models consider as input variables the relevant velocities of the system;

therefore, the model contains only first-order ODEs.

These models are well suited for simulation purposes and typically apply well to
wheeled vehicles subject to non-holonomic constraints. However, they are non ade-
quate for control purposes, since their inputs (i.e. the system velocities) are quantities

that cannot be directly controlled from the external.

e Dynamic models, instead, consider as input variables the forces and torques applied

Page 6 of 158



2.2. Notions on quadrotors flight

on the system (which, from Newton’s second law, are related to the system accelera-
tions); thus, the model contains second-order ODEs.

Dynamic models can be systematically derived using the Newtonian or the La-

Ctreal”

grangian approach to mechanics. Moreover, these models, considering the
inputs of the systems, are well suited for control purposes, with the price of being

much more complicated than kinematic ones.

As a consequence, for mechanical systems, in the following we will mainly focus our

attention on dynamic models.

2.2. Notions on quadrotors flight

A quadrotor (or quadcopter) is a multi-rotor helicopter that is lifted and propelled by

four rotors (i.e. electric motors + blades) in a cross configuration.

The propellers (i.e. the rotors) of a quadrotor are mounted such that the front and rear
ones (1 and 3) rotate in the counter-clockwise direction, while the right and left ones (2
and 4) rotate clockwise, as shown in Figure 2.1.

As we will see in the next paragraphs, alternating the directions of rotation of the rotors

is needed to nullify the yaw moment, that is generated by the reaction torques exerted

S

wq
f2
A T

by the motors on the quadrotor body.

fT
7, C

V1
N

Wpx2

Figure 2.1. Quadrotor lift forces and reaction torques generated by the motors; the propellers rotating

TZC\LJ

clockwise are depicted in blue, while those rotating counter-clockwise are depicted in red.
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2. Quadrotor modelling in Frenet coordinates

The position and orientation of a quadrotor can be controlled by adjusting the rotation

speeds of the four motors. Specifically, each motor applies:

e a torque 7T on the rotor blades. This torque puts in rotation the blades in the same
direction of it. The blades, hitting the air, have to overcome the drag force due to
air friction. The air is also deflected by each blade towards the ground, generating a
lift force f directed upwards; this force, if greater that the weight of the quadrotor,

allows to lift it up from the ground;

e a reaction torque —7 on the quadrotor body, as a consequence of Newton’s third law,
acting in the opposite direction with respect to the rotation of the blades. Since each
motor applies an independent torque 7;, with ¢ = 1,...,4, if the sum Z?:I T, # 0,
the quadrotor will start rotating around its z; axis (see Figure 2.1), generating a
so-called yaw motion, which is something unwanted unless required by the pilot.

By mounting the rotors such that they alternatively rotate in opposite directions, we
obtain (when their rotation speeds are the same) that 7, = 73 = —7, = —7,, making
24 7. = 0, and so nullifying the yaw motion.

=1 "7

The lift forces and reaction torques of each rotor are depicted in Figure 2.1.

The motion of the quadrotor, as for any rigid body moving in the 3D space, can be seen
as the combination of two contributions: the linear motion of its center of mass (CM)
and the rotational motion of the quadrotor around its CM.

The quadrotor has thus six degrees of freedom (DoF), three related to the linear motion
(longitudinal, lateral, and vertical motions) and three related to the rotational motion

(typically, roll, pitch, and yaw motions).

The control of these motions can be performed by adjusting the rotation speeds of the

different motors of the quadrotor. Specifically:

e The yaw motion is the rotation of the quadrotor around its z; axis. As already
explained, it is generated by the reaction torques of each motor: when the four
rotor speeds are the same, the total reaction torque is null, and so no yaw motion is
generated; if instead the four rotor speeds are not equal, the quadrotor will start to

rotate (Figure 2.2a).

e The roll motion is the rotation of the quadrotor around its z; axis. It is generated

by the difference of speed between the right and left rotors: if the left one (4) rotates
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2.2. Notions on quadrotors flight

faster that the right one (2), then a positive roll motion is generated, since f;, > fs,

and viceversa (Figure 2.2b).

e The pitch motion is the rotation of the quadrotor around its y; axis. It is generated
by the difference of speed between the front and back rotors: if the back one (3)
rotates faster that the front one (1), then a positive pitch motion is generated, since

fs > f1, and viceversa (Figure 2.2c).

e The wvertical motion is the translation of the quadrotor along its z; axis. It is obtained
by regulating the speed of all the rotors, which contribute to the total lift force that

generates the vertical movement (Figure 2.2d).

e The longitudinal motion is the translation of the quadrotor along its x; axis, while
the lateral motion is the translation along its y; axis. They are obtained by means

of a combination of vertical motion and roll-pitch motions (Figure 2.2b-c).

Y1 X1

(@) (b)

(c) (d)

Figure 2.2. Quadrotor motions: (a) yaw motion, (b) roll and lateral motions, (¢) pitch and longitudinal

motions, (d) vertical motion.
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2. Quadrotor modelling in Frenet coordinates

2.3. Modelling problem setup

2.3.1. Quadrotor pose in the space

To derive the mathematical model of the quadrotor, we need at first to define the
reference systems and the variables through which we will describe the pose (i.e. position

and orientation) of the quadrotor in the space at any time instant.

Reference frames

We start considering the reference frames. As it is commonly done for any problem
concerning the pose of a rigid body in the 3D space, we define two right-handed Cartesian

frames:

e the base frame F, (Ozyz), which is the frame representing the stationary space

around the body; this frame is therefore a fized one;

e the body frame F; (Oyx,y,7,), which is a frame attached to our body, which moves
together with it and is centered in the CM of the body; this frame is therefore a

moving one.

The frames are depicted in Figure 2.3.

Figure 2.3. Quadrotor reference frames and generalized coordinates
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2.3. Modelling problem setup

2.3.2. Generalized coordinates

Now we need to define a set of variables q, called generalized coordinates, allowing us

to univocally describe any pose of the body.
Specifically:

e The position of the body is univocally defined by the vector » = OO, which is the
position vector of the CM of the body with respect to (wrt) the base frame.

e The orientation of the body frame (and, thus, of the body itself) is univocally defined

by a rotation matrix R wrt the fixed base frame.

Position

The vector 7 can be expressed in the base of Fy: r = (x,y,2)". (1

The components x, y, z of r are the first three generalized coordinates for the quadrotor.

Orientation

The rotation matrix R = R,_,; = R is defined as follows:
Ry = (2, 9, %) (2.1)
where @, y;, Z; are the versors of F} expressed in the base of Fj,.

A rotation matrix can be always decomposed in a product of three matrices, each of
them associated to an elementary rotation around one of the frame axes. These angles

are called Fuler angles. In particular, the following decomposition:
R} =R.(Y)R,(0)R,(¢) = Ry, (6,0,9) (2.2)
defines the triplet of angles (¢,0,9)! = a,,, = « called RPY (roll-pitch-yaw) angles.

The RPY angles describe an orientation that, from the pre-multiplication rule, can be

constructed by:

'For notation clarity, in this chapter the superscript “0”, indicating the F,, base, will be omitted for

vectors.
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2. Quadrotor modelling in Frenet coordinates

1) rotating the body frame around the x axis of the base frame by an angle ¢ (roll);
2) rotating the body frame around the y axis of the base frame by an angle 6 (pitch);

3) rotating the body frame around the z axis of the base frame by an angle ¢ (yaw).
Equivalently, the orientation, from the post-multiplication rule, can be constructed by:

1) rotating the body frame around its z; axis by an angle 1 (yaw);
2) rotating the body frame around its y; axis by an angle 6 (pitch);
3) rotating the body frame around its x; axis by an angle ¢ (roll).
To ensure that it exists a biunivocal correspondence between RPY angles and rotation
matrix, each angle is bounded in the following intervals:
¢ € [—180°,180°], € € [—90°,90°], < € [—90°, 90°]
These bounds remove the ambiguity given by the 360°-periodicity of rotations.
The rotation matrix R, ., (¢, 0,1) has the following expression [20]:

CoCy  S¢SeCy — CypSy  CpSeCy T S¢Sy,
RRPY<¢5 97 w) = | CoSy  SpSoSy + CpCoyy CpSpSy — SpCy (23)

—Sp 8¢CO Cd)CQ

where s, = sin(z) and ¢, = cos(z).

From the rotation matrix, the RPY angles can be obtained as follows:

¢ = atan2(rgq,735), 6 = atan (—L> , ¥ =atan2(ryy,74) (2.4)

For § = £90°, R

This phenomenon is called singularity or gimbal lock of RPY angles. It means that

rpy 15 singular and the expressions for ¢ and 1 become undefined.
when 6§ = 490°, only the value of ¢ F 1 can be known exactly; therefore, in this
case, multiple sequences of rotations (with different values of ¢ and 1) give the same

orientation /rotation matrix.

The RPY angles ¢, 0,1, which are the components of «, are the final three generalized

coordinates for the quadrotor.
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2.3. Modelling problem setup

In conclusion, we have that the generalized coordinates vector q is the following:

The generalized coordinates of the quadrotor are depicted in Figure 2.3.

2.3.3. Kinematic quantities

Linear velocity

The linear velocity of the quadrotor wrt the base frame is equal to the derivative wrt

time of the vector 7: .
Sr—izv=(i § z) (2.6)

We can express 7 in the F) base, obtaining the vector:

ol = (u v w>T, i = R0v! (2.7)

Angular velocity

Considering the RPY angles as function of time, we obtain a time-varying rotation

matrix describing the sequence of orientations assumed by the body in time.

.. N\T
Knowing the angular rates (qﬁ,&, 1/}) = %((ﬁ, 0,9)T = @, it is possible to derive the
value of the angular velocity vector w of the body (wrt the base frame) through the

following expression [21]:

w=T,, (a)a=T(a)& (2.8)
where:
CoCy —Sy 0 cyl/co Splcy O
TRPY = | CSy Cy 01, T;;y = —Sy Cy 0 (29)
_89 0 1 tec,w teSw 1

with ¢, = tan(x).
We can express w in the F| base, obtaining the vector:

T
wh = (p q r) , w=Rlw!' = w =RlTa=Wa (2.10)
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2. Quadrotor modelling in Frenet coordinates

where:
]_ 0 —89 1 Sd)te C¢t9
W=10 Cp  S¢Co | w1 = 0 Cy —S¢ (211)
0 —s4 cuCy 0 s4/cy cy/co

T and W are singular for § = +90° (gimbal lock).

The fact that T, is singular for § = +90° is the biggest issue caused
by the gimbal lock of RPY angles.
When dealing only with orientations, gimbal lock is not a severe issue, since the
ambiguity on the values of ¢ and v is limited to a single time instant and specific
formulae exist to evaluate ¢ F .
However, gimbal lock also causes the singularity of the transformation matrix T’ .,
from angular rates to angular velocity. Specifically, the inverse matrix T}, will be
implicitly embedded in the model equations, since it allows to compute the angular

rates from the angular velocity vector:

a=T.} (a)w (2.12)

During the simulation, such angular rates will be numerically integrated to obtain
the RPY angles values in time a(t).

If during the simulation the system goes in the singular configuration 6 = +90°,
some elements of T}, will diverge, making diverge also the angular rates and, in

turn, leading to the computation of erroneous RPY angles; this error is irremediable

and will affect the angles in all the next time instants.

Therefore, when using a model based on Euler angles, we have to ensure that the

system does not go in the singular configuration.

Alternative models exploit quaternions instead of Euler angles to avoid the singular-
ity, since the transformation matrix from quaternion rate to angular velocity does

not become singular in the gimbal lock configuration.
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2.4. Quadrotor kinematic model

2.4. Quadrotor kinematic model

The kinematic model of the quadrotor can be obtained in a simple way, by considering
as system inputs the linear and angular velocities v! and w?, expressed in the F} base,

and the relations (2.7), (2.10):

(

T = coepu — (CySy + 84580C, )V + (848, + Cy8pC, )W
U = CoSyplUl + (CyCy + 84895y)V — (84Cy + CpSgSy )W
= RY(a)v! 2= —Su+ 54CU + CyCpW o1
= :
& = W(a)lw! ¢ =Dp+ ssteq + cyter
0 =cyq—syr
. 1
= —(s4q+cyr)
\ Co
Defining the input vector w:
T v! T
U = (Up, Ug, Us, Uy, Us, Ug) = L= (u,v,w,p,q,r) (2.14)
w

we can rewrite:

Quadrotor kinematic model

-

T = coeypuy — (CySy + 8589Cy ) U + (848y + C8aCy) U3
Y = CpSyUy + (CyCyp + 84595y Uy — (84Cy + CySpSy) U3
Z = —SpUy + SyCouy + CyCous

é = Uy F Sylous + cytoue (2.15)

0. = C¢U5 — 3¢u6

] 1
Y = —(s4u5 + cyug)
\ Ce
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2. Quadrotor modelling in Frenet coordinates

2.5. Quadrotor dynamic model

2.5.1. Lagrange formulation

The dynamic model of a mechanical system, described by means of generalized coor-
dinates, allows to relate the causes of motion (i.e. forces and torques applied on the

system) to the time evolution of each generalized coordinate.

This model can be derived in a systematic way by means of the Lagrangian approach to

mechanics.

In the Lagrange formulation of classical mechanics, given a system with n generalized

coordinates ¢ = (¢;);, we introduce the Lagrangian function:

£(q,q9) = X(q,q) — P(q) (2.16)

where X and P respectively denote the total kinetic energy and potential energy of the

system, as function of the generalized coordinates q and their derivatives wrt time q.

The dynamic model is a system of n second-order ODEs, called Lagrange equations,

with the generalized coordinates g as unknowns, which are obtained by computing:
———— =4, i=1,..,n (2.17)

where F = (F,)?_, is the vector of generalized forces and torques applied on the system.
In general, & = F + T, where F is the vector of generalized forces and T is the vector

of generalized torques.

The system of ODEs (2.17) can be rewritten in compact form as:
T T T
d (0L 0L I T N e )
dt \d¢,  0q, o0, 00,) | dtog oq |

n

We will now use the Lagrangian approach to obtain the dynamic model equations of

the quadrotor, given the setup defined in § 2.3.

Generalized forces and torques

We start computing the generalized forces and torques acting on the quadrotor.
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2.5. Quadrotor dynamic model

As reported in § 2.2, the angular velocity w; of each rotor ¢ = 1,...,4 creates a force f;
in the direction of the rotor axis.

Moreover, the rotation of each motor applies a torque 7; on the quadrotor in the opposite
sense wrt w,:

where k is the lift coefficient, b is the drag coefficient (i.e. the air friction coefficient)
and [ is the moment of inertia of the rotor; in the rotor torque expression, we choose

the + if the blades rotate clockwise and the — if the blades rotate counter-clockwise.

Typically, the latter contribution on 7; is neglected; in this way, we can relate rotor
force and torque as follows:
T, =xcf;, c=0b/k (2.20)

All rotor forces generate a cumulative thrust force f in the direction of the z; axis and
applied in the CM of the quadrotor; the cumulative torque 7 on the body is reformulated
as three torques 7,, 7y and 7,, acting in the direction of the corresponding RPY angles
(Figure 2.4):

0
ff=1ol, f=hA+h+h+th (2.21)
f
o
T= |1 | To=Uls—1 o), To=1Uf3—11)
Ty
Ty =T+ T+t =c(—f1+ fo—fs+ fs) (2.22)

where [ is the length of the arms of the quadrotor. The expressions of 7,, 7y and 7, are

derived by means of the considerations done in § 2.2.

Thus, the control distribution from the four rotors of the quadrotor is given by:

¥ 1 1 1 1\ (A
0 =1 0 1
To | _ T2 (2.23)
Ty —I 0 l 0 f3
T —c ¢ —c c fa

So, if a required thrust and torque vector is given, one may solve for the rotor force

vector using (2.23) [4].
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2. Quadrotor modelling in Frenet coordinates

211

Y1PT9 | X1

Ty

Figure 2.4. Quadrotor thrust force and torques

The generalized forces and torques F = (F,)"; (n = dim(q) = 6) in Lagrangian

mechanics are computed as follows:

or foJe!
F:;a—q’“k, T:;E)—;Tk, F=F+T (2.24)

where {f.}, and {7}, are all the forces and torques applied on the body, 7, is the

position of the point of action of f, on the body, and «, is angle on which 7, acts.

Performing the calculations, we obtain:

or or I RYf!
F=""f="ROfl=| 3 |RVFL=| " 2.25
dq dq tf (03> 7 ( 05 > ( )
da, 0y 00 O 05
T = STk =3 T T 3 To T 73 Ty = 2.26
;8q “ g 9q" 0q" (r) (220

In conclusion:

- (R?J“) 227)

T

Lagrangian function

We now compute the Lagrangian function (2.16).

The kinetic energy of the body is the sum of its two main components, translational

and rotational energy:

1 1
(g 4) = 5miTi + §w1TI})1w1 (2.28)
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2.5. Quadrotor dynamic model

where I}JI is the inertia matriz of the quadrotor, computed wrt its CM (O,) and ex-

pressed in the F base.

The inertia matrix can be computed as:

L, I, I, vi+22 —ay —Tz
Iél = Imy Iy Iyz = / —XyY x? + 22 —Yz p(ZL‘, Y, Z)dv (229)
v 2, .2
I, I,, I, -z —yz T4y

where V' is the spatial volume of the quadrotor and p its volume density.

Having the quadrotor a symmetric structure, with its four arms aligned along the x;
and y, axes of the body frame, and assuming its volume density as uniform, the inertia

matrix will be diagonal, with all the extra-diagonal terms equal to 0 and I, = I,:

I, 0 0
IL, =10 1, 0 (2.30)
0 0 I,

If we model the shape of the quadrotor as a union of several simple bodies with geometric
symmetry, we can derive closed-form expressions for the moments of inertia I, I, and
I,. For example, we can model the quadrotor central body as a cube (mass M,, side
length b), the quadrotor arms as thin rods (mass M, length [), and the rotors as point
masses (mass m,.); the four arms are attached one to the center of each lateral face
of the cubic central body; the rotors are attached at the end of each arm. Then, the

moments of inertia are equal to:

1 4 b
I, = 6Mbb? + §MQZ2 + M,b? + 4m,. <§ + l> (2.31a)
I=1I,= sMp2 + 20,2 + 2 arp? 4 2m <9+l> (2.31Db)
x y_6 b 3 a 2 a r 2 :

The potential energy has only one component related to gravity:

P(q) = mgz (2.32)
Therefore, the Lagrangian is equal to:
1 1
£(q,q) = 5miti + §w1TIélw1 —mgz (2.33)

We want to express £ as function only of the generalized coordinates ¢ = (r, ) and

their derivatives wrt time q:

1 1
£(q,4) = §m7"T’i‘ + §w1TI(1)1w1 —mgz =
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2. Quadrotor modelling in Frenet coordinates

| | : :
— §mrTr + §(Wa)TI(1)1(Wa) —mgz
1 1
= —mrlr + —a’W TIH Wa—mgz =
=J
1

1
= §m7"T7'° + §dTJd —mgz

where J has the following expression [9]:
I{E 0 _I:CSO

J = 0 ché + Izsi (L, —I,)cys,4cq

—1I.s (Iy — Iz)c¢s¢cg Imsg + Iysécg + Izcicg

Computing the derivatives

We compute now all the derivatives required by (2.18) [6]:

9L (0L 8L\ oL . ac 1 _ .
8_(1'_<W’ 6_a> = By = i 8_d_§<J+J Ja=Ja
40L_ (0L 18_£>T oL Lo dOL Ll
dt9q  \dt o dt o ator " dtoa CoTIo
0e_ (e vyt o -
dg \or’ O« —mg
0L 9 (1. ...\ 10 .
8_a_8_a<§a Ja>_§0_a(a J)

Analytical computation of the angular terms yields [14]:

0£(q, q », ) ] :
% — Iy <_¢90033§ + 1&9600; —+ ¢25¢C¢Cg — 923¢C¢> -+
+1, (_¢25¢c¢c3 + 1&9098% - 1&909035 + 923¢C¢)
04(q, 4 b+ o o) '
fa% 9 - I, <_¢¢Ce + ¢20939> +1, <—9ws¢c¢sg - w233)0989> "
+IZ (—1/)2300965) -+ ¢0893¢C¢)
0Laq) _
oY
04£(q,q) -
2 = 7] —
8¢ m<¢ Q/}89>

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)
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2.5. Quadrotor dynamic model

% = ¢ (chi T Izsé) + 4 (I,cp84co — Lcys4Cq)
04@d)  _ i (1, - L) eysye) +

oY

+1/}Ixs§ + @Hysicﬁ + q/}[zcicg

d (0£(q,4) o
% (a—¢ = Ix(¢_¢39—¢¢69)
d (04£(q,q) . . ) N
G (PR, (g — 200y, + deysacy — Vdshen +

—Hﬂqﬁcicg — QM%%SQ) +
+1, (9335 + 29@25%% — 1Z}c¢s¢cg + '&qﬁsﬁ)cg —
—zﬁécicg + ¢éc¢s¢39)

d (0£(q,q) . .. . ..

E <W = Iw (—(,bS@ — d)HCg + wsz + 2¢9$903) +
+I, (éc¢s¢ce — 06s2cy + Ociey — 0%cys450 +
—}—12)335029 + 2@Z}q53¢65)029 — 21/}9.53)0959) +
+1, (—éc¢s¢ce + Qﬁsicg — égﬁcice + 92c¢s¢89 +
—Hﬁcicﬁ — 21@5%3%029 — 2¢éc§sec2¢>

Lagrange equations

Finally, we can write the final Lagrange equations of the quadrotor:

m# +mgz = R f! mi + mgz = R} f!

.19
o1 Ja+ |J—>—(aTJ)|a =
Jd+Jo'4——i(o'zTJ)d:T o 200 @) T
200 —C(ov,éx)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

The matrix C(a, &) is called Coriolis matriz and has the following expression [9]:

€11 C12 Ci3
Cla,a) = Co1 Co2 Cog

C31 C32 C33
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c;, = 0
ca = (I, —1)(0cysy + @bsice) (L, — Iy)d}céc@ — Iy,
s = (.- Iy)¢c¢3¢cg
Cor = (L —1,)(0cysy +dsscq) + (I, — IZ)¢C(%CO — Iy,
Cpp = (I.— Iy)ﬁé%%
Coz3 = —]xl/}secg + Iy¢32¢5909 + IZ;/}C(%SQCQ
g = (I,— IMC%%% — 1,0c,
iy = (L —1)(0cysys9 + Ps3ce) + (I, — 1) dci g+
+Ix@/}sece — Iy¢s§)cg — Iziﬂcisgce
cz3 = ([, — IZ)¢c¢s¢cg — IyéSéCGSe — Izécicgse +1,0c,s, (2.49)

In conclusion, the Lagrange equations of the quadrotor are the following:

P=—gz+ %R?(a)fl
(2.50)
a=Ja)(r-Cla,a)a)

We would like now to expand these equations, to obtain the six second-order ODEs
representing the dynamic model of the quadrotor.

To do so, in order to simplify the model equations (specifically those regarding «), we
perform the following approximation [1] [18]: we assume that the angles ¢ and 6 are

sufficiently small to let:
cos(¢) ~ cos(f) ~ 1, sin(¢) ~sin(f) ~ 0

This assumption holds if the quadrotor tends to stay close to the hovering configuration
(i.e. ¢ = 6 = 0) during its motion, i.e. it is not required to perform very fast turns

during its motion.
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With this approximation, (2.50) are expanded, obtaining:
(.1

= —
m

.1
= —(c,48pS,, — S, C
) m(¢9w ¢¢)f

(cys9Cy + 545,) f

. 1
Z=—g+ EC(ngf

V. L—IL.. 1 (2.51)
. I —TI .. 1
0=—=F—0v+ 7
y y
W I —1 .. 1
_ T )
S
Defining the input vector w as:
_ r_ () _ T
u = (u17u27u37u4) = - - (fa 7_(;577-977-1/;) (252)

we can rewrite:

Quadrotor dynamic model

= E(%SG% + s¢3¢)u1
. 1( )
= —(c,80S,, — S.Cy)U
Y=, \CoS05y = S¢Cy)th
. +1
Z=— —cC Colt

g m 0t
V. I,-L.. 1 a8
. I —T .. 1
R x -

I, ¢?/1‘|‘Iyu3
. I, -1, .. 1
=1 Mt

2.5.2. Aerodynamic effects

To enforce a more realistic behaviour of the quadrotor, we can include in the model

some aerodynamic effects that act on the quadrotor during its motion. As pointed out
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2. Quadrotor modelling in Frenet coordinates

in 9], several aerodynamic effects have been studied, such as the dependance of the

thrust force on the angle of attack, blade flipping and airflow disruptions.

The influence of aerodynamic effects is typically complicated and difficult to model;
moreover, some of these effects have significant influence only for high velocities. There-
fore, in our model, we will only include the effect due to the air drag force (i.e. the air

resistance) on the quadrotor:

Quadrotor dynamic model (with aerodynamic effects)

(. 1( N ) By .
T = —(CySeCy + SpSy)U; — —Z
m " @T0TY T Pecy L T
L1 By .
Y= E(%Se% - 5¢C¢)U1 - EZ/
z:—g—I—Ec(ﬁceul—%z -
\, L,-I1,. 1 (2:54)
¢ = I 9¢+Eu2
x I —1 .. 1
6= =22+ —ug
Y Y
. I -1 .. 1
_* 7y =

where ., 8, and 3, are the drag force coefficients (i.e. the air friction coefficients) in

the corresponding directions of the base frame.

2.6. Choosing the coordinate system

So far we have derived a dynamic model of the quadrotor where its position in the 3D
space is described by classic Cartesian coordinates. Now, we have to consider whether
this coordinate system is adequate for our needs or if we need to rewrite the model with
another coordinate system.

This is specifically related to the task that we want to achieve. As described in the In-
troduction, we want the quadrotor to move on a bounded 3D space, limited horizontally
by a closed planar race track, having a predefined shape and a limited width; it should
move on the track departing from the start line and arriving to the finish one (being the

track closed, the two lines coincide); also, during the motion, the quadrotor must not
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2.7. Frenet coordinate system

exit from the track boundaries. Moreover, the quadrotor will be controlled by means of
Model Predictive Control (MPC) algorithms.

This context poses two severe issues when using a Cartesian coordinate system to de-

scribe the position of the body:

e To describe the shape and the width of the track, a set of state constraints on the
planar position (z,y) of the quadrotor has to be included in the MPC optimization
problem. These constraints may be very difficult to write in a closed form using

Cartesian coordinates and, in general, would be non-convex and nonlinear

e Being the track closed, in Cartesian coordinates the initial position and the goal end
point of the motion can be coincident or very close to each other, causing the control
system to not produce any motion or to generate an unwanted trajectory that does

not travel along the whole track.

Both of these issues can be solved by transforming the quadrotor model from Cartesian

coordinates to different ones, called Frenet coordinates.

2.7. Frenet coordinate system

The Frenet coordinate system is a reference system which univocally defines the position
of a point P on the plane with respect to a predefined reference curve v and by means

of two coordinates.

Firstly, we define the reference curve v(s) : R — R? on the zy plane, where s is the
curvilinear abscissa of the curve. The position of P is then defined with respect to this

curve through:

e the signed curvilinear abscissa s, which is the length of the curve « from its origin

to the orthogonal projection of P on ~;

e the signed distance d from ~, which is the lateral distance between P and its orthog-

onal projection on ~.

On the reference curve =, we can construct a moving reference frame F, (O5x,y5), called

Frenet frame, centered in the orthogonal projection of P on v (O,) and with axes the

tangent versor ¢, = T, and the normal versor n., =y, of v in O,.

Page 25 of 158



2. Quadrotor modelling in Frenet coordinates

> 2

(Fo)

Y(s)

Figure 2.5. Cartesian (F{), body (F;), and Frenet (F,) frames

Hereafter, we will consider the following frames (Figure 2.5):

e the fixed Cartesian frame Fj; (Ozxy);

e the moving body frame F| (Ox,y;), which is the frame attached to our body, moving

together with it and centered in the point O; (which is the body CM);
e the moving Frenet frame F, (Oy25y5).

We denote as 1, the signed angle between the versors & and &, and v, the signed angle

between the versors & and &, (also called Frenet angle).

2.8. Cartesian to Frenet conversion

Our objective is to derive a set of conversion equations that allow to transform a generic
system model from Cartesian to Frenet coordinates. This means that, in our scenario,

the planar position of the quadrotor will be expressed with the variables (s, d) instead

of (z,y).
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In particular, we start from the general case in which the model equations are referred

to a generic point P attached to the quadrotor (which may not coincide with its CM).

Hereafter, the following notations will be used:

e The position of P wrt frame F,, expressed in the base of frame Fy (a,b =0,1,2, as

stated previously), is denoted as:
b=0,P" (2.55)

The derivative wrt time of this vector is denotes as:

d

'Ug = ara

(2.56)

e The position of O, (i.e origin of frame F,) wrt frame F;, expressed in the base of
frame F, is denoted as:
% 0, = 0,0,° (2.57)

The derivative wrt time of this vector is denotes as:

(&)

V5, 0, = %rcoa’Ob (2.58)

e The angular velocity of frame F), wrt the fixed frame F|,, expressed in the base of
frame F}, is denoted as:

Wb (2.59)

e The rotation matrix from F, to frame Fj is denoted as:

T
R} = R? (2.60)
Specifically:
¢, s 0 cyg 89 0 Co —S,
Ri=|—s; ¢ 0|, Ri=|-s, ¢, 0|, Ri=[s ¢ O (2.61)
0 0 1 0 0 1 0 0
where:
sin(¢,) =s,, cos(¢,)=c,, x=12e (2.62)
Ve =ty — 1y (2.63)

Page 27 of 158



2. Quadrotor modelling in Frenet coordinates

Therefore, we have that:

Tp L 0 T
7“8 =19Yp | ’l"% =1L, T% =1d], (())1,0 = 1Y (264)
0 0 0 0

Being F,, F, moving frames and Fj, a fixed frame, we can apply the fundamental law

of kinematics on P between the couples of frames F|,, F| and F|,, F;:

vy =vp, 0 tw X +v; (a) (2.65)

Vg =V, 0t Wy XTy+vy (D)
Subtracting (b) from (a), we obtain the fundamental law of kinematics between the two

moving frames F} and F,:

Vg =V, 0~ Vo, 0t W XT] —wWy XTy+ vy (2.66)

We express (2.66) in the F}, base:
2 _ .2 2 2 o 22 2 o 2 | a2
= — X ] — w3 X
V3 = V5, .0 ~ V0,0 T Wl XT] —wy XT3+ V]

— RB2,0 a2 0 201 0 o w2 2,1
= Rjvy, o — V5, 0 T wi X Rir] —w; x5 + Riv, (2.67)

The expressions of each term of (2.67) are the following:

0
v3=|d (2.68)
0
cg s 0 T TCy + YSo
vh o =R}Y o= —s; ¢ 0| |5 |=|—ds5+0c (2.69)
o o 1/ \o 0
S
v5,0= |0 (2.70)
0
0 0
wi=10|, wy=|0 (2.71)
Wy W
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ce —S. O Iy lic, —lys,
P=R¥xl=|s ¢ 0||L|=]0s +1lLe (2.72)
0 0 1 0 0
0
r2=|d (2.73)
0
v? = Rivi = R?0=0 (2.74)

In the end, by plugging all the previous expressions into (2.67), we obtain:

0 TCy + YSgy s 0 lic, — lys, 0 0
d|l=|—dsg+ge, | =0+ 0| x|ls,+le, |+]0]|x]|d (2.75)
0 0 0 N 0 1y 0

Performing the calculations, we obtain:

(5 = iy + sy + U1 (—his, — loe,) + Wy d
) =K(s)$
\d = —i'SQ + yCQ + ¢1 (llce - ZQSG)
( . 1 ( . + . /(/'} (l + l ))

S = —— X | XC YSog — se Ce
)T I—K(s)d VP T T (2.76)
d = —i'SQ + yCQ + ¢1 (llce - ZQSe)

\

Including in (2.76) also the expression:
Yo = K(5)$ (2.77)

where K (s) is the curvature function of vy, and replacing $ with its whole expression, we

finally obtain:

Cartesian to Frenet conversion equations (general form)

- 1 . . ;
ST K(s)d (5’302 + 95y = P1(lse + 1266)>

dd= —ISy + Yco + le (lhee —18.) (2.78)
: K(s) : . j

[ ——

(2.78) is the set of conversion equations for a system model expressed in Cartesian

coordinates to the equivalent one in Frenet coordinates.
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We can simplify (2.78) by making P to coincide with the point O; (quadrotor CM):

Cartesian to Frenet conversion equations (simplified form)

(5= %@cos%wsm%)

{d = —isiny + 1 cos i, (2.79)
5 K

\1/}2 = % (2 cos by + ysinhy)

The obtained (2.78) and (2.79) coincide with the results reported in [12] and [3].

2.8.1. Model conversion

The actual coordinate conversion for the system model is performed by adding (2.79)

to the model equations, thus adding three new system states: s, d, and ,.

After the conversion to Frenet coordinates, the planar position of the body is determined
by the states s and d, making x and y redundant. Therefore, if x and y do not appear
in any other model equation, we can safely remove the equations for & and ¢ (reducing

the number of system states by two).

A specific observation has to be made for the models of wheeled
vehicles (e.g. unicycle, bicycle, car, etc.). For this kind of bodies, when we require
them to track a reference trajectory (which is typically the Frenet curve =), one of
the tracking requirements has also to be imposed also on the heading angle v, .

In fact, for the quadrotor the heading/yaw angle 1), is not relevant for tracking
purposes, since the quadrotor is free of non-holonomic constraints on the direction
of its velocity vector.

Instead, any wheeled vehicle is subject to non-holonomic constraints, which have the
purpose of modelling the absence of lateral slippage of the wheels, meaning that the

velocity vector at the wheels cannot have a component parallel to the wheel axle.

As a consequence, to accomplish trajectory tracking of wheeled vehicles, we must
ensure that 1, (t) — 1, (t) for t — oo. For the sake of simplicity, we can rewrite the
requirement as ¥ (t) — ¥, (t) = ¥ (t) — 0 for t — oo.

Therefore, it is convenient to replace, in the system model, the state 1, with 9, =
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1y — 1. In this case, the equations (2.79) are reformulated as follows:

hy =ty —, =K(s)$ = v, =1 —K(s)$ (2.80)
(5= m (2 cos(¥y + 9.) + ysin(yy +9.))
= {d = —isin(y; +,) + ycos(yy +,) (2.81)
[ = = T (6 con(uy + i)+ (i + )

Including (2.81) in the model equations adds the new states s, d, and ..

2.8.2. Alternative derivation

Instead of directly applying the fundamental law of kinematics (2.65), we can obtain

the same results by differentiating the relations involving position vectors.

By looking at Figure 2.5, it holds:

Ty = T'Ol’o — 7’02’0 + ] (282)
Expressing it in the Fj, base:
0_ .0 0 0
Ty =70,0 " To, 0 TT1
0.2 _ 2.0 0 0,.1
Ryr; =75, 0~ To, 0+ RiT1 (2.83)

We now differentiate both sides of the equation:

d d
a (Ryr3) = pn (7“(())1,0 —79,0+ R?’“%)
RYvZ + Rgrg = ”%l,o — ”(())2,0 + R%vi + R?r% (2.84)
We recall that:
S(w?) = RORS = R? = S(w?)RY (2.85)

where w? is the angular velocity of frame F, wrt the fixed frame F,, and S denotes the

skew-symmetric matrix:

z Y
Sw=|w, 0 -w, (2.86)
—W, W, 0
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In particular, the matrix multiplication (S(w)(-)) is equivalent to the cross product

(w x -); therefore, (2.84) becomes:

0,2 0 0.2 0 0 0,,1 0w ROyl
R x R = + R + w7y X
2V3 T Wy 272 =V0,,0 — V0,0 11 1 171
0 _ 0 0 0 o 2,0 0 o 2,0 1 2,0
Vy =V, 0~ Vo, 0t Wl X U] —wh X vy + v

= Vg = Vg, 0 V0,0 T W XT] —Wy XTy+ v

which is exactly the (2.66).

From this point, calculations are identical to those in the previous section.

(2.87)

2.9. Quadrotor dynamic model in Frenet coordinates

Recalling the dynamic model of the quadrotor in (2.54), we have that:

(.1 Be .
= E(%S@% + 848y Uy — s
y:i(css —sc)u—@y
oS5y = SpCy )ty — —
. 1 .-
<z:—g—|—Ec¢c9u1—Ez
oo I, =1 .. 1
b = yIm 9¢+I—mu2
. =T .. 1
="+ —uy
1, I,
LS TP
\w— I ¢ +I_ZU4

(2.88)
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By expressing it in state-space form, we obtain:

T = v,
Y=1y
z=w,
¢ =y
H:UQ
Y=,
.1 Ba
Uy = —(Cy89Cy + 845y)Up — —V
< Vg m(¢0¢+ $5y) U1 -~
0, = —(CySpSy, — SpCu) U —@v
Yy N 070% A
. 1 z
vzz—g-l—ﬁcqsc@ul—gvz
. I,—1I, 1
Vg = 7 vevw+l—u2
) I,—1, +1
Vg = ——F—VgUy, + —Usg
1, I,
) I, —1 1
,U’L/J: x yU¢U0+—U4
( I, I,

(2.89)

The states are ¢ = (z,v, 2, ¢,9,w,v$,vy,vz,v¢,v9,vw)T € R'2 = n = 12, while the

inputs are u = (uy, Uy, ug,uy)? € R* = m = 4.

To convert this model from Cartesian to Frenet coordinates, we recall equation (2.79):

(8:—1_[1( (jZ'sz—*—ySwQ)
(s)d
$d=—isy, +icy,

: K . .
(V2= % (& ey, +95y,)

(2.90)

where, calling ~ the Frenet reference curve: s is the signed curvilinear abscissa of -,

which is the curve length from its origin to the orthogonal projection of the quadrotor

CM on «; d the signed distance between the quadrotor CM and its orthogonal projection

on -; 1, is the Frenet angle between the @, versor of the Frenet frame (F,) and the &

versor of the base frame (F|)) (see Figure 2.5); K (s) is the curvature function of ~.

The conversion is performed embedding the equations (2.79) into the model (2.89),

obtaining:
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State-space quadrotor dynamic model in Frenet coordinates

(z' =,
d) = Vyp
0 = Vo
1/.1 = Uy
0, = —(cy89Cy + S48 )ul—&v
z = —(Cy8eCy + 545y o Va
1 B,y
v, = E(%SGSQL — 84Cy) Uy — Uy
1
U, = —g+ —CyCotty — —V
VT Ittt T (2.91)
_ I,—1, 1
Vg = 7 VgUy, + I—u2
LI, . 1
Vg = ’U¢'U¢ - Ug
I, 1,
. LI 1
U’l[) = I 7)¢U9 + I_U4
= gy (e + 05s,)
1—K(s)d
d = —V58y, +VyCy,
. K(s)
\w2 = 1— K(S)d (’Ux0¢2 + 'Uy8¢2>

The states are = (2, ¢, 0,19,v,,v,,v,,V4, Vg, Vy, 5, d, o)t € R13 = n = 13, while the

inputs are u = (uy, Uy, ug,uy)? € R* = m = 4.

We can notice that the states  and y have been removed, since now (as already pointed
out in section 2.8.1), being in Frenet coordinates, the position on the zy plane is deter-
mined by means of the states s and d, making x and y redundant.

For instance, the state z has not been removed, since the Frenet coordinates, in this
formulation, represent only the planar motion, so the state z is necessary to describe

the full 3D motion of the quadrotor.

2.9.1. Model discretization

To control the quadrotor via MPC algorithms, the system model must be discretized (i.e.

transformed from continuous-time to discrete-time). Several discretization methods can
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be used; for the sake of simplicity, the Forward Fuler method will be used.

Denoting the continuous-time Frenet model of the quadrotor (2.91) as:

(cr)

z=f, (z,u) (2.92)

discretizing we obtain:

i~ TIED Z2E)  pon k), (i)

=sx(k+1)=x(k)+ ng)(w(k),u(k))T = ng)(w(k),u(k)) = fo(z(k),u(k)) (2.93)

where k is the discrete time, with time step 7.

For compactness, the discrete time can be also written as a subscript:

Ty 1 = folxy, uy) (2.94)

(2.94) denotes the discrete-time dynamic model of the quadrotor, expressed in Frenet

coordinates.

2.9.2. Observations

We have introduced Frenet coordinates to make it simple to describe the track shape
and width as state constraints in the MPC optimization problem.

Specifically, in the context of our problem, it is reasonable to choose « as the centerline
of the track. In this way, the shape of the track is described by its curvature K(s),
which is embedded in the system model, while the width of the track is defined by
simple bound constraints on the state d (i.e. —dy;,, < d < d,,, where d;,, is the track
width from centerline to border and W, .. = 2 - d;;,,, is the track width from inner to

outer border).

Frenet coordinates makes simpler also the formulation of tracking MPC problems, which
are aimed at tracking a specific trajectory inside the track.

In particular, if we want the quadrotor to track the centerline, the MPC problem can
be formulated as a tracking MPC with constant reference, where the reference state

(limited to Frenet coordinates) is (s,,d,) = (L 0), where L, is the total length

rs Yr track>

of the track, from start to finish line (see Chapter 3 for more details).

The price of using the Frenet coordinate system is that any linear Cartesian model

becomes nonlinear in Frenet coordinates. Therefore, in principle, in order to control the

Page 35 of 158



2. Quadrotor modelling in Frenet coordinates

quadrotor, a Nonlinear Model Predictive Control (NMPC) algorithm has to be used.
However, as we will see in Chapter 3, we can control the quadrotor also through Linear
MPC, by employing, in the MPC optimization problem, an affine time-variant (ATV)

version of the nonlinear quadrotor model (see § 3.6.2 for more details).

Nonetheless, the real value of Frenet coordinates is the possibility to convert the non-
convex and nonlinear Cartesian constraints on the track shape and width in simple

bound constraints, which are convex and very well handled by all solvers.
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quadrotor trajectory tracking

3.1. Introduction to MPC and NMPC

odel predictive control (MPC) is an advanced and flexible control method that
founds application in a wide range of fields, from industrial processes to power
electronics devices. MPC relies on the knowledge of the dynamic model of the system to
be controlled and provides numerous advantages with respect to other control techniques:
it can be easily formulated for general MIMO systems, it allows to manage systematically
states and inputs saturations, and, under certain conditions, it ensures the asymptotic

stability of the closed-loop system.

MPC, differently from many other control methods, does not rely on a static control
law (for example, in the form of a transfer function C(s)), but follows algorithmically
some defined steps to generate the control inputs; for this reason, typically we denote

MPC as a control algorithm rather than a control law.

At each time step £ (in which the system will be at state x;,), the MPC control algorithm,
knowing the system model, simulates (i.e. predicts) how the system states would change
by applying any possible input sequence over the next N time steps (where N is called

prediction horizon). Among all the trajectories generated by these input sequences, it
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chooses the “best” one according to some optimization criterion; typically, the optimal
predicted state trajectory and input sequence are chosen as those minimizing a certain

cost function.

The control algorithm, then, applies to the system only the first input of the predicted
sequence, making the system evolve to the next state x;  ;; this strategy is called receding

horizon control.

We see that, at each time step, the MPC control algorithm follows two steps:

e prediction, in which it solves an online optimization problem (which is also called
control problem), knowing the current state of the system, obtaining an optimal

predicted state trajectory and input sequence;

e control, in which it applies to the system the first of the optimal predicted inputs,

obtaining the next state.

Then, the algorithm is iterated until the full closed-loop state trajectory is generated.

Since the MPC prediction step relies on solving an optimization problem, we can include
in it some constraints on the states and inputs values; in this way, through MPC, we

can systematically manage the trade-off between performance and control effort.

MPC denotes a whole class of different algorithms, based on the same principle of
prediction and control, but applied to different types of systems and with peculiar
properties.

The most general MPC algorithm is Nonlinear Model Predictive Control (NMPC), which,
as the name suggests, can be used to control generic nonlinear MIMO systems, and

allows to specify nonlinear constraints in the optimization problem.

In the following sections, we will focus our attention on the most general NMPC frame-

work.

3.2. NMPC theoretical formulation

In this section, we provide all the fundamental concepts that are required to formulate
the NMPC control problem.

Page 38 of 158



3.2. NMPC theoretical formulation

Consider the nonlinear discrete-time system:

xp 1 = f(z), uy) (3.1)

where £ € R™ are the system states and u € R™ are the system inputs; the generic

nonlinear function f(x,w) is assumed to be continuous.

To formulate the NMPC optimization problem (OP), we need to define the following

entities:

e the optimization variables;
e the cost function (i.e. the function to be optimized);

e the constraints on the optimization variables.

3.2.1. Optimization variables

Since in the prediction phase the NMPC algorithm needs to simulate the system states
evolution over all the possible input sequences, the system equations (3.1) have to be
embedded inside the optimization problem for each time instant of the prediction hori-

z0o1.

To include these equations, we can formulate the NMPC problem in 2 forms: explicit

prediction form and implicit prediction form [10].

e The explicit prediction form expresses the predicted states as function of the given
initial state and the predicted inputs. The expressions of the predicted states are
therefore expanded using the system equations, making appear (in the cost function
and in the constraints) only the initial state and the predicted inputs.

Therefore, the optimization variables for this problem are only the predicted inputs.

e The implicit prediction form, instead, considers as optimization variables both the
predicted states and the predicted inputs, inserting the system equations as equality
constraints of the optimization problem for each time instant of the prediction hori-
zon.

Although this formulation yields to a larger number of optimization variables, the
optimization problem has a better structure and a lot of sparsity, which are two

properties that are well exploited by solvers.
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For our needs, we will use the implicit prediction form, meaning that the system equa-
tions will be inserted as equality constraints for the predicted states and predicted inputs

optimization variables.

The optimization variables will then be the predicted states and predicted inputs over

the prediction horizon. For a generic time instant k, they are denoted as follows:

{mygtito,  {uwghiio! (3.2)

where N is the prediction horizon.

The notation “t|k” has the following meaning: t is the time instant of the optimization
variable over the prediction horizon t € [0, 1, ..., N]|; k, instead, denotes the global time

instant in which the system is (meaning that the current state of the system is ;).

Note 3.1 This implies that @, = x;,, since the current state of the system is
used as initial state to simulate all the possible state trajectories over the prediction

horizon.

We denote the predicted state trajectory and the predicted input sequence as:

XNk = Xi = (@) ilo = (®opp T1jps -+ Tvpp) (3-3a)

U[O,N—l]\k =U, = (ut\k)fe\iﬁl = (u0|k7u1|kv ~'7'U'N—1|k:> (3.3b)

3.2.2. Cost function

The general expression of the cost function is the following:

N—1
Jyrpe( Xy, Uy) = J[O,N—l](Xka U,) + V(£”N|k> = Z h<wt\k7ut\k> + V(“’N|k) (3.4)
t=0

Jyupe 1S the cost function, h is the stage cost function, and V is the terminal cost
function. V is not mandatory in the definition of the cost function, but it required
when we want to ensure the asymptotic stability of the NMPC algorithm (see § 3.4);

Jio,n—1) represents the NMPC cost function without terminal cost.

We see that the function J

NMPC

to be optimized depends on all the predicted states and
predicted inputs over the prediction horizon (X, Uy).

The cost function is constructed with the purpose of formulating a tracking NMPC

problem. This means that the solution of the optimization problem leads to a predicted
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input sequence that makes the state trajectory to pursue a reference state x,, that will

be eventually reached for k — oc.
To ensure that the NMPC problem accomplishes the reference tracking, we must satisfy
the following requisites [5]:

1) It must exist an input u, such that the couple (x,,u,) is an equilibrium point of

r

the open-loop system (3.1):
z, = f(z,,u,) (3.5)

2) The stage cost function h(x,u) should penalize the distance of an arbitrary state x
to x,..
In addition, it is often desired to penalize also the input w. This can be useful for
computational reasons, since optimization problems may be easier to solve if the
input variable is also penalized; moreover, penalizing u allows to tune the control
signal effort, thus avoiding the generation of input signals requiring a high expense

of energy to be applied.

To ensure that h penalizes the distance from «, for all * € R, we require h to be

positive definite in (x,.,u,.):

hx,,u,) =0, h(x,u)>0, V(r,u) cR"xR"\{(z,,u,)} (3.6)
Sometimes, the input u, cannot be easily determined; in these cases, the function
h is defined as positive definite in (x,,0). In this way, the input w is penalized
considering its distance from 0 (and not from u,.).

Since the penalization of u is not a mandatory condition for the tracking NMPC
to work, the algorithm will still accomplish the tracking of x, also with this cost

function.

Without loss of generality, all the previous considerations can be extended to a time-

variant state x,.(k), which is commonly denoted as reference trajectory.

A typical choice for the cost function is the following:

z

N—-1
JNMPC<X]<:’ Uk) = h(mt\kv ut|k Z $t|k —Z, (mt\k - mr) + U’Z[kRut\k (37)

t t=0

Il
o

where @ and R are diagonal matrices.
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The cost function is quadratic and satisfies (3.6) to ensure reference tracking. By tuning
the weight matrices @ and R, it is possible to regulate the trade-off between the speed of
convergence of the system to the reference state x, and the amplitude of the input signal
(i.e. the control effort). Specifically, the higher is |Q| (where || - | denotes an induced
matrix norm), the faster the system will converge to the reference state (typically causing
an increase in amplitude of the input signal); instead, the higher is | R||, the lower will
be the amplitude of the input signal (typically causing a reduction of the convergence

speed).

3.2.3. Constraints

As already mentioned in § 3.1, since NMPC relies on solving an optimization problem,
this one can be formulated as a constrained optimization problem, meaning that we can

impose to find the optimal predicted states and inputs within specific subsets of R™ and
R™,

This means that, in the formulation of the NMPC problem, we can include constraints

in the following form:

Ty, €X, t=0,1,..,N—1 (3.8a)
wp €U, t=0,1,.,N—1 (3.8D)

where X' C R", & C R™, and X' C R™ are closed sets.

Typically, constraints (3.8a) and (3.8b) are expressed in the form of nonlinear inequality

constraints:

e (Tyy) <0, t=0,1,..,N—1 (3.9a)
c,(uy,) <0, t=0,1,...,N—1 (3.9b)

We see that the constraint (3.8c) regarding the terminal state xyy;, is defined sepa-
rately. This constraint, called terminal constraint, is not mandatory in the formulation
of the NMPC problem, but is required when we want to ensure asymptotic stability and

recursive feasibility of the NMPC algorithm (see § 3.4).
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3.3. NMPC optimization problem

In this section, by using all the concepts that have been described above, we provide
the formulation of the NMPC' control problem, which, as already mentioned, takes the
form of an optimization problem (more specifically, a finite-horizon constrained optimal

control problem):

NMPC optimization problem

(XZ’ UI:) = argmin JNMPC(Xk7 Uk)
XkaUk
Inripo( X Uy) = Jjo no1) (X Up) + V(@ n) =
N-1
= Z h(@ ), wyps) + V(T Nk) (3.10a)
t=0
subject to:
Lirik = f(mt|k>ut|k)7 t=0,1,..,N—1 (310b)
Top = Ty, (3.10c)
2y € X, uyp €U, t=0,1,..,N—1 (3.10d)

The problem optimization variables are:

Xy = (m0|k7331|k7 ---,$N|k)

U, = (uo|kau1\k, ---7’U/N_1|k) (3.11)

representing the predicted state trajectory and the predicted input sequence, as in (3.3).

(3.10b) and (3.10c) represent respectively the system equations and the initial condition;

(3.10d) are the states and inputs constraints; (3.10e) is the terminal constraint.

The most basic version of the problem does not include the terminal cost function V'

and the terminal constraint (3.10e):

(X;;v UI:) = argmin JNMPC(Xk7 Uk)
XkaUk

N—1
Jyerrpo(Xp: Uy) = J[O,N—1]<Xka U,) = Z h(wt|k,ut|k) (3.12a)
t=0

subject to:
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Ty = F(®ywy), t=0,1,..,N—1 (3.12b)
Lok = Tk, (3.12¢)
T €X, up €U, t=01,..,N—1 (3.12d)

The optimal predicted state trajectory and the optimal predicted input sequence, which

are indeed the solutions of the optimization problem (3.10), are denoted as:
XZ — (w5|k, .’DTUW ceey w>;\[|k>
Ui = (g U3 - Un_ 1) (3.13)

N ; this optimal cost can

while the optimal value of the cost function is denoted as J7 ol

be also expressed specifying the initial state x;: J%,, 0c(€y)-

The control algorithm consists in computing, at time &, the input sequence U; and

applying to system (3.1) only the first element of it:

Uy = ug), (3.14)

Then, the next state x;_; is computed and is used to initialize the new optimization

problem at time k + 1: @, = Tjpq-
The control strategy, as already mentioned in § 3.1, is called receding horizon control.

At the end of the algorithm, the obtained closed-loop trajectory and input sequence are
denoted as:
X = (xy, xq,..., Ty, -..)

U= (uy,uy,...,up,...) (3.15)

Note 3.2 In practical applications, as we will see in the following, the closed-
loop trajectory has a finite time duration 7', which is the time instant at which
the NMPC algorithm is terminated (the algorithm is terminated when the state

satisfies a certain exit condition, that will be formulated in § 3.5):

X = (xy, Ty, ..., T}, Tp)

U: (UO,ul,...,uk,...,uT_l) (3.16)

We can state that (3.10) and (3.14) fully describe the NMPC control algorithm; together
with (3.1), they fully describe also the closed-loop system (i.e. the system controlled by
the NMPC algorithm).
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3.4. NMPC properties

After having shown the formulation of the NMPC optimization problem, we now provide
some fundamental theorems associated to NMPC.

Specifically, we will prove, as briefly mentioned in the previos sections, how to ensure
asymptotic stability and recursive feasibility of the NMPC algorithm, by including in

the control problem a suitable terminal constraint and terminal cost function.

3.4.1. Recursive feasibility

The NMPC problem is recursively feasible if, for all the feasible initial states x, the
NMPC problem is also feasible for any other state x,, k > 1, of the closed-loop trajec-
tory.

Typically, NMPC problems, even if they are feasible at k = 0, may become infeasible at
one of the next time instants, since the set of initial states leading to a feasible closed-
loop trajectory (i.e. recursive feasibility) is in general a subset of the one containing the

feasible initial states for open-loop prediction [7].

Assumption 3.1 The terminal set X 5 of (3.10e) is a control invariant set for

the system (3.1). Specifically, X is a control invariant set for (3.1) if, for «; € X,

it always exists an input u’ such that:

Tp = flog,u') € Xp (3.17)

Since, for (3.5), we have imposed that @, is an equilibrium point of (3.1), then the

smallest control invariant set containing @, is:
Xp =1z} (3.18)
since, with v’ = u,., f(x,,u’) =z, € X p.

Note 3.3 Granting recursive feasibility means that the set of feasible initial
states becomes a control invariant set for system (3.1) [7]; this set will also coincide

with the one containing the initial states leading to a feasible closed-loop trajectory.
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AN aistn i NMPC recursive feasibility

Consider the following NMPC problem:

(XZ’ UI:) = argmin JNMPC(Xk’ Uk)

XkrUk

N-1
JNMPC<Xk7 Uk) = h(wt\ka ut|k) (3.19a)

t=0
subject to:
T, = (@ wyy), t=0,1,.,N—1 (3.19b)
Lol = T, (3.19¢)
Ty, €X, €U, t=0,1,...,N—1 (3.19d)
Ty € Xp (3.19¢)

where the terminal constraint (3.19e) has been inserted.

The system (3.1) is controlled by the NMPC algorithm (3.19) and (3.14).

If Assumption 3.1 holds, then the NMPC is recursively feasible for all £ > 0 [7]
[5]

By definition of recursive feasibility, we assume that the initial state x is

feasible, i.e. it exists a feasible optimal predicted state trajectory and input sequence:

* * * *
Xo = (a:0|0,m1|0, "'va|0)

Uak = (US‘O’ ui|0, ceey u7V71|0) (3.20)

Assume now that at time k£ the NMPC (3.19) and (3.14) is feasible; this means that it

exists a feasible optimal predicted state trajectory and input sequence:

* * * *
X} = <w0|k’w1|k’ ""wN|k)

U]: — (Uak,’ll,)’{'k,...,u);v_l‘k) (3.21)

Since the terminal constraint (3.19e) is present in the NMPC problem (3.19), the termi-

nal state a:*N|k will be inside X .

For Assumption 3.1, X' is a control invariant set for system (3.1); therefore, it exists
an input «’ such that:

x’ = f(zy,,v) € Xp (3.22)
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For the receding horizon control (3.14), we have that:

up, = ug), (3.23)
Therefore, for Note 3.1, at time k + 1:
At time k + 1, the input sequence:
(Wl oy oo Un_qpr W) (3.25)
and the related state trajectory:
(wi\w T o Tn_q TN x’) (3.26)

satisfy input and state constrains (3.19b)-(3.19e). Therefore, (3.25)-(3.26) is a feasible
solution for the NMPC (3.19) and (3.14) at time k + 1.

We showed that:

e with x, belonging to the feasible initial states, the NMPC is feasible at time k = 0;

e if the NMPC is feasible at time k, then the NMPC is feasible at time k + 1.

Thus, we conclude by induction that the NMPC in (3.19) and (3.14) is feasible Vk > 0
[7]. |

3.4.2. Asymptotic stability

AN seivs ] NMPC asymptotic stability

Consider the following NMPC problem:
(X;,Uf) = argmin J,, ..(X,,, Uy)
kaUk
N—1
JNMPC’(Xk7 Uk) = h(wﬂk» 'Uft‘k) + V(‘”NU@) (3.27a)
t=0
subject to:
mt+1‘k = f(mt|k7 U’t|k)7 l= 07 17 sy N—1 (327b)
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Lo = LT, (3.27¢)
:L‘t‘k € x, ut‘k € U, tZO,l,,N—l (327d)

where both the terminal cost function V' and the terminal constraint (3.27¢) have
been inserted.

The system (3.1) is controlled by the NMPC algorithm (3.27) and (3.14).

If:

e the stage cost function h is positive definite in (z,,u,.),
e the terminal set X is a control invariant set for system (3.1) and contains x,,

e the terminal cost function V' is a Lyapunov function in x,, defined on the

terminal set X, and such that, for x,,x;, ., € Xp:

V(zyq) — Vizg) < —h(zy, uy) (3.28)

then x, is an asymptotically stable equilibrium point of the closed-loop system
(3.1), (3.27) and (3.14) [7] [5]-

To prove the asymptotic stability of «,., we can show, according to Lyapunov’s

direct method, that the optimal cost J7,,, () is a Lyapunov function for the equilibrium

point @, of the closed-loop system (3.1), (3.27) and (3.14).
Specifically, we have to show that:

e x,_is an equilibrium point of the closed-loop system;

o J*

¥ upe(@) is positive definite in x,;

o Jivre(®@pi1) — Jiupe(Ty) <0, where X = (x, ..., ), ), 1, ...) is the closed-loop

trajectory obtained via the LMPC control algorithm (3.27) and (3.14); equivalently,

J%upe(®) decreases along the closed-loop trajectory X.

To prove that x, is an equilibrium point of the closed-loop system, we have to show

that, if &; = x,, the NMPC algorithm generates the optimal input u(*)“C = u, and so

wk—i—l = f(w,,,,'u,,,,) = Z,.
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By observing the problem (3.27), we see that, if ; = Zo, = @,, the input sequence
U, = (u,,...,u,) and the related state trajectory U, = (x x,) give a cost function

value J,, po (X}, Ug) = 0. This holds since:

ry ey

e X, and U, satisfy all the system equations (3.27b);
e from (3.6), h is positive definite in (x,,u,) = h(x,,u,) = 0;

e for hypothesis, V' is a Lyapunov function in x,, which means that it is positive
definite in «, = V(x,) = 0.

Being 0 the lowest value that can be reached by J ., we conclude that, if z), = xq), =

x, thenuo‘k u,.

Therefore, x, is an equilibrium point of the closed-loop system.

For the positive definiteness of h and V, Jf, ..(x) > 0, V& € R\ {z,}, and, for
what we have shown in the previous paragraph, J% ,..(x,) = 0, so J;,,,.(x) is positive

definite in x,.

Now, we need to show that J

¥ urc(@) is decreasing along the closed-loop trajectory X.

For (3.14) and (3.27c), we have that @; ., = x];.

Given the optimal predicted input sequence and the related state trajectory in (3.13),

the optimal cost is given by:

N—-1
= h(@y,uyy,) + Y h(@)y,uy,) + Viwy,) (3.29)
t=1

Recalling the feasible trajectory (3.26) and input sequence (3.25), used to prove Theorem

3.1, we can compute the suboptimal cost JJ’VMPC(:C"l“k) associated to this trajectory:

N-1
Sariro(®Y ) = h(@yy, uyy) + h(@y,, u') + V(z') (3.30)
=1
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Being this cost suboptimal, it is for sure higher than the optimal cost J;;,Mpc(wi k)

associated to the optimal predicted state trajectory at time k + 1:

JI,VMPC(Q:T‘]C> Z J;Mpc<wi|k> (331)

Then, by substituting (3.30) and (3.31) in (3.29), we obtain:

N-1
SXrere(®r) = h(@g), ugy,) + Z h(@yy, uyy) + V(ey,) =

> h<m(*)|k7 ’u’ak) + J;Mpc(mﬁk) - h<m}k\f\k7u/> - V(CB/) + VCU?VM)

= Srrre(@1) = Tape (@) < M@y, ') — hlwg,, ug,) +V(e') = Viey,) (3.32)

Since x’ = f(:v}‘\”k, u'), ', m}*\,‘k € X' and for the hypothesis on V', we have that:

V(') = V(xy),) < —h(@y,, u') (3.33)

Therefore:

J;MPC,‘(wT‘k) - J;Mpc(wk> <
< W@y W) — B(Eg) ugp) + V(E') = Vi) <

< —h(@g,,, ug,) (3.34)

Finally, we conclude that the optimal cost is a decreasing Lyapunov function along the

closed-loop trajectory:

J;Mpc(mk+1) - J;Mpc(mk) < _h(mlm’u’k) <0 (335)

Therefore, we conclude that x, is asymptotically stable [7] [13]. [ |

From Theorem 3.2, we can derive an useful corollary, that still ensures
asymptotic stability while not requiring the inclusion of the terminal cost function
v
Specifically, given the NMPC problem (3.27), if:

e the stage cost function h is positive definite in (z,,u,.),

e the terminal set X' = {z,.},
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then @, is an asymptotically stable equilibrium point of the closed-loop system (3.1),
(3.27) and (3.14).

Since the terminal cost function is not present, it is equivalent to say that V(x) = 0.
Moreover, given (3.32) and noticing that, being X'p = {x,} and @}, @’ € Xp

* — / .
= Ty, = &' = x,, we have that:

Tontrcl @) = Tnsro(@y) <

< h(m*Mk,u}‘Vlk) — h(mak,u’{)‘k) +V(x')— V(az}‘v‘k) =
= h(z,, u,) - h(‘Baka uak) =

= h(@g ., ugy) <0

= J:IMPC(wk—H) _ J:’MPC(:‘E]C> <0 (336)
from which we conclude that x, is asymptotically stable.

The reduction of the terminal set X' to the single state x, has the consequence,
however, to reduce as well the set of initial feasible states x, [7]. Therefore, it is

necessary to increase the prediction horizon N to enlarge the feasible set.

Theorem 3.1 provides a sufficient condition to ensure the recursive
feasibility of the NMPC problem. The inclusion of the terminal constraint, however,
can be avoided when a sufficiently large prediction horizon N is chosen. Indeed, it
can be proved that if N > N, the optimization problem is recursively feasible [2]. N
is called determinedness index and is difficult to compute, so typically its value is

guessed by trial and error.

3.5. NMPC algorithm

Finally, we can write the proper LMPC algorithm as follows:

AN BRI B Nonlinear Model Predictive Control

Inputs: x,; N (prediction horizon)
Outputs: X; U

(1) Store the initial state x, in X
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(2) For k=0,1,..
(2.1) e If the exit condition on x, is satisfied, break the cycle (at k = T);
e otherwise, continue
(2.2) Initialize the NMPC optimization problem (3.10) with

(2.3) Solve the NMPC optimization problem, obtaining the optimal pre-
dicted state trajectory X; = (a:ak,m’hk,...,a:}‘\qk) and optimal pre-

. . * __ * * *
dicted input sequence U} = (u0|k,u1|k, e uN_1|k)

(2.4) Apply the input u, = ug;, to the system (3.1), as in (3.14), obtaining

the next state x;

(2.5) Store x;,, and u;, in X and U

(3) Return the closed-loop state trajectory and input sequence:

X — (m(), m17 ceey mT>

U= (uy,uy,..., up_q)

Note 3.6 As already mentioned in Note 3.2, the algorithm requires an exit
condition to obtain a finite-time trajectory. The exit condition at point (2.1) of the
algorithm can be chosen to determine whether the state x,, is sufficiently close to

the reference state x,. Therefore, it can be expressed as follows:
?
|z, —x,| <9 (3.37)

where ¢ is set by the user.

3.6. NMPC relaxation

In this section, we show some useful methods to relax the NMPC constraints. These
relaxations make the problem more resistant to infeasibility and easier to solve, reducing

in this way the online computation time.
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3.6.1. Slack variables

When implementing a NMPC algorithm that uses the base version of the optimization
problem (3.12) (i.e. no terminal constraint and terminal cost), as explained in Note
3.5 the only way to ensure recursive feasibility is to set a sufficiently high prediction
horizon N. However, since high prediction horizons increase the number of optimization
variables and, in turn, the online computation time, we would like to find an alternative

way to prevent infeasibility while keeping N low.

The major cause of infeasibility of the optimization problem (3.12) is the impossibility to
satisfy together the system equations constraints (3.12b) and the hard state constraints
(3.82)/(3.9a).

In this cases, it is often introduced a new optimization variable e € R", called slack
variable, in order to soften the state constraints (3.9a) and prevent the infeasibility of

the optimization problem:

c,(Ty) <e t=0,1,.,N—1 (3.38)

If the state constraint is a linear inequality, then it can be rewritten as:

Az, <b,+e
A:c (wt\k - A;16> < bm
r,, €X @A e, t=0,1,..,N—1 (3.39)

Adding the slack variable, the constraint is softened, permitting the system states to
go slightly outside the set X', preventing the infeasibility of the current optimization

problem and allowing the algorithm to continue with the next iterations.

Being the slack variable an additional optimization variable of the problem, it must be
inserted in the cost function, with a reference value e, = 0 and in general, for simplicity,

with a quadratic term:

N-1
J(X}, Uy, e) = Y hlxyy, uyy) + " Ke (3.40)
t=0

In this case, the higher is || K]||, the lower will be the softening of the constraints (i.e.
the higher is | K|, the higher e will tend to be very close to 0, meaning that the system

will be allowed to exit from the state constraint by very little).
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3.6.2. Nonlinear to affine time-variant system equations

Since we have formulated our NMPC problem in implicit prediction form, the system

equations (3.1) are inserted in the optimization problem as equality constraints (3.10b).

Being such constraints nonlinear, the whole problem will be a NLP (Non-Linear Pro-
gram), thus requiring a NLP solver. These solvers are typically very slow (since they
have to deal with a huge range of possible OPs) and their performance is strongly de-
pendent on the problem type, formulation, and complexity.

For our specific case, increasing the prediction horizon N will slow down the solver,
since the number of optimization variables will be higher; moreover, this will slow it
down even more since, the higher is IV, the higher is the number of nonlinear equality

constraints associated to the system equations.

To deal with this issue, a possible approach is to linearize, at each time instant k, the
system equations around the current operating point of the system (i.e. the current
state @;, and the previous input u;_;). In this way, the NMPC problem is solved using
the linearized system equations at time k; such equations will be then updated at time
k + 1 with the new state x; and the input u,.

The state update will be still computed using the nonlinear system equations, i.e. @, ; =

F(zg, uy).

For the linearization at time k we use the previous input w;_;, since the input u, is

still to be computed by the NMPC optimization problem at time & (i.e. u;, = ug).

Being the operating point (x;,, u;_;) not necessarily an equilibrium point of the system,
the linearization provides a set of Affine Time-Variant (ATV) equations, as shown in

the following.

Denoting as (T, u;_;) the operating point, the linearization (neglecting higher order

terms to achieve linearity) is done as follows:

_ of _  _ _ _ _
flxy, up) = f(@y, up 1) + a_m(wka uy,_q) (T, —Ty,) + 8_u<wk:7 Uy ) (U, — Uy ) =
= f(@), uy_ ) + Ap(xy, — ) + By(uy, —uy_q) (3.41)
where:
of, ... Of1
Ox ox
a 1 n
a—£ =Ji. = | =A (3.42a)
Ofn ... 9fn
Oxq ox,,
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ofy ... Of1
ou ou
af 1 m
<L =J., = S : =B 3.42b
ou fu . . : ( )
Ofn Ofn
Oouy ou,,
are the Jacobian matrices of f wrt  and w.
The ATV model can be then written as:
Ty = (T, Upq) + Ap(x), — ) + By(u, —uy_q) =
= Az + Byuy + f(T, 1) — AT, — Buy, =
=cy,

We see that this model is time-variant, since its matrices A, and B; depend on the
discrete time k (specifically, they depend on the current state and previous input of the
system), and affine, since the extra term ¢, is present (c; would be equal to 0 if the

operating point (Z;,w,_;) is also an equilibrium point of the system).
With this approximation, the nonlinear equality constraints (3.10b) become linear:

wt+1|k — Akwﬂk + Bkut|k + Ck, t - 0, ]_, ceey N - ]_ (3.44)

This means that, if the cost function (3.10a) is quadratic as in (3.7), the NMPC problem
becomes a QP (Quadratic Program), meaning that now it requires just a QP solver.
These solvers are much quicker that NP solvers and their performance is reliable and

not significantly altered by the problem complexity [1].

3.7. NMPC for quadrotors

We now apply all the NMPC concepts that have been described until now for the purpose
of controlling the quadrotor described in Chapter 2.

Let’s consider the nonlinear discrete-time dynamic model of the quadrotor in Frenet

coordinates (2.94):
zp1 = folxy, uy, K(sy)) (3.45)

in which we make explicit the dependence on the curvature function K (s) for a reason

that will be explained in § 3.7.2.
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The goal is to formulate a basic NMPC algorithm (3.12) and (3.14) (i.e. with no terminal
constraint and terminal cost) that makes the quadrotor to track a predefined trajectory
within the race track.

For the observations made in § 2.9.2, this task can be achieved by formulating a tracking
NMPC problem with constant reference if we want, for example, to track the center-
line or, in general, any other trajectory that keeps a constant lateral distance d from
the centerline. We may want also, for a reason that will be explained in Note 4.8 of
Chapter 4, to generate a trajectory whose lateral distance d oscillates within the range
[—dyims Aim), Where dy;,, is the track width from centerline to border.

The NMPC problem can be then relaxed as shown in § 3.6, to obtain a Linear MPC

version of it, so to make it faster to be solved and resistant to infeasibility.

In the following, we construct every element of the NMPC problem, to eventually derive

the final control problem and algorithm.

3.7.1. Track definition

As already mentioned in § 2.9.2, the race track is defined by means of three elements:

e the Frenet curve ~, which is set to be the centerline of the track;
e the curvature function of v, K(s), which is embedded in the quadrotor model (2.94);

e an upper-lower bound constraint on the state variable d, defining the width of the

track, and, so, its lateral boundaries.

For what concerns the choice of K (s), which defines the shape of the track, we consider
it as belonging to the set of constant piecewise functions: this means that the track will

be composed by a sequence of straight lines and circular curves, of any length and angle.

In Figure 3.1 are depicted three possible tracks having a constant piecewise curvature
K (s); specifically, these three tracks will be used in the simulations to test the algorithm

(see Chapter 5).
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Figure 3.1. Examples of tracks with a constant piecewise curvature function. These three tracks will

be used in the simulations to test the algorithm.

3.7.2. Curvature propagation and relaxation

In the equations (2.91), we see that it appears the analytical curvature function K(s)

of the Frenet curve . The expression of this function cannot be easily inserted in the

system equations constraints (3.12b) of the NMPC problem, since:

e as previously said, K (s) is typically a constant piecewise function;
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3. Model Predictive Control for quadrotor trajectory tracking

e functions with complicated expressions inside the NMPC constraints are not sup-

ported by many solvers;

e if we want to use the ATV model, the nonlinear model equations need to be differ-
entiated, therefore K (s) should be at least differentiable once, which is not the case

of constant piecewise functions.

Therefore, as suggested also in [3], we need to deal with K(s) in a different way, as

explained in the following.

The curvature K (s) in the model equations will be considered as a constant parameter

K, transforming (2.94) as follows:

Ty = fo(xp, uy, K(s) — @ = folmy, ug, K) (3.46)

At each time instant k, the value of the current curvature K(s;) will be passed to the
NMPC optimization problem, which will set it as the constant value for K in the model
equations constraints.

This means that the NMPC problem will compute the optimal predicted states and
inputs assuming that, over its prediction horizon, the curvature is constant to its initial

value at s;, = sg,. This action is denoted as curvature propagation.

This approach surely solves the issue of embedding the analytical K(s) in the NMPC
constraints. However, now a new problem arises. Let’s assume that the curvature
abruptly changes at a certain point of the track, for example during the transition from
a straight line to a curve: the NMPC will “notice” the presence of the curve only at the
end of the straight line, since we have imposed the curvature as constant in each NMPC
optimization problem.

This issue eliminates all the advantages of having a predictive control strategy, since

the prediction is falsified by imposing the constant curvature.

A possible solution to this problem (which leads to good results, as shown in Chapter
5), is denoted as curvature relaxation and consists in evaluating the current curvature

K = K(s,,) using a relaxed curvature function K (s).

This relaxed function K connects the constant piecewise segments of the original func-
tion K with third-order polynomials, ensuring the continuity of the derivatives in the

junction points (Figure 3.2).
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Track Track curvature &, K [1/m]

4.5

3.5

25

=2
=

1.5/

0.5

-0.5 s [m]

x [m] l- - - = Real curvature Relaxed cun/ature]

Figure 3.2. Track 2 with relaxed curvature function (K,..; = 30%)

This connection using polynomials is particularly useful to reduce the steepness of verti-
cal edges of stepwise curvatures: the gradual change of curvature in the relaxed function
allows the NMPC to better predict the future change of curvature, even if the curvature

is still considered constant in each optimization problem.

called

curvature relaxation coefficient, that is equal to the percentage of each step that has

To quantify how much the curvature is relaxed, we define a parameter K,,

been “replaced” by the junction polynomial; in Figure 3.2, K, _; = 30%, since, after the

relaxation, the length of each step is reduced by 30%.

3.7.3. Cost function

For our NMPC problem, we use a quadratic cost function as the one shown in (3.7).
However, to ensure a better behaviour of the quadrotor under control, an additional

quadratic term is added to it:

N-1 N-1
Jwrire (X Ug, €1, €9) = h( @y Wypy) + Z P (@4 Wipgor T 1 > Wy i)+
=0 =1
+ Kyef + Kyey =
N-1
= Z (wt\k - wr)TQ(wt\k —x,) + uf\kRut\ﬁ (3.47a)

~+
=]

+ D (@ — 1) T Qa @y — @) + (wyp, — W) TRA (U, — wy )+

z

~+
—

(3.47b)
+ K e} + Kye3 (3.47¢)

As already explained in § 3.2.2, the term (3.47a) of the cost function satisfies (3.6) to
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3. Model Predictive Control for quadrotor trajectory tracking

ensure that the quadrotor tracks the reference state.

The term (3.47b) is very helpful to adjust the behaviour of the quadrotor, since it
penalizes the variation (i.e. the discrete-time derivative) of the system states and inputs.
By tuning the weight matrices Q5 and R, it is possible to force the quadrotor to
follow a smoother trajectory, without abrupt changes in its velocity and accelerations.
Specifically, the higher is |@QA], the lower will be the difference between consecutive
states (leading to smoother but slower trajectories); the higher is | R |, the lower will be
the difference between consecutive inputs (preventing abrupt changes in the trajectories

at the price of reducing speed and maneuverability).

The term (3.47c), finally, is related to two slack variables e, e, € R that will be inserted

in the problem constraints (see next section).

Reference state

For the purpose of trajectory tracking, the reference state x, will be the following:

2= (2 0045 0000 00 Ly d, *) (3.48)

In x,, the states denoted with “x” are associated to a weight equal to 0 in the matrix
Q, so their value is not needed to be specified. Such states are then not penalized by

the cost function.

We see that the reference values z, and L,,., ., define a trajectory with constant altitude
and directed towards the finish line of the track.

Regarding the reference value for d,., it can be either chosen constant, if we want to
track the centerline or any other curve that keeps a constant lateral distance from it,
or variable, if we want the trajectory to oscillate; specifically, in the latter case, d, is

defined as:

° 2 L 2
where s, is the current position of the quadrotor, d; and d,, are respectively the lower

d,—d d,+d
d.(s,) =c, —“—" sin <n0-27r %k >+ Tl (3.49)

track

and upper bounds of the oscillation, n, is the number of oscillations over the track
length, and ¢, € [—1,1] is a coefficient for tuning the amplitude and direction of the

oscillations.

The value 9, = 45° ensures that the quadrotor will move in cross configuration; the

values ¢, = 0, = 0° ensure that the quadrotor will not have high tilt angles, that, if too
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large, may enter in the gimbal lock configuration (see Note 3.8).
The other values (related to Cartesian velocities and angular rates) are set to 0 to ensure

that «,. is an equilibrium point of the open-loop system as in (3.5).

3.7.4. Constraints

The following constraints will be added to the NMPC problem:

e ATV model equations constraints (implicit prediction form);

e track boundaries, i.e. bounds on the lateral distance d;

e bounds on the altitude z;

e bounds on other state variables, in order to force the desired quadrotor behaviour

during its motion.

The constraints will be expressed as follows:

mt+1|k - Ak$t|k+Bkut|k+0k, t: 0,1,...,N_]_ (3.50&)
_dlim_el Sdt‘k‘ Sdlim—Fel, t:(),].,,N_]. (35OC)
Z(m)—GQ Sdt‘k SZ(M)—FCQ, tZO,l,,N—l (350d)
W <vg e <0, =01, N —1 (3.50¢)
vy vy <o, =01, N —1 (3.50f)
o <y <0, t=0,1,0, N — 1 (3.50g)
e; >0 (3.50h)
ey >0 (3.50)

where (m) stands for minimum value and (M) stands for maximum value.

Note 3.7 The ATV model for the quadrotor is computed using the new model
(3.46), ;. = fQ(:ck, uy,, ), having the curvature expressed as a constant param-

eter K, independent from s. Therefore:

of

Ay = (@ w1, K) (3.51)
of

By, = 65 (@ Up—y, K) (3.52)
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Cx — fQ(mka w1, K) — Ay, — Byuy_ (3.53)

Constraints (3.50a)-(3.50b) are those associated to the ATV model equations.

Constraint (3.50c) is associated to the track boundaries/width (W,, .. = 2-d;;,,); thus,

rack
it sets lower and upper bounds on the lateral distance d of the quadrotor. Together
with the function K(s), already embedded in the model, the race track is now fully
described.

We see that the slack variable e;, introduced in the cost function (3.47c), is used here
to soften the constraint. This allows the quadrotor to slightly go outside the bounds,
preventing possible infeasibility when the quadrotor approaches too closely the track

borders.

Constraint (3.50d) sets lower and upper bounds on the altitude z of the quadrotor. The
slack variable e, softens the constraint; this allows the quadrotor to slightly go outside
the bounds, preventing possible infeasibility when the quadrotor approaches too closely

the vertical borders.

Constraints (3.50e)-(3.50g) set lower and upper bounds on the Cartesian velocities of
the quadrotor (wrt the base frame). These allow to both regulate the quadrotor average
speed and to avoid that it gains too much speed, possibly making infeasible the next

iterations of the NMPC.

Constraints (3.50h)-(3.50i), finally, set the slack variables e; and e, as non-negative,

which is necessary to soften correctly constraints (3.50c)-(3.50d).

INerisis sl Additional constraints may be added to set lower and upper bounds on
the roll and pitch angles ¢ and 6 (also called “tilt” angles) assumed by the quadrotor

during its motion.

These constraints are particularly important if we want to nullify the risk of gimbal
lock: as explained in Note 2.1, the dynamic model of the quadrotor suffers from
gimbal lock/singularity when the pitch angle 6 approaches +90°; specifically, the

transformation matrix T', ... becomes singular, meaning that the numerical integra-

RPY

tion of the model equations will give erroneous RPY angles, since some elements of

T}, will diverge.

RPY

For this reason, commercial quadrotors are typically equipped with a security system
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that turns off the quadrotor when the tilt angles exceed a threshold value. Additional

constraints on ¢ and 6, therefore, take into account these threshold values.

In our MPC algorithm, we will not include such constraints, since it has been ob-
served that, in all simulations (see Chapter 5), the quadrotor always stays far away

from the gimbal lock configuration.

It is important to notice that, now, being all the constraints linear
equalities or inequalities and being the cost function quadratic, the optimization
problem is a QP, meaning that it is now a Linear MPC problem. Therefore, from
now on, we will use the term MPC instead of NMPC.

3.7.5. Optimization problem

We can now write the MPC optimization problem for quadrotor trajectory tracking:

MPC optimization problem for quadrotor trajectory tracking

(X5, Up,ei,e5) = argmin  Jy,p0(Xy, Uy, €4, €5)
kaUkael?e2
N-1
JNMPC(ka Uka €1, 62) = Z (mt|k - mr)TQ(thc - mr) + uakRut|k+
t=0
N-1
+ (wt|k - C"37:—1|k)TQA(5'3t|k - wt—l\k) + (Ut|k - ut—1|k)TRA<ut\lc - 'U't—1|k>+
t=1
+ K, €2 + Kye3 (3.54a)
subject to:
wt_i_l‘k = Akwﬂk —+ Bkut‘k —+ Ck, t= O, 1, 0005 N —1 (354b)
_dlim_el Sdﬂkgdlim"_el, tZO,]_,...,N_]_ (3.54d)
Zm) — €2 < 2y S 2yt €2 t=0,1,..,N—1 (3.54e)
W™ v <080, t=0,1,...,N—1 (3.54f)
vy vy <00, t=0,1,..,N—1 (3.54g)
W v p <o, £=0,1,,N -1 (3.54h)
e; >0 (3.54i)
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ey >0 (3.54j)
with:
of. .
A= 2 (@ w1, K(sy) (3.54K)
of, y
By = L (@, up 1, K(sy) (3.541)
C, = fQ(mka w,_y, K(sy)) — Ay, — Bruy,_y (3.54m)

3.7.6. Algorithm

The complete MPC algorithm for the quadrotor is composed by the MPC problem (3.54)

and the receding horizon control law (3.14).

Note 3.10 It is worth noticing that, even though we have used in the MPC
problem (3.54) the ATV model of the quadrotor, the next state x,.; is obtained
applying the optimal control input u;, = ua ;. to the complete nonlinear model of the

quadrotor (2.94):
Tpiy = J@g, uy, K(sy)) (3.55)

ANt es A MPC for quadrotor trajectory tracking

Inputs: x,; N (prediction horizon)
Outputs: X; U

(1) Store the initial state &, in X
(2) For k=0,1,...:

(2.1) e If the exit condition on x,, is satisfied, break the cycle (at k = T);

e otherwise, continue

(2.2) Initialize the MPC optimization problem (3.54) with «; and w,_, (if
k=0, set u,_, = 0)

(2.3) Solve the MPC optimization problem, obtaining the optimal predicted

state trajectory X = (mg‘k, wi‘k, - w’;\”k) and optimal predicted input
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x * * *
sequence U} = <uo\k’ul|k’ ---auN—uk)

(2.4) Apply the input u;, = ug, to the system (2.94), as in (3.14), obtaining

the next state x;

(2.5) Store x;,, and u;, in X and U

(3) Return the closed-loop state trajectory and input sequence:

X — (:co, Cl:l, ceey ZBT)

U= (uyuy,..., up_q)

As done in Note 3.6, we need to define the exit condition that stops the algorithm
as soon as the current state x, is sufficiently close to the reference state x,. For our
needs, the exit condition is when the quadrotor has crossed the finish line; therefore,
the algorithm should stop as soon as the value of the curvilinear abscissa s, is greater

or equal to the track length L

track:

?

Sk 2 Ltrack (356)
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Learning Model Predictive Control for
quadrotor autonomous and

optimal path planning

4.1. Introduction to LMPC

earning Model Predictive Control (LMPC) was conceived to combine the features of
L classical Model Predictive Control to other control strategies that are able to learn
from previous iterations of the control algorithm, improving in this way their closed-loop
performance. One of these control methods is called Iterative Learning Control (ILC),
in which the system to control always starts from the same initial condition and the
controller objective is to track a given reference. The key aspect of ILC is that the
control algorithm is run multiple times and, at each iteration, information from past
iterations is used by the controller to learn from its previous results, improving in this
way its current performance [15] [3]. Such control strategies are very well suited for

systems performing iterative tasks.

However, the main limitation of ILC and other analogous control methods, as also
mentioned in the Introduction, is that they are limited to reference tracking applications,

where, in general, the main goal is to minimize the difference between the reference and
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the output signal (i.e. the tracking error); moreover, the reference signal is known in
advance and does not change at each iteration.

These limitations are overcome by LMPC, which is indeed configured as a reference-
free iterative control algorithm, which learns from previous iterations to improve its

performance over time. Specifically, the LMPC algorithm ensures that:

e defining as j-th iteration cost the objective function evaluated for the j-th closed-loop
system trajectory, the j-th iteration cost does not increase compared to the (j—1)-th

iteration cost;

e state and input constraints are satisfied at iteration j if they were satisfied at iteration

j — 1 (recursive feasibility);

e the final goal state is an asymptotically stable equilibrium point for the closed-loop

system;

e as the number of iterations goes to infinity, the system converges to a steady-state
trajectory that is the optimal solution of the corresponding infinite-horizon control

problem.

4.2. LMPC theoretical formulation

In this section, we provide all the fundamental concepts that are required to formulate
the LMPC control problem [15].

Consider the discrete-time system:

xpq = flxy, uy) (4.1)

where & € R" are the system states and w € R™ are the system inputs.
We assume that the generic nonlinear function f(x,w) is continuous and that the states

and inputs of the system are subject to the constraints:
x,eX, u,el, Vk>0 (4.2)
where X' C R™ and &/ C R™ are closed sets.

At each iteration of the LMPC algorithm, a new state trajectory is generated; for the

j-th iteration, we denote the vectors containing the inputs applied to the system (4.1)
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and the corresponding states evolution (i.e. the state trajectory) as:

X) = (x), 2], ...,x],...) (4.3a)

Ui = (ul),u),...,ul,..) (4.3b)

In (4.3), :1:?C and ufc denote the system states and the control inputs at time k of the

j-th iteration.

We initially assume that, at every iteration, the closed-loop trajectories start from the
same initial state:

@) =xg, Yji>0 (4.4)

The goal is to design a control algorithm which solves the following infinite-horizon

optimal control problem at each iteration:

(X*,U") = argmin Jjy . )(X,U)

XU
J[O,oo](X7 U)= Z h(zy, uy) (4.5a)
k=0
subject to:
Ty = fog,uy), VE=0 (4.5b)
Ty =g (4.5¢)
x,eX, u,ell, YVk>0 (4.5d)

where:

X = (xy, @y, ..., Ty, --.)

U = (ug, Uy, ..., Uy, ...) (4.6)

are the optimization variables, (4.5b) and (4.5¢) represent the system equations and the
initial condition, and (4.5d) are the states and inputs constraints.
We assume that the function h(x,w) in (4.5a), called stage cost function, is continuous

and it satisfies:
hMxp,0)=0, h(x,u)>0, VYV(r,u)cR"xR"\{(xp,0)} (4.7)

meaning that h is positive definite with center in (x,0).
T is the goal state towards which the control algorithm should drive the system, i.e.

hmk_>oo wk — wF.
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Moreover, the goal state & is assumed to be an equilibrium point of system (4.1):

rp = f(xp,0) (4.8)
We also assume that a local optimal solution to problem (4.5) exists and it is denoted
as:

X* = (xf, 23, ..., Ths o)

U* = (uy,ui,...,up,...) (4.9)

Note 4.1 By assumption, the stage cost function h in (4.7) is continuous, strictly
positive and zero in . Thus, an optimal solution to (4.5) will converge to the goal

L .
state T, i.e. lim;_, o} = Tp.

Note 4.2 In practical applications, as we will see in the following, each iteration

has a finite time duration Tj:

(] J J
X7 = (zg, Ty, .., T, ...,:ch)

U7 = (wh,ul,wd, oy ) (4.10)

Nonetheless, in literature it is typically adopted, for the sake of simplicity, an infi-
nite time formulation at each iteration, that is what we have used in the previous

equations.

In the next sections, we provide the definitions of sampled safe set, iteration cost and
terminal cost function. All of these concepts will be used in the following to formulate

the LMPC algorithm, granting its stability and recursive feasibility [15].

4.2.1. Sampled safe set

We define the sampled safe set SS7 at iteration j as:
587 = { U U :c;;} (4.11)
i€Gi k=0

where

GI = {z € [0,4] : klim xt = mF} (4.12)
— 00
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S5S7 is, therefore, a set containing all the state trajectories at iteration ¢, with i € G7.
Specifically, G’ in (4.12) is the set of indices i associated to successful iterations of the

algorithm (i.e. iterations for which the related trajectory converged to x for k — o).

In conclusion, S.S7 stores all the states x,, with k € [0, 0], composing the state trajec-

tories generated by successful iterations of the LMPC algorithm.

From (4.12) we see that G* C G for i < j, which implies that:

S5t C 887, Vi< (4.13)

4.2.2. Iteration cost and terminal cost function

Let’s consider the closed-loop state trajectory (4.3a) and input sequence (4.3b) associ-
ated to the j-th iteration of the algorithm. Considering a time instant k& € [0, 00|, we

define the cost-to-go of the trajectory j at time k as:

i oo ( Z h(z], u) (4.14)

where h is the stage cost function of (4.5). The cost-to-go can be equivalently denoted

also as J} and J(x1).

The cost-to-go of the trajectory at time k is therefore the sum of all the stage costs asso-
ciated to the part of the trajectory on [k, 00|, so starting from the state :Jr:fC (associated

to the time k).

We then define the iteration cost as:

Tio o) (@) = T} = => h(z, u) (4.15)
k=0

The iteration cost is nothing but the cost-to-go of the related trajectory at the initial

time k = 0.
Jg quantifies the control algorithm performance at each j-th iteration.

Note 4.3 In (4.14) and (4.15), :1/:?g and u;,i are the realized states and inputs of
the trajectory at the j-th iteration, as defined in (4.3).

The computation and a graphical representation of the cost-to-go and iteration cost

are depicted in Figure 4.1. Specifically, considering for simplicity the finite-time states
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J [jk'Tj] G)
A

Jo =1 + h(xg,ug)

JH =13+ hedu)
j _ ) Jj j
]T]-—l _]T]- + h(xT]-—l'uTj—l)

J3 =13 + h(x},ul)

][jTi'Tj](xF) 21%1' - 0\

*—> x
xé=x5

=
=

j
Xri-1 X2

= )
XF _ij i~

Figure 4.1. Computation and graphical representation of the cost-to-go function J[jk T_](wi) and the
Lt}

iteration cost JJ

trajectory and inputs sequence in (4.10), with z € R and v € R, we can compute each

cost-to-go J ,Z in an iterative way by noticing that:

e By definition of cost-to-go (4.14), J%j = J!

(T,,T] (xzfﬂ = h(xz_fj,uz_fj) = h(xp,0); from
(4.7), hap.0) = 0= J}.

e From (4.14), J,Z = J;§+1 + h(xi:,ui); for (4.7), being h positive definite with center
in (zp,0), Jg > J,Z Vk € [0,T; — 1], meaning that also J?

[k T,](l",i) is a (discrete)
g
positive definite function, with center in x .

+10

This means that the iteration cost Jg can be computed summing the stage costs “back-

9 : — )
wards”, starting from xzp = x7

J

(for which J%j = 0) till reaching x4 = .ZU% (which is

associated J7).
Finally, we define the terminal cost function Q’(x), defined over the SS7, as:

min [ik’oo](:l:) if £ €597

QI (z) = { Rk (@) (4.16)
400 if £ ¢SS/
where
Fi(z) ={(i,k) € [0,7] x [0,00] : & = x|, for x| € S5’} (4.17)

The terminal cost function assigns, to every point in the sampled safe set SS7, the

minimum cost-to-go along the trajectories in SS7. Specifically, give the state , the set
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Fi(x) selects all the states belonging to a certain trajectory (from iteration 0 up to j)
that are equal to . Then, the function Q?(zx) returns the minimum cost-to-go of the

trajectories selected by F(zx), starting from .

We can equivalently write that:

o0

Ve € S5, Qi(x) = k OO] Z h(xt  ul) (4.18)
t=k*

where (i*,k*) are the iteration number and time instant associated to the trajectory
giving the minimum cost-to-go, i.e.:
(¢*,k*) = argmin J[ o0 () (4.19)

(i,k)EFI ()

Note 4.4 It is worth noticing that, in (4.18), xi. = .

Note 4.5 If it exists only one trajectory i for which, at time k, zi = x (i.e.
F/(z) = {(i,k)}), then @Q’(x) simply becomes Q’(z) = Jj (), which is the

cost-to-go of the i-th trajectory at time k (so starting from x%).

4.3. LMPC optimization problem

In this section, by using all the concepts that have been described above, we provide
the formulation of the LMPC control problem, which, being in the class of MPC control

methods, takes the form of an optimization problem (OP).

Specifically, the LMPC tries to compute a solution to the infinite-horizon optimal control
problem (4.5) by solving, at time k of iteration j, the following finite-horizon constrained

optimal control problem:

LMPC optimization problem

(X] ,U]) = argmin J, ,, ..( X}, Uy
kaUk
Jripe( Xy Ug) = Jjo, n—1( X, Uy) + Qj_l(mN\k) =
= Z h(mtwm ut\k) + Qj_l(mmk) (4.20a)
t=0

subject to:
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T = F(@yp tgp), t=0,1,...,N—1 (4.20b)
o, = T (4.20¢)
Ty, €X, €U, t=0,1,...,N—1 (4.20d)
T, € SS9 (4.20e)

The problem optimization variables are:

Xy, = X[O,N]|k = (wo\kawl\ka '--;CBN\k)

U, =Up o1k = (Uopje Upjps s Un_1)5) (4.21)
representing the predicted state trajectory and the predicted input sequence.

(4.20b) and (4.20c) represent respectively the system equations and the initial condition;
(4.20d) are the states and inputs constraints; (4.20e) is a terminal constraint that forces

the terminal state @y, into the sampled safe set SS7=1 at the previous iteration, as
defined in (4.11).

We also see that the function Q7~!(x) is indeed used as terminal cost function for the
problem (4.20).

The optimal predicted state trajectory of (4.20) and the related optimal predicted input

sequence are denoted as:

VAN j
X, = (mo‘k,ml‘k,...,mN‘k)

U, = (uo\kvul\kw'"“Nq\k) (4.22)
while the optimal value of the cost function is denoted as J{:w Pl this optimal cost can

be also expressed specifying the initial state m{g J f;w PC (wi)

The control algorithm consists in computing, at time k£ and iteration j, the input se-

quence U,z* and applying to system (4.1) only the 1% element of it:

-k

wl = u, (4.23)

Then, the next state azfc 41 is computed and is used to initialize the new optimization

problem at time k + 1 of iteration j: @g,, = :BZ:H-

We see that the LMPC features a receding horizon control strategy.
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4.4. LMPC properties

After having shown the formulation of the LMPC optimization problem, we now provide
four fundamental theorems associated to LMPC [15].

Specifically, we will prove, as briefly mentioned in § 4.1, that the LMPC algorithm is
guaranteed to be recursively feasible, asymptotically stable, and such that the iteration
cost is non-increasing between two successive iterations; moreover, we will also show
that, if the LMPC algorithm converges to a steady-state trajectory at iteration j — oo,

then this state trajectory is the solution of the infinite-horizon optimal control problem
(4.5).

4.4.1. Recursive feasibility

Assumption 4.1 At iteration j = 1 we assume that SS/~! = SS° is a non-

empty set, containing a trajectory X that is feasible and convergent to .

Typically, this first trajectory is obtained through a basic reference tracking control

method (e.g. classic MPC, PID control, etc.).

AN i LMPC recursive feasibility

Consider the system (4.1) controlled by the LMPC control algorithm (4.20) and
(4.23). Let SS’ be the sampled safe set at iteration j as defined in (4.11); let
Assumption 4.1 hold.

Then, the LMPC is feasible for all £ > 0 and at every iteration j > 1 [15].

The proof follows from standard MPC arguments. By assumption, SS° is
non-empty. From (4.13) we have that SS° C S5/~ Vj > 1, and consequently S57~!
is a non-empty set. In particular, there exists a feasible trajectory X° € §5° C 571,
From (4.4) we know that @) = xg, ¥j > 0. At time k = 0 of the j-th iteration the
N-steps trajectory:

X&N} = (), z¥, ..., %) € SSI! (4.24)

and the related input sequence:

(u87 u(1)7 ceey u(l)\ffl> (425)
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satisfy input and state constrains (4.20d). Therefore (4.24)-(4.25) is a feasible solution
to the LMPC (4.20) and (4.23) at k = 0 of the j-th iteration.

Assume that at time k of the j-th iteration the LMPC (4.20) and (4.23) is feasible and
let Xi* and U,z* be the optimal trajectory and input sequence, as defined in (4.22).
From (4.20c) and (4.23), the realized state and input at time k of the j-th iteration are

given by:
VA
Lok = L
up = Uy, (4.26)

The terminal constraint (4.20e) enforces mﬁlk € SS771 and, from (4.18):

QI M@y, = T (@) = Y b ul) (4.27)
\ (k" ] \
o
Note that }. ., = f (x}.,u}.) and, by the definition of Q’(x) and F(x) in (4.16)-(4.17),
xt, = azﬁ‘k. Since the state update in (4.1) and (4.20a) are assumed identical, we have

that:

Ty = T, (4.28)

At time k + 1 of the j-th iteration, the input sequence:

(Wl e e gy uf) (1.29)

and the related state trajectory:

(@ Thps - Th_q o xi., x| (4.30)

satisfy input and state constrains (4.20b)-(4.20e). Therefore, (4.29)-(4.30) is a feasible
solution for the LMPC (4.20) and (4.23) at time k + 1.

We showed that at the j-th iteration, Vj > 1:

e the LMPC is feasible at time k = 0;

e if the LMPC is feasible at time k, then the LMPC is feasible at time k£ + 1.

Thus, we conclude by induction that the LMPC in (4.20) and (4.23) is feasible Vj > 1
and k> 0 [15]. |
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4.4.2. Asymptotic stability

ANt LMPC asymptotic stability

Consider the system (4.1) controlled by the LMPC control algorithm (4.20) and
(4.23). Let SS’ be the sampled safe set at iteration j as defined in (4.11); let
Assumption 4.1 hold.

Then, the equilibrium point x » is asymptotically stable for the closed-loop system
(4.1), (4.20) and (4.23) at every iteration j > 1 [15].

To prove the asymptotic stability of « , we can show, according to Lyapunov’s
direct method, that the optimal cost .J itw rc() is a Lyapunov function for the equilibrium
point @ of the closed-loop system (4.20) and (4.23).

Specifically, we have to show that:

° Jztwpc(ac) is positive definite with center in x;
L4 JgLPC(mi+1) - Jitvfpc(mgg < 07 where Xj = (CE%, "'7mi’m{c+17 ) is the j_th closed-
loop trajectory obtained via the LMPC control algorithm (4.20) and (4.23); equiva-

lently, J7 MPC( ) decreases along the closed-loop trajectory X7.
From (4.7), Jztwpc(m) >0, V& € R"\{xp} and Jztwpc(mF) =0, so J{LPC(:B) is positive
definite with center in @ .
Now, we need to show that J ﬁtw rc(x) is decreasing along the closed-loop trajectory.
From (4.28) we have wfc = azlek, which implies that:

sk -k

JI{MPC(w‘]ile) = JiMPc(w]Hk) (4'31)

Given the optimal predicted input sequence and the related state trajectory in (4.22)
and exploiting (4.31) and (4.20c), the optimal cost is given by:

JiMPC(xk) = min [Z h (wt|k7ut|k) + Q7 (aka)] =

Xk:ka t=0

_h< Lok Ok>+;h< t[k> t\k>+Q_1< N\k) -

Page 77 of 158



4. Learning Model Predictive Control for quadrotor autonomous and optimal path planning

N—-1
= b (@udy )+ > b (@l ) + T (@) =
t=1
= (gl ) + b (2l )+ D bl uf) =
t=1 t=k*
% % N-1 -k -k . . . .
=h (“’%mv“%\k) 2 h (”’ﬁw“im) +h (@, up) + Q7 () >
t=1
> h <$é|k, uém) + Jszc($i|k) =
= h (], ul) + JHurc(@l,) (4.32)

where (i*,t*) is defined in (4.19).

Finally, we conclude that the optimal cost is a decreasing Lyapunov function along the

closed-loop trajectory:

Tiro(@].y) = Jure(x]) < —h (z],u]) <0

val € R\ {xp}, Vul, € R™\ {0} (4.33)

Therefore, we conclude that @ is asymptotically stable [15]. |

4.4.3. Non-increasing iteration cost

AN e Zisiss LMPC non-increasing iteration cost

Consider the system (4.1) controlled by the LMPC control algorithm (4.20) and
(4.23). Let SS’ be the sampled safe set at iteration j as defined in (4.11); let
Assumption 4.1 hold.

Then, the iteration cost Jg does not increase with the iteration j [15].

First, we find a lower bound on the j-th iteration cost Jg , Vj > 0. Consider
the realized state and input sequences (4.3) at the j-th iteration, which, at time k,
Vk > 0, collects the first elements of the optimal state and of the optimal input sequences
generated by the LMPC algorithm (4.20) and (4.23). By the definition of the iteration

cost in (4.15), we have:

J[{)jjo] (xg) = % h (mﬂk'—l, u{c_l) _
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V4

min Zh x,u) + Q7 (x =
| X + @ )

= Jype(@d) (4.34)

Then we notice that, at the j-th iteration, the optimal cost of the LMPC (4.20) and
(4.23) at k =0, JﬁLPC(mg), can be upper bounded along the realized trajectory (4.3a)
using (4.33):

> lim h (@], w)) + I upo(a]) (4.35)

From Theorem 1.2, & is asymptotically stable for the closed loop system (4.20) and
(4.23) (i.e. lim,_, @] = ), thus by continuity of h(z,u):

-

lim JLMPC(zck) Jivipe(@p) =0 (4.36)

k—o0

From the previous equations:

LMPC mo Z (mi,ugg) = J[]O,oo](:cS) (437)
k=0
and, finally:
J[Jo ;o]< s) > JiMpc(:cO) > J[JO oO]( s) (4.38)
Therefore, we conclude that the iteration cost is non-increasing [15]. n
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4.4.4. Convergence to the solution of the infinite-horizon opti-

mal control problem

Assumption 4.2 The problem (4.5) is strictly convex.

LMPC convergence to the solution of the infinite-horizon optimal
Theorem 4.4
control problem

Consider the system (4.1) controlled by the LMPC control algorithm (4.20) and
(4.23). Let SS7 be the sampled safe set at iteration j as defined in (4.11); let

Assumption 4.1 and Assumption 4.2 hold; assume also that the LMPC algorithm
converges to the steady-state input sequence U™ = lim,_, U’ and state trajec-
tory X = lim

500 X7 for iteration j — oo.

Then, U*° (and so X*°) is the solution of the infinite-horizon optimal control
problem (4.5) [15].

We refer the reader to [15]. |

4.5. LMPC algorithm

Finally, we can write the proper LMPC algorithm as follows:

Sl tat i B [earning Model Predictive Control
Inputs: xzg; NV,

iter (mumber of LMPC iterations); N (LMPC prediction horizon)
Outputs: X0 X1, ..., XNiter: U0, U, ..., UNiter

(1) Generate the first feasible trajectory X° = (xf,z!, ...,w%o) using a basic

reference tracking control method, with initial state 3 = g
(2) Construct the initial sampled safe set SS° = { X}

(3) For j=1,2,...,N,

iter-
(2.1) Set the initial state @} = ¢ and store it in X7

(2.2) For k=0,1,...:
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(3.1) e If the exit condition on ) is satisfied, break the cycle (at
k= Tj);

e otherwise, continue

(3.2) Initialize the LMPC optimization problem (4.20) with wfc

(3.3) Solve the LMPC optimization problem, obtaining the optimal
predicted state trajectory Xi* = (a:éTk, a:”lTk, = :I:g:;‘ k) and opti-
mal predicted input sequence U} = (ué‘ > ujl‘ . ug\,_l‘ L)

(3.4) Apply the input ul = uéTk to the system (4.1), as in (4.23),
obtaining the next state wjk +1

(3.5) Store ar:{c+1 and ui in X7 and U’

(2.3) Augment the sampled safe set with the new trajectory X7 =
(), x7, ..., m%ﬂj):
SS7 = 88t u{X7}

(4) Return all the generated trajectories and input sequences:

0 1 N.
X0 X1 ... XNiter
0 1 N,
U°,U,..., UNiter

Note 4.6 As for the NMPC of Chapter 3, the exit condition at point (3.1) of
the algorithm can be chosen to determine whether the state :13?C is sufficiently close

to the goal state . Therefore, it can be expressed as follows:
, ?
@] —@p| <6 (4.39)

where ¢ is set by the user.

In the following, it is reported a sequence of figures (Figures 4.2a-e) that depict a generic

execution of the LMPC algorithm with N = 2. Specifically:

e In Figure 4.2a, the first feasible trajectory X has been generated and, from it, it

has been constructed the initial sampled safe set SS°, as in Assumption 4.1.
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x{) =x5Vj=0

X2

X1

(a) First feasible trajectory X° and initial sampled safe set S.S°©

e In Figure 4.2b, the iteration j = 1 of the LMPC algorithm is initiated.
The first state of the generated trajectory is ¢} = =g, as in (4.4), and it is used to
initialize the LMPC optimization problem at time k = 0.
The optimization problem is solved, obtaining the optimal predicted state trajec-
tory Xé* = (a:(l)ro, zch*o, a:]l\}k‘o) = (x, a:}ro,:v}\;‘o), which is composed by 3 states, since
N =2.
It is worth noticing that the terminal state m}\}klo coincides with one of the states in
S5V, satisfying the terminal constraint (4.20e).

For the receding horizon control law in (4.23), the next state of the generated trajec-

tory will be z = azﬁo.

S R
Xs = Xp = Xpjo

1 _ 1
Xijo = X1

X2

X1

(b) Tteration 1, k = 0: optimal predicted state trajectory (in orange), generated state trajectory (in

green)

e In Figure 4.2c, the state x} of the generated trajectory is used to initialize the LMPC
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optimization problem at time k = 1.
The optimization problem is solved, obtaining the optimal predicted state trajectory
X\ = (@, 2y, Ty)-

The next state of the generated trajectory will be xd = m}rl

1 _ 1"
X1 = Xp|1

X3

X1

(c) Tteration 1, k = 1: optimal predicted state trajectory (in orange), generated state trajectory (in

green)

In Figure 4.2d, at time k = T of the iteration j = 1, the state :zz%pl of the generated
trajectory satisfies the exit condition of the algorithm (i.e. it is sufficiently close to
the goal state &, as reported in Note 4.6); therefore, the current iteration is ended,

returning the generated trajectory X' = (zd, z1, ..., a:lTl)

> x4

(d) Tteration 1, k = T : generated state trajectory (in green); end of the iteration

e In Figure 4.2e, before staring the next iteration, the sampled safe set is augmented

by including in it the states of the new trajectory X, obtaining SS! = SS°U {X'}.
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Xs
. o o
j— L
so={UU=
i€GJ k=0 x(l)
(0]
G {l € [0,]].,11_{20 X} xF} X9 xl
x93 ©
0 (]
Xy °
1
o ° SS ®
(0] 1
@ X3
® .1
Xi
X1

(e) Augmented sampled safe set SS*!

Figure 4.2. LMPC algorithm representation, with N = 2

e The algorithm continues initiating the iteration j = 2 and repeating the above oper-

ations, until 7 > N,

iter:

4.6. Sampled safe set and terminal cost relaxation

In this section, we provide two possible ways to relax the terminal constraint and ter-
minal cost function of (4.20), so to make the LMPC control problem easier to solve; in
this way, we can reduce the computation time needed to solve the optimization problem,

making it more suitable for real-time applications.

The first approach consists in:

e relaxing the discrete sampled safe set SS7 to its convex hull, obtaining a continuous
convex set C'S7;

e approximating the discrete terminal cost function Q7(zx) with a continuous convex

function P7(x), defined on the convex safe set C'S7.

These relaxations are computed exploiting convex combinations and barycentric approx-

imations.
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4.6.1. Convex safe set

From its definition (4.11), the sampled safe set SS7 is a collection of discrete states,
making it a discrete set. Therefore, the LMPC optimization problem (4.20) ends up
being a Mixed-Integer Non-Linear Program (MINLP), which is hard to solve and may
not be suitable for real-time applications (since there is no guarantee that it will be

solved in real-time).

Therefore, we need to find a way to relaz the terminal constraint (4.20e), that is trans-
forming the SS7 from a discrete to a continuous set, so to make (4.20) a Non-Linear

Program (NLP), which is easier to solve.

The most convenient approach is to relax the sampled safe set to its convez hull [16] [3].

The convex hull of $S7 is called convex safe set C'S7 (Figure 4.3).

The convex hull of a discrete set of points can be obtained by computing the convex

combination of all its elements:

CS7 = conv(5S7) = conv ({ U [j CCE:}) =

i€GI k=0
|1S87 SS9
{Z)\iwi: A >0, > N =1, a:eSSj} (4.40)
=1 i=1
where | - | denotes the set cardinality operator.
More concisely:
CS7 = conv(897) = (X, ..., X)) AT (4.41)
where
A= (A0 o AG L ML, ...,Agj), A>0, |[Al; =1 (4.42)

Equations (4.40), (4.41) and (4.42) represent the barycentric approximation of SS7: any
state in the convex safe set can be written as a convex combination of the points in the

sampled safe set; each component of A is a positive weighting scalar for each element of
SS7[8].
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T; °
$§J = U U xk
iecJ k=0 x?

(4]
Gl = {i € [0,/]: Jim x}, = xF} 0 0 41
x93 °
(5]
X3 x} °

o °® Sst °

(5] . @ x%
XF & o o 1
X

X1 X1
(a) (b)

Figure 4.3. Sampled safe set SS7 (a) and convex safe set C'S7 (b), with j =1

4.6.2. Terminal cost barycentric function

Relaxing the sampled safe set to its convex hull requires also to adapt the terminal cost
function Q7(x) accordingly. Therefore, we introduce a barycentric approximation also
for Q7:
. P (x) if e S
Pi(x) = ' (4.43)
+00 if x¢CS’

where

j AZ 4.44
P (x) = 250, ke[o ] £ £ [k oo] ( a)
subject to

J oo A
Y A=1 (4.44D)

=0 k=0

J oo o
YD) N == (4.44c)

PI(x) is called terminal cost barycentric function; as defined in (4.43) and (4.44), it
represents a convex approximation of Q7(x), which assigns to every point in C'S7 the

minimum cost-to-go along all the possible trajectories in C'S7.

More concisely, assuming (as in Note 4.5) that in S5/ there are no states in common to

multiple trajectories (except for xg):

Pi(@) = conv(@ (@) = win (I 7, @) I 1 @), s T (@), ) AT (4.45)
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where

A:(Ag,x{,...,AOTO,...,A%,A{,...,A%), A>0, [Ally=1, (X .. X)W\ =g
(4.46)

4.6.3. Relaxed LMPC optimization problem (first version)

From the relaxations shown in § 4.6.1 and § 4.6.2, we can formulate a first version of

the relaxed LMPC optimization problem:

(X, U A*) = argmin J, o ( X, Up, A)

X, Up A

N—1 ‘
']LMPC<X]€7 Uy, >‘) = Z h(wt‘k,ut‘k) + P]71<wN|k) (4.47&)

t=0
subject to:
Ty, = F (@), t=0,1,..,N—1 (4.47b)
o = T (4.47¢)
Ty €X, uy, €U, t=0,1,...,N—1 (4.47d)
TNy € CST (4.47e)
A>0, [[All =1 (4.47f)

Equivalently:

(X7, U, \) = argmin J, ,, o (X}, Up, A)

Xk,Uk,)\
JLMPC(‘Xk:’Uk’ Z h mt\k?“t\k
t=0
+ (J[% 7,)(®0), It (), - 71](:1:%_1), ) AT (4.48a)
subject to:
Ty, = Fl@gp,wyy), t=0,1,..,N—1 (4.48b)
o), = T (4.48¢)
mt‘kéx, ut‘kEU, t:071,,N—1 (448d)
SCN|k - (XO, ceey X‘j_l)AT (4.486)
A20, [[All;=1 (4.48f)

With respect to (4.20), the relaxations have introduced the following changes:
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The coefficients A of the convex combination become additional optimization vari-

ables;

e Constraint (4.20e) becomes an equality constraint (4.48e) that, according to (4.41),

forces the terminal state into the convex safe set C'S7~!;

e The terminal cost function becomes the argument of the optimization problem in
(4.45).

We now describe the second relaxation approach, which in part uses the results of the
first approach, yielding in the end to a simpler optimization problem, involving a lower

number of optimization variables.

This second approach consists in:

e expressing the terminal constraint through the set of linear inequalities defining the

convex safe set C'S7;

e approximating the discrete terminal cost function Q’(x) with a convex piecewise-

linear interpolating function IBj(w), over the convex safe set C'S7.

4.6.4. Convex safe set linear constraints

The convex safe set CS7, being the convex hull of discrete states in SS7 C R”, is a
conver polytope. Specifically, a polytope is the generalization in n dimensions of the

three-dimensional polyhedron.

CS7 can be defined through the convex combination of the discrete states as in (4.40);

such a definition is called vertex representation (or V-representation).

For the sake of LMPC relaxation, however, C'S7 can be also defined in alternative way,
that proves to be more useful. It is called half-space representation (or H-representation).
In H-representation, the convex polytope is seen as the intersection of a finite number

of subspaces. Therefore, it can be described via a set of linear inequalities:

a;1T; + aypTy + -+ ap,x, < b

A91Tq + Qoo Lo + -+ Aon Ty, S b2

Page 88 of 158



4.6. Sampled safe set and terminal cost relaxation

1y + Qoo + - +a,,,x, <b, (4.49)

which can be written in a compact matrix form:

Aot <bgg, Ags= : : ;o bos = : (4.50)

(4.50) is a linear inequality constraint, which can be easily inserted in the relaxed LMPC

optimization problem as terminal constraint.

4.6.5. Convex piecewise-linear fitting of the terminal cost func-

tion

At iteration j, the sampled safe set S5/ contains the following states:

557 ={X°, ... X7} = {f, 2}, ..., =1} (4.51)

The terminal cost function Q*(x), if (as in Note 4.5) there are no states in common to

multiple trajectories (except for xg), when applied to every state in SS7 gives:

QI(SS7) = {Q(2}), QI(@h), ..., Qi(@))} =
= {J[(()LTO](mg)? J&To}(w(l))’ (R J[j;]’j’Tj}(w%“j)} =
= {10, 0, ..., Jr}j} =
={Q}, Q5 - Q1) (4.52)

We then consider the problem of fitting the obtained data:

(w87Q8>7 ceey (w%“jaQ%“]) = (1’.17Q1>7 ceey (mmuQm) S Rn X Ra m = |SSJ| (453)

with a convexr piecewise-linear function f : R™ — R from some set F of candidate

functions. With a least-squares fitting criterion, we obtain the problem:

miny/ 2L 5 =3 (w0 - Q)

min \/ =2 (4.54)

We call \/% the RMSE index (root-mean-square error) of the function f fitting the

data. The convex piecewise-linear fitting problem (4.54) is to find the function f, from
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the given family & of convex piecewise-linear functions, that gives the best (smallest)

RMSE value with the given data.

Our main interest is in the case when n (i.e. the state dimension) is relatively small,
while m (i.e. the number of data points) can be relatively large (e.g. 10* or more). The
methods that will be described in the following, however, work for any values of n and

m.

Several special cases of the convex piecewise-linear fitting problems (4.54) can be solved

exactly.

When F is the set of affine functions, i.e. f(x) = a®x+b, the problem (4.54) reduces to
an ordinary linear least-squares problem in the function parameters a € R” and b € R
and can be analytically solved. This approach is called parametric convex piecewise-

linear fitting.

A less trivial case is, by converse, the non-parametric convex piecewise-linear fitting,
in which F is the set of all piecewise-linear functions from R” to R, with no other

constraint on the form of f.

Of course, not all data can be fit well (i.e. with small RMSE) with a convex piecewise-
linear function. For example, if the data are samples from a function that has a strong

concave curvature, then no convex function can fit it well.

Max-affine functions

For our purposes, we will consider a parametric fitting problem, in which the candidate
functions are parametrized by a finite-dimensional vector of coefficients a.

We choose as F the set of functions on R” with the form:
f(z) =max (aTz +by,...,alz +b,) (4.55)
We refer to a function of this form as a maz-affine function with k terms. Such functions
are parameterized by the coefficients vector:
o= (ay,..,ayby,..,b,) € REn+1) (4.56)

Max-affine functions can be visualized as an intersection of k planes in the R™ x R space,

of which we take the envelope (which corresponds to the max operation).
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Indeed, any convex piecewise-linear function on R™ can be expressed as a max-affine
function, for some k, so this form is in a sense universal.

Our interest, however, is in the case when the number of terms k is relatively small, In
this case the max-affine representation (4.55) is compact, in the sense that the number of
parameters needed to describe f is much smaller than the number of parameters in the
original data set (i.e. m(n + 1)). The methods that will be described in the following,

however, do not require k£ to be small.

With max-affine functions, the fitting problem (4.54) reduces to the nonlinear least-

squares problem:

m 2
rr}xin —, J(a)= Z (j max (afx; +b;) — Qi> (4.57)

Fitting procedure

In this section, we present an algorithm that solves approximately the k-term max-affine
fitting problem (4.57) [11].

The heuristic idea behind this algorithm is the following:

e create k partitions of the data points {(x, @), ..., (€,,, @,,)};

e on each partition j = 1, ..., k, solve analytically the linear least-square fitting problem
associated to the j-th affine functions composing f, obtaining a first estimate of the

coefficients a; and b;
e update each partition on the base of the current coefficients value;
e iterate the algorithm until the coefficients converge to a certain value.

The algorithm, therefore, alternates between partitioning the data and carrying out

least-squares fits to update the coefficients.

Let P;l) for j =1,...,k, be a partition of the data indices {1,...,m} at the [-th iteration
of the algorithm:

P ={1,..om}, PVAPY =0 fori#j (4.58)
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The generation of the initial partitions P](O) will be analyzed in the next section.

Denoting with ag-l) and b;l) the values of the parameters at the [-th iteration of the
algorithm, we generate the next values, ag.lﬂ) and b§l+1), from the current partition Pj@,

as explained in the following paragraphs.

For each j = 1,..., k, we carry out a least-squares fit of a;-ra:i +b; to Q;, using only the

(1+1

data points with ¢ € Pj@. In other words, we take a; U and bé-lﬂ) as values of a and b

that minimize
2

Y (a"z +b-Q,) (4.59)
iepP)!
which is indeed the linear least-square problem associated to the j-th affine function

composing f, restricted to only the data in the j-th partition.

Such problem can be solved analytically, and the pair (a,b) that minimizes (4.59) is

a;“” Swxl Y, - > Qx;
i) "\ ser 2)) \ se o

where the sums are over ¢ € P;l).

given by:

Using the new values of the coefficients, we update the partition to obtain P;Hl), by

assigning ¢ to P;ZH) if:

a; + b (4.61)

f(l+1) (a:) — man (agl+1)Ta:Z + bgl+1)) — a[;l+1)T ;

This means that P}Hl) is the set of indices ¢ for which the affine function ag-l“) T:I:ﬂ—b

is the maximum for the data point ;.

(I+1)
J

During this step of the algorithm, one or more of the sets

P;ZH) may become empty.

The simplest approach is to drop these empty sets from the partitions, and continue

with a smaller value of k.

This algorithm is iterated until one of the following conditions is met:

e C(Convergence has been reached, which equivalently occurs when:

o the coefficients vector a) has converged to a steady-state value: a!‘t!) = alb),
Vi>1;
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O the partitions PJ@ do not change anymore after a certain iteration: P](Hl) = Pj(l),

VIi>U, Vjie{l, ..k}

e The maximum number of iterations has been reached: [ > N,

Generation of the initial partitions

The choice of the initial partitions P;O) is a crucial step, since it directly affects the
quality of the fitting given by the max-affine interpolating function generated by the
algorithm. A bad selection of the initial partitions may lead the algorithm to not
converge, or to converge to a piecewise-linear approximation that poorly fits the data

(even when the data shows a good convex curvature).

We provide in the following a general approach to generate initial partitions that ensure,

in most cases, a good interpolation of the data points [11].

Each partition P;O), with 7 = 1,...,k, is generated starting from k randomly chosen

points py, ..., p,, € R", which are called seed points.
Then, P;O) is defined as the set of indices i associated to the data points x, that are

closest to p;:

0_ ;. : -
Pl ={i:|z;—p;| <|z; —p,[,Vs #j}, j=1,..k (4.62)

Specifically, the indices in the partitions P;O) define the Vorono: sets of data points x,

associated to the seed points p;.

With this method, we generate initial partitions that tessellate the whole subset of R"
containing the data points {;}!",. Such partitions are very well suited for max-affine
interpolation, since max-affine functions are the envelope of k intersecting planes in R™
and the fitting procedure locally interpolates the data in each partition with one of the

planes composing the function.

The Voronoi sets associated to the initial partitions, which tessellate the set of data

points, are depicted in Figure 4.6, showing the case of 20 randomly generated partitions.

The seed points p; should be randomly generated according to some probability distri-
bution that matches the shape of the data points ;. A possible choice is to generate

them from a normal distribution with the sample mean g, and the sample covariance
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X, of the data points:

m

i=1 =1

Since the seed points are generated from a normal distribution, it
may happen that some of them are chosen outside the set of data points and enough
far from it such that the related partition is empty. As done in the fitting algorithm,
the simplest approach is to drop these empty partitions and continue with a smaller

value of k.

This method for generating initial partitions can be reformulated to more specific pro-
cedure that applies only to 1D data (i.e. n = 1) and provides in most cases better

results.

Instead of generating randomly the initial partitions P;O) from seed points, the partitions
are chosen as equally spaced intervals on the ordered set (i.e. from lowest to highest

value) of data points {zy,...,z,,} C R:

P;O):{H(j—l) {%Jg{%} for j=1,...k—1
(

m
PO = {1 s bJ , m} (4.64)
With this approach, we generate, as well as in the general method, initial partitions that
cover the whole subset of R containing the data points {z;}!",. This method applies well
only to 1D data for the trivial reason that R is much easier to subdivide in bounded and
connected subsets rather than R™, for which instead generating the partitions randomly

in more convenient.

Fitting algorithm

The full algorithm for convex piecewise-linear fitting can be written as follows:

AR 2B AR Convex piecewise-linear fitting

Inputs: {(z,Q),..., (x,,,Q,,)}; k; N, (max n. of iterations)

Outputs: o

(1) Compute the sample mean g, and sample covariance X, of the data points
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{z;}", as in (4.63)
(2) Generate the seed points p;, j =1, ..., k, from the distribution N (pu,, X,)

(3) Compute the initial partitions P;O), j=1,..,k, asin (4.62)

4) Remove empty partitions from P(O), j=1,...,k, and update the value of k
J

(5) Forl=0,..,N,. —1:

» HVater
(2.1) Compute ag-lﬂ) and bglﬂ), j=1,..,k, as in (4.60)
(2.2) Update the partitions to P;Hl), j=1,..,k, asin (4.61)

(2.3) Remove empty partitions from P;lﬂ), j = 1,...,k, and update the

value of k
(2.4) o If P;ZH) = PJ@, return:
a = (al ey by by )
e otherwise, continue

(6) Return:

Examples

In this section, we will show two examples of application of the convex piecewise-linear

fitting algorithm.

We will use it to fit a set of 1D and 2D data points, obtained from 2 convex functions,
specifically:

fi:R—=R, fi(z)=y=0.12? (4.65a)

y=0.1(22 + 23) (4.65D)

For function 1, data points are {(z;,v;)};, = {(z;, f1(z,)};, {z;}; =[-5:0.5:5].
The algorithm is set up with k = 10, N,.,. = 10; the initial partitions are generated by
setting up the MATLAB random number generator with the 'default' seed.

The algorithm returns « after only 1 iteration:
a = ((a;);, (b));)
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0.35 —0.3
0.95 —2.25
0.65 —1.02
a)t = , (b)T =
(4;); 0.1 (b3); —0.00833
—0.8 —1.55
—0.3 —0.175

(a;); and (b;); have 6 < k elements, so 4 empty partitions have been generated and

removed.

Figure 4.4 depicts the max-affine interpolating function with respect to data points:

259

oL o .

° o
151
o o
1k
° 'y
o °
0.5F
° o
B o
° .

0 o o—®

-0.5 L
-5 4 3 2 1 0 1 2 3 4 5

Figure 4.4. Convex piecewise-linear fit of a 1D convex function. Data points are depicted in red, while

the max-affine interpolating function is depicted in cyan.

We see that the interpolating function is the envelope of 6 lines, having angular coeffi-

cient a; and intercept b;, for j =1,..., 6.

For function 2, data points are {(x;,y;) }; = {(;, fo(x;))};s {x;}; =[5 :0.5: 5] x [5:
0.5 : 5].
The algorithm is set up with k£ = 20, N,

iter = D0; the initial partitions are generated by

setting up the MATLAB random number generator with the 'default' seed.

The algorithm returns « after 16 iterations:

a = ((a;);, (b;);)
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0.688  0.246 121
0.75  —0.578 —2.15

—0.702 —0.299 131

0439  0.827 —2.08

0.196  0.342 —0.29

0757 0.79 287

0351 0.354 —0.506

| 031 —0.246 ~ | —0.295
(@7 =1 0863 0208 |° @7 | _1s6
0.0964 —0.777 137

065 —0.8 947

0147 0.829 166

0161 —0.18 —0.0165

0.837 —0.159 172

0.908  0.724 _3.97

0.75  —0.9 —3.34

(a;); and (b;); have 16 < k elements, so 4 empty partitions have been generated and

removed.

We see that the interpolating function is the envelope of 16 planes, having coefficients
(a,jT,bj), for j=1,...,16.

Figure 4.5 depicts the interpolating max-affine function with respect to data points:

Figure 4.5. Convex piecewise-linear fit of a 2D convex function. Data points are depicted in red, while

the max-affine interpolating function is depicted in cyan.
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Figure 4.6 depicts instead the Voronoi sets associated to the initial partitions:

5 4 3 2 4 0 1 2 3 4 5
Figure 4.6. Voronoi sets of the initial partitions. Seed points are depicted in red, while the boundaries

of each set are marked with black lines.

As pointed out in Note 4.7, in Figure 4.6 we see only 16 out of 20 generated partitions;
this means that 4 partitions have been generated outside the subset of data points in R?
(i-e. [=5,5] x [=5,5]). Indeed, we have seen that (a;); and (b;); have only 16 elements,

meaning that the 4 empty partitions have been removed from P](O), 7=1,...,20.

4.6.6. Relaxed LMPC optimization problem (second version)

From the relaxations shown in § 4.6.4 and § 4.6.5, we can formulate a second version of

the relaxed LMPC optimization problem:

(Xi ’Uli ) = argmin JLMPC(Xk7 Uk)
kaUk

N-1 o
JLMPC(XIm Uk) = Z h(a:t|k, ut|k:> + P‘771<$N\k> (4.66&)

t=0
Hi—1 j—1T j—1 j—1T j—1
Pi7}(x) = max (al x+b ,..,ar T+by > (4.66D)
subject to:
Ty g = F( @y Uyy)y t=0,1,.., N —1 (4.66¢)
o, = T} (4.66d)
Ty, €X, wy, €U, 1=0,1,...,N—1 (4.66€)
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TNy € CST (4.66f)

Equivalently, as noted in [11], by recalling that (4.66b) is equivalent to:

Pi-t(z) = mcinc

subject to:

c>al Vet s=1,..K (4.67)
the relaxed optimization problem can be rewritten as:

(Xi ,U,z ,*) =argminJ, , ,.(X, Uy, )

X.,U,c
N-1
JLMPC(Xk7 Uk:a C) = Z h(wt‘kﬂ ut\k) +c (468&)
t=0
subject to:
oy = (@ ugy), t=01,.,N—1 (4.68b)
Lok = wi (4.68c)
:L’t|k Gx, ut|k GZ[, tZO,]_,,N—]_ (468d)
Aj;sl%\qk <bls (4.68¢)
. T .
c>al ™ zy bl s=1,.,K (4.68F)

With respect to (4.20), the relaxations have introduced the following changes:
e Constraint (4.20e) becomes a linear inequality constraint (4.68e) as in (4.50), that
forces the terminal state into the convex safe set C'S7~!;

e The terminal cost function becomes the argument c¢ of the optimization problem
in (4.67); ¢ then becomes an additional optimization variable. Therefore, also the

constraints (4.68f) are added to the problem.

4.7. Repetitive LMPC

In (4.4), we assumed that, at each iteration of the LMPC algorithm, the initial conditions

of the system are unchanged (i.e. xg = a:é, Vj>0).

LMPC, however, is specifically suited for systems performing repetitive tasks.

In a repetitive framework, the initial conditions at the j-th iteration are, in general,
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function of the final state of the previous iteration 7 — 1; in the most simple case, it
holds:
et =zl V>0 (4.69)
J

(4.69) replaces (4.4) when implementing a repetitive LMPC algorithm.

4.8. LMPC for quadrotors

We now apply all the LMPC concepts that have been described until now for the purpose
of controlling the quadrotor described in Chapter 2.

As already done in Chapter 3, we consider, as system to be controlled, the nonlinear

discrete-time dynamic model of the quadrotor in Frenet coordinates (2.94):

Lri1 = fQ(wkaukaK<Sk)> (4.70)

When we have used MPC, our objective was to make the quadrotor to track a specific
trajectory within the race track.

Now, using LMPC, the goal is to formulate a relaxed LMPC algorithm (second version)
(4.68) and (4.23) that pilots the quadrotor around the track and that autonomously
learns which is the best path to follow to minimize the lap time.

This means that we want the algorithm to perform an autonomous and optimal path

planning.

In the following, we will construct every element of the LMPC problem, to eventually

derive the final control algorithm.

We start saying that all the considerations regarding track definition and curvature
propagation and relaxation hold also for the LMPC algorithm; therefore, we refer the
reader to § 3.7.1 and § 3.7.2.

4.8.1. Safe set

Initialization

As required by Assumption 4.1, the LMPC has to be initialized with a SS° containing

a first feasible trajectory X converging to the goal state x .
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We will generate this trajectory by means of the MPC algorithm for quadrotor trajectory
tracking that we have developed in Chapter 3. Specifically, the first trajectory X° will
start from the initial state g = x and will travel across the whole track until crossing

the finish line, corresponding to the goal curvilinear abscissa sy = Ly, 40k

Since this trajectory has to be feasible wrt LMPC constraints, we must ensure that such

constraints are a subset of those in the MPC optimization problem.

Construction

In the theoretical formulation, the SS7 contains the whole state variables mi constituting
the generated trajectories X©,..., X’/. However, when the number of states n of the
system is large, this operation can become quite costly.

Specifically, when we compute the convex hull C'S7 of $S7, to obtain the linear inequality
constraints Aé s bé s to relax the LMPC optimization problem, the larger is n, the higher
is the computational time needed to compute such constraints. Moreover, the higher is
n, the higher will be the dimensions of A?_ and b, which, if too big, can slow down

too much the solver due to the high number of constraints to be satisfied.
Therefore, it is convenient to store in the S$.S7 only some of the states composing ar:fc

For our purposes, we will store only two states: the curvilinear abscissa s and the lateral
distance d. Since the LMPC has the goal of optimizing the planar trajectory (i.e. the
one on the xy plane) to minimize the lap time, s and d are the only states needed by

the algorithm to find, trough autonomous learning, such optimal path on the track.

The SS7 will contain the states (s, d) composing each LMPC trajec-
tory up to iteration j; these points are used, in the relaxed framework, to construct
the max-affine interpolating function f’j(m), which approximates the terminal cost
barycentric function. This means that, to obtain a good first terminal cost function
150(:1:), which is used in the optimization problem at iteration 1, it is necessary that
the first trajectory X° “explores” as many states (s,d) as possible while travelling

on the track.

Therefore, the MPC is set up to generate a X° that oscillates in [—d,;,,, d;;,,,] While
travelling from s = 0 to s = L,, .- In this way, the first trajectory will sweep a

good amount of states within the set [0, L;,.,cr] X [=djims diim ], Providing a good first
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terminal cost function P°(x).

In general, if the choice of X° is good, ]50(:1:) may be used as terminal cost function

also for iterations j > 1, i.e.:

~

Pi(z) = P°(x), Vj>1 (4.71)

Recomputing P7(x) at every iteration, with the additional points in SS7, would
not give any improvement in the interpolating function; by contrary, too many over-
imposed data points (which come out when the trajectories tend to converge to the

optimal one) might provide a worst interpolation.

4.8.2. Cost function

For our LMPC optimization problem, the stage cost function h will be the following;:

h(zy, ug) = (x), — mF>TP(mk —zp) (4.72)

The goal state will be:
ch:<* X ok ok ok Kk ok ox oKk ok 1.2-L, . % *) (4.73)

in which we recall that the states denoted with “x” are associated to a weight equal to
0 in the matrix P, so their value is not needed to be specified.

This means that only the state s (i.e. the 11" state) is penalized.

This stage cost function satisfies (4.7), but most importantly it fits well with our task
of generating the path minimizing the lap time.

Indeed, this stage cost function penalizes only the distance from the finish line, without
any penalty on the other system states. This means that the LMPC control algorithm
will try to fly the quadrotor towards the finish line as quickly as possible and, being
no penalties on the other system states, it is free to make the quadrotor to follow any
possible path inside the race track, as long as it goes towards the finish line. This

possibility to move along any trajectory enables the learning capability of LMPC.

Note 4.9 We see that in @y the value of L, is multiplied by a coefficient
> 1. This is done to avoid that the quadrotor decelerates when approaching the
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finish line. The coefficient moves virtually the finish line ahead of its real position,

meaning that the quadrotor will cross the true finish line without slowing down.

However, to ensure a better behaviour of the quadrotor under control, additional terms

are added to the complete LMPC cost function:

JLMPC(Xk7 Uk:? €1,€9, €3, C) =

2

N-1 N-1
h<mt\k7ut\ks> + Z h/(mt\kzy ut|k> + Z h”(wt\kvut\kthfl\kvutfl\k)—*_
t=0 t=1

e? + Kqe5 + Kyed +c =

+
CIME T I

= (@) — wF)TP<wt|k —Tp)t (4.74a)
t=0
N-1
+ ) (g —z,) Qg — z,) + uf) Ruy+ (4.74b)
t=0
N—1
+ (mt|k - wt—l\k)TQA(mﬂk - wt—l\k) + (ut|k - ut—1|k>TRA(ut\k - ut—l\k)+
t=1
(4.74c)
+ K, €2 + Kye3 + Kqe2 + ¢ (4.74d)

The cost-to-go, iteration cost, and terminal cost function are computed using only the

stage cost function h:

[k oo () h(x], ul) = Z | —xp) P(@] —zp)
t—Fk t=Fk
J[o o0] Zh wk,uk Z —xp) TP( —xp) (4.75)
k=0

The term (4.74a) is the usual one with the stage cost function h.

The term (4.74Db) is similar to the one used in the MPC for quadrotor trajectory tracking
and has the purpose to take into account all the other relevant states that are not present
in the stage cost function h (such as the altitude z, the yaw angle 1, and the lateral
distance d). Specifically, the additional stage cost function A’ will partially shape the
final trajectory according to the reference state x,, acting as a “guide” for the LMPC
algorithm; it also penalizes the amplitude of the input signal. In the following, we will

define the value for x

The term (4.74c) was also used in the MPC for quadrotor trajectory tracking (§ 3.7.3)
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and has the purpose to penalize the variation of the system states and inputs, forcing
the quadrotor to follow a smoother trajectory, without abrupt changes in its velocity

and accelerations.

The term (4.74d), finally, contains the terms related to three slack variables e, e,, e5 € R,
that will be inserted in the problem constraints (see next section), and the additional
optimization variable ¢ that acts as terminal cost in the relaxed LMPC optimization
problem (4.68).

Reference state

We will use the following value for z,:
x, = (zr * x 45° x x x x x x x d.(sp) *) (4.76)
where the function d,.(s,) is:

c,; -dp; if K(s,.)=0
dr<3k) _ d, lim ( k) (477)

sign (K (sy,)) "Cq, - Ay, I K(sy) # 0

where ¢, € [0,1].

The reference values z, and v, = 45° suggest the quadrotor to keep an altitude near z,

and to fly in a cross configuration.

The variable value of d,., instead, is fundamental to help the LMPC algorithm to find

-
the optimal path minimizing the lap time.

The value of d, is set to ¢; - dj;;,, when the curvature of the track, at the current
location s, of the quadrotor, is K (s;,) > 0; the value, instead, is set to —c; - d;;,,, when
the curvature is K (s;) < 0; the coefficient ¢4, is used to tune the reference value.

This means that the quadrotor will tend to stay close to the inner border of the track
when it is on a straight line or on a left curve (wrt the Frenet frame); instead, it will tend
to stay close to the outer border of the track when it is on a right curve. Qualitatively,
this is how, in a closed track, a pilot would conduct a vehicle to efficiency “cut the
curves” to reach the finish line in the shortest amount of time.

Therefore, the value of d, = d,.(s;,) suggests the LMPC to pilot in this way the quadrotor,

reaching more easily the optimal path minimizing the lap time.
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a:r—i—:cF: (Z

Z (s, — (x, + )T (Q + P)(xyy, — (¢, + ) + uz[kRuﬂk

™

4.8.3. Constraints

The following constraints will be added to the LMPC optimization problem:

ATV model equations constraints (implicit prediction form);
track boundaries, i.e. bounds on the lateral distance d;

bounds on the altitude z;

The constraints will be expressed as follows:

Typqp = Aiwﬂk + Bi“uk +e), t=0,1,...,N—1
Lok :azi

— dyjyy, — €1 Sy < dpy, €4, t=0,1,..,N—1
Zm) — €2 S 2y S 2 €2, 1=0,1,..,N—1
AL ey <bLS + ey

c> agflTa:N‘k +0t, s=1,.,K

e; >0

ey >0

where (m) stands for minimum value and (M) stands for maximum value.

* x 45° x x ok ok ok o+ 1.2-L, .0 d.(s) *)

Note 4.10 The terms (4.74a) and (4.74b) of the cost function can be combined

to a unique stage cost function as follows:

(4.78)

(4.79)

the constraints required by the relaxed LMPC optimization problem (second version)

As already pointed out in Note 3.7, the ATV model for the quadrotor is computed

using the new model (3.46), x;,,, = fQ(a:k, uy,, ), having the curvature expressed as
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a constant parameter K, independent from s (curvature propagation). Therefore:

- Of, .

Al = 8—Q(a:i,ui71, K) (4.81)
- of, .

Bl = a—f(m;, ul | K) (4.82)

cl = folal,ul | K)— Alx] — Blu] | (4.83)

Constraints (4.80a)-(4.80b) are associated to the ATV model equations.

Constraint (4.80c) is associated to the track boundaries/width; thus, it sets lower and
upper bounds on the lateral distance d of the quadrotor. The slack variable e; softens
the constraint; this allows the quadrotor to slightly go outside the bounds, preventing

possible infeasibility when the quadrotor approaches too closely the track borders.

Constraint (4.80d) sets lower and upper bounds on the altitude z of the quadrotor, since
in LMPC there is not a reference altitude (expect for the indicative value z, in «,.). The
slack variable e, softens the constraint; this allows the quadrotor to slightly go outside
the bounds, preventing possible infeasibility when the quadrotor approaches too closely

the vertical borders.

Constraint (4.80e) is the terminal constraint forcing the terminal state xy; in the

convex safe set C'S7™1. The slack variable e softens the constraint.

Constraint (4.80f) is the one associated to the auxiliary optimization problem (4.67)
that defines the value of the barycentric terminal cost function P(x) (which is, as we

know, interpolated by a max-affine function) evaluated in the terminal state x Nk

Constraints (4.80g)-(4.80h), finally, set the slack variables e; and e, as non-negative,

which is necessary to soften correctly constraints (4.80c)-(4.80d).

We see that the LMPC constraints (4.80c)-(4.80d) are a subset of
MPC constraints (3.50c)-(3.50h) except if z,,) > 0. In that case, the first points
of the first trajectory will be infeasible only for the altitude constraint (since the
quadrotor starts at z, = 0); this, however, is not a problem, since typically, choosing
a value of N not too small, such states of $.S7 will unlikely be chosen as the terminal

state at the beginning of the next iteration.
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Note 4.12 It is important to notice that, now, being all the constraints linear

equalities

or inequalities and being the cost function quadratic, the optimization

problem is a QP, meaning that the LMPC is linear.

4.8.4. Optimization problem

We can now

write the LMPC optimization problem for quadrotor optimal path planning:

LMPC optimization problem for quadrotor optimal path planning

(Xi*,Ug*,e{*,eg*,eg*,cj*) = argmin  J,,,.o(X, U, €q, €9, €3, C)
Xk7Uk7617e2a637c
JLMPC(X]C’ Uk’ €1, €9, €3, C) =
N-1
= (xyp —zp) TPy — Tp)+
t=0
N-1
+ (@4 — mr)TQ(a:”k —x,)+ uakRutw
t=0
N-1
+ D (o — wt—1|k)TQA(wt|k —@y_qp,) (U, — ut—1|k)TRA(ut\k — Uy )t
t=1
+ K €3 + Kqe3 + K43 + ¢ (4.84a)
subject to:
Ty = Ay, + Bluy, +cl, t=0,1,..,N—1 (4.84D)
To, = :13?c (4.84c¢)
_dlim_el Sdﬂkgdlim"_el, tZO,]_,...,N_]_ (4.84d)
Zm) — €2 < 2y S 2yt € t=0,1,..,N—1 (4.84e)
Al ey, <L +eg (4.84f)
LT )
c>al! T )k + bt s =1, o kg (4.84g)
e; >0 (4.84h)
ey >0 (4.84i)
with:
- Af, . . _
Al = a—f(m;,u;_l, K(s))) (4.84j)
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- Of, . o~
Bj = 22 (x}, uj_;, K(s])) (4.84K)

4.8.5. Algorithm

The complete LMPC algorithm for quadrotor optimal path planning is composed by
the optimization problem (4.84) and the receding horizon control law (4.23).

As already mentioned in Note 3.10, it is worth noticing that, even though we have used
in the LMPC optimization problem (4.84) the ATV model of the quadrotor, the next
state azfg .1 is obtained applying the optimal control input ui = uéTk to the complete

nonlinear model of the quadrotor (2.94):

], = folal, ul, K(s])) (4.85)

Note 4.13 Being in Frenet coordinates, it is necessary to modify the expression
(4.69). In fact, when the quadrotor crosses the finish line (so at the end of each lap),
the state variables s (curvilinear abscissa) and v, (Frenet angle) have to be reset

from s = L, . to 0 and from 1, = 360° to 0. Therefore, (4.69) becomes:
o)t =k — Lyqer €11 —360°€g3, V5> 0 (4.86)

where e, is the k-th vector of the canonical base of R™ (with n = 13, i.e. the number

of states of the quadrotor model):

e,=(0,..,0, 1 ,0,..,0T eR" (4.87)

——
k-th element

tletaa i B LMPC for quadrotor optimal path planning

Inputs: xzg; N;;,, (number of LMPC iterations); N (LMPC prediction horizon)
Outputs: X0 X! ... XNiter: U°, U, ... UNiter

(1) Generate the first feasible trajectory X° = (x§, 29, ..., a:OTO) using the MPC
algorithm for quadrotor trajectory tracking (Algorithm 3.2), with initial state

0 __
Ly ==Tg
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(2) Construct the initial sampled safe set SS° = { X"}

(3) Using Algorithm 4.2, perform the convex piecewise-linear fitting of the data
points SSY = {x}, ... :BOT } and Q°(SS%) = {J§, ..., J2 .}, obtaining the coeffi-
0 bO

k
a?, b))’ of the max-affine terminal cost barycentric function

cients @’ = (a
P(x)

(4) For j=1,2,....N,

wter:

(4.1) e If the LMPC is repetitive, set the initial state :1:6 = :ijfl —

Lok €11 — 27 €43, as in (4.86), and store it in X7;
e otherwise (the LMPC is non-repetitive), set the initial state m% =
Tg, as in (4.4), and store it in X7
(4.2) Compute, from SS771 the convex safe set C'S7~! and its related linear
constraints Aé;l, b‘zfsl
(4.3) For k=0,1,...:
(4.3.1) e If the exit condition on w‘; is satisfied, break the cycle (at
k= Tj);
e otherwise, continue
(4.3.2) Initialize the LMPC optimization problem (4.84) with :)3{:,
'“"1171 (if £ =0, set u{cq =0), AL bl and af

(4.3.3) Solve the LMPC optimization problem, obtaining the optimal

predicted state trajectory X7 = (wéw, {Ik’ . mg\t'k) and op-
% -
timal predicted input Sequence Ul =(u %‘k, ul‘k, s ug\/‘—l\k)

(4.3.4) Apply the input u) = = u! , to the system (2.94), as in (4.23),

0|k:
obtaining the next state a:k 1

(4.3.5) Store x| and u in X7 and U’
(4.4) Augment the sampled safe set with the new trajectory X7 =
(mé,w{,...,wgpj):

SS7 =88 tu{X7}
(5) Return all the generated trajectories and input sequences:

X0 X1, ..., XNiter
UO, U, ..., UNiter
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As done in Note 4.6, we need to define the exit condition that stops the algorithm as
soon as the current state x;, is sufficiently close to the goal state . For our needs, the
exit condition is when the quadrotor has crossed the finish line; therefore, the algorithm
should stop as soon as the value of the curvilinear abscissa s, is greater or equal to the

track length L

track:

?
Sk > Ltrack (488)

4.9. LMPC with obstacle avoidance

In the previous sections, we have developed the complete LMPC algorithm for quadro-
tor optimal path planning, which is able to autonomously find the optimal trajectory

minimizing the lap time.

We now implement an additional feature for this algorithm, which is the possibility to
include, within the track, different kinds of obstacles. Therefore, the control algorithm,
along with finding the optimal path for lap time minimization, must also ensure that

the quadrotor avoids these obstacles while flying on the track.

4.9.1. Obstacles definition

Three types of obstacles can be included within the flight area:
e a horizontal narrowing of the track: over a certain interval s = [s,, s,], the value of
the bounds on the lateral distance d, defined by constraint (4.84d), are restricted to:
_dllm < do,l S dt‘k S do,u < dlim? t= 0, 1, 7]\[ - 1 (489)

where d,; and d,, define respectively the new lower (i.e. outer) and upper (i.e.

inner) bounds on the lateral distance given by the obstacle.

The obstacle is depicted in Figure 4.7:
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dlim

Figure 4.7. Horizontal narrowing obstacle, placed within a generic part of the track

For this obstacle, we can define two function d, ;(s) and d,, ,,(s) which describe respec-
tively the value of the lower and upper bound on d over the whole track; specifically,

they are equal to:

d,, if ses;,s,) d,, if se€(s;, s,]

do,l(s> = ’ ’ do,u(s) = ’ (490)
_dlim if s ¢ [8i7 So] dlz’m if s % [Si, So]

If multiple obstacles of this kind are present, in (4.90) will be added multiple cases,

one for each obstacle;

a vertical narrowing of the track: over a certain interval s = [s;, s,], the value of the

bounds on the altitude z, defined by constraint (4.84e), are restricted to:
Z(m) < Zo,l S Zt|k S zo,u < Z(M), t= 0, 1, ,N -1 (491)

where z,; and z, ,, define respectively the new lower and upper bounds on the altitude

given by the obstacle.

The obstacle is depicted in Figure 4.8:

Figure 4.8. Vertical narrowing obstacle, placed within a generic part of the track
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For this obstacle, we can define two function 2, ,(s) and z,, ,(s) which describe respec-

o,l
tively the value of the lower and upper bound on z over the whole track; specifically,

they are equal to:

z,; if s€ [S;58,] Zoy 1f SE (5,5 5,)
Zo,l(s> = ) Zo,u(s> = (492)

Zimy i s & [54,8,] Zon i s & [s;,8,]

If multiple obstacles of this kind are present, in (4.92) will be added multiple cases,

one for each obstacle;

e a “square ring” obstacle, which is the result of the union of a horizontal and a vertical
narrowing of the track: over a certain interval s = [s;, s,], the values of the bounds
on both the lateral distance d and the altitude z, defined by constraints (4.84d) and
(4.84e), are restricted to:

— dyj, < doy < dyy, < dyy oy, < dpy, t=0,1,.,N—1
Zim) < Zog < 2k < 2o < Zary 1 =0,1,., N —1 (4.93)
where d,; and d,, define respectively the new lower (i.e. outer) and upper (i.e.

inner) bounds on the lateral distance given by the obstacle, while z,; and 2, , define

respectively the new lower and upper bounds on the altitude given by the obstacle.

The obstacle is depicted in Figure 4.9:

dlim

Figure 4.9. Square ring obstacle, placed within a generic part of the track

For this obstacle, we can define two couples of functions d, (s), d, ,(s) and z, (s),
zmu(s) which describe respectively the value of the lower and upper bounds on d and

z over the whole track; specifically, they are equal to (4.90) and (4.92).
If multiple obstacles of this kind are present, in (4.90) and (4.92) will be added

multiple cases, one for each obstacle.
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In Figure 4.10a is depicted a track containing 3 obstacles: 1 vertical narrowing, 1 horizon-
tal narrowing, and 1 square ring. Specifically, this track will be used in the simulations

to test the algorithm (see Chapter 5).

4.9.2. Obstacles implementation

To make the LMPC optimization problem aware of a possible obstacle ahead, the first
idea would be to insert the functions d, ,(s), d, ., (s) and 2, ,(s), z,,,(s) inside the con-
straints on d (4.84d) and z (4.84e); in this way, according to the current value of the
curvilinear abscissa s, the related constraints will force the quadrotor either within the
obstacle borders or within the track borders.

However, this approach leads to the same problems that we had when trying to directly

insert the curvature function K (s) in the LMPC optimization problem.

Therefore, we deal with this problem in the same way as we did for the curvature in §
3.7.2:

e At each time instant k, the value of the current bounds on d and z, given by d,, ;(s;),
dyu(sk) and z,,(sk), 2,,(8), will be passed to the LMPC optimization problem,
which will set them as constant values d in constraints (4.84d)

and (4.84e).
This means that the LMPC optimization problem will compute the optimal predicted

d,, and z

U o,l» %o

o,l» U

states and inputs assuming that, over its prediction horizon, the bounds on d and z

are constant to their initial values at s, = sq.

e The approach at the previous point solves the issue of embedding the analytical
functions d, (s), d, ,(s) and z,,(s), 2, ,(s) in the LMPC constraints. However, we
now have the problem that an abrupt change in the bounds on d and z will be
noticed by LMPC only right at the beginning of the obstacle, since we have imposed
the bounds as constant in each LMPC optimization problem. This issue may cause
the quadrotor to “crash” on the obstacles, since, being these noticed only when the
quadrotor arrives near them, the control algorithm is not able to find a feasible

sequence of inputs that menages to successfully avoid such obstacles.

A possible solution to this problem consists in evaluating the bounds on d and =z
using relaxed functions JOJ(S), Jau(s) and z, ,(s), 2, ,(s). Such relaxed functions are

realized by connecting the constant piecewise segments with 3"-order polynomials,
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ensuring the continuity of the derivatives in the junction points (Figures 4.10b-c).
This connection using polynomials allows to reduce the steepness of the rising vertical
edges of the stepwise bounds given by the obstacles: the gradual change of the bounds

in the relaxed functions allows the LMPC to start avoiding in advance the obstacles.

To quantify how much the bounds are relaxed, we define the parameters d,, ,.; and

o,re

Z, rets Called obstacles relazation coefficients. To ensure the best obstacle avoidance
capability, such coefficients should be set very close to 100%; in Figures 4.10b-c, the

values of d, ,..; and 2, ., are near 100%.

Track
25F
2 -
15F
A
=
051
o -
051 . \ I I s
-2 -1 0 1 2
z [m]

[

(a) Track with 3 obstacles: 1 vertical narrowing, 1 horizontal narrowing, and 1 square ring

Track/Horiz. obstacles Vert. obstacles ‘

Outer border d,, doy [m] Inner border d,,, Ao [m]

0.6

0.6 | | 1 1 L . . | | . 01

‘— - - - Real obstacle Relaxed obstacle‘ ‘- - - - Real obstacle

Relaxed obstacle ‘

~

(b) Real and relaxed horiz. obstacles functions d,, ;(s), d,, ,(s) and Joyl(s), dy ,(8) (dy e = 99.9%)
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Lower border z,;, Z,; [m] Upper border z,,, Z, [m]

0.4 L . L . . . . . I L 0.8

0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10

‘— - - - Real obstacle Relaxed obstacle‘ ‘- - - - Real obstacle Relaxed obstacle‘

~

(c) Real and relaxed vertical obstacles functions z, ;(s), 2, ,(s) and 2, ;(s), Z, ,(8) (24 ye; = 99.9%)

Figure 4.10. Track with obstacles and related obstacle functions (real and relaxed)

4.9.3. Safe set

As for the standard LMPC algorithm, the sampled safe set is initialized to SS° by
means of the MPC algorithm for quadrotor trajectory tracking, which generates the

first feasible trajectory X.

Moreover, in SS7 are stored only some of the states composing each point a:?€ of the tra-
jectories. Specifically, as for standard LMPC, only two states are stored: the curvilinear

abscissa s and the lateral distance d.

The observations in Note 4.8 also apply for the LMPC with obstacle avoidance: the MPC
is set up to generate a X that oscillates within the local bounds [d,, ;(s,), d, ,,(s;)] while

travelling from s = 0 to s = L in this way, the first trajectory will sweep a good

track’
amount of states within the set [0, Ly, 4cr] X [—im» diim], Providing a good first terminal
cost function PO(zx).

Also here, if the choice of X is good, ]30(:1:) can be used as terminal cost function also

for iterations j > 1.

4.9.4. Cost function

For the LMPC optimization problem with obstacle avoidance, the cost function is very

similar to that of standard LMPC.
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The stage cost function A is:

Wy, uy,) = (x, — xp)" Plx), — xp) (4.94)

with goal state:
:BF=<* * ok ok ok Kk Kk x Kk Kk 1.2-L, . * *) (4.95)
in which we recall that the states denoted with “x” are associated to a weight equal to

0 in the matrix P, so their value is not needed to be specified.

To ensure a better behaviour of the quadrotor under control, the complete cost function

features the following additional terms:

JLMPC(Xk7 Uk:7 €1,€9, €3, C) =

N-1 N-1 N-1
= h(@ ), wypg) + Z B (@) wypy) + Z P (4 s W s Ty pos W i)+
=0 =0 =1
+ Kyef + Kye3 + Kses + ¢ =
N-1
= (@) — :BF)TP<mt|k —xp)+ (4.96a)
t=0
N-1
+ ) (g —z,) Qg — z,) + uf) Ruy+ (4.96b)
t=0
N-1

+ (o — @4 10) T Qa(®yp — T 1)) + (W, — w g )T Ra(wy — wy )+
t

Il
—

(4.96¢)
+ K, €2 + Kye3 + Kqe3 + ¢ (4.96d)

The cost-to-go, iteration cost, and terminal cost function are computed using only the

stage cost function h:

[k; oo] h(x], ) Z(:I:g — ) P(w] — )
t=k t=k
T, Zh (2 i) Z< ,—@p) Pl@y—op)  (497)
k=
Reference state
We will use the following value for z,:
x, = (zr(sk) x x 45° x ok ok x o+ ok *x d.(sp) *) (4.98)
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The function z,.(s;) is equal to:

z(s1,) = 5 (4.99)

(4.100)

where ¢; € (0,1).

The variable value of z, suggests the quadrotor to attain, at each time instant k, an
altitude near the local mean value of the bounds on z, given by the relaxed functions
Zo1(8y) and Z, ,(s). In this way, the quadrotor should avoid more easily the vertical

obstacles on its path.

The variable value of d,., instead, helps the LMPC algorithm in finding the optimal path
minimizing the lap time: the quadrotor will tend to stay close to the inner border of
the track/obstacle (according to Jovu(sk)) when it is on a straight line or on a left curve;
instead, it will tend to stay close to the outer border of the track/obstacle (according
to Jo’l(sk)) when it is on a right curve. Qualitatively, this is how, in a closed track, a
pilot would conduct a vehicle to efficiency “cut the curves” to reach the finish line in the

shortest amount of time.

4.9.5. Constraints

The following constraints are added to the LMPC optimization problem with obstacle

avoidance:

e ATV model equations constraints (implicit prediction form);

track boundaries, i.e. bounds on the lateral distance d (including obstacles);

e bounds on the altitude z (including obstacles);

the constraints required by the relaxed LMPC optimization problem (second version)
(4.68).
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The constraints will be expressed as follows:

Ty = Aka:t|k + Bkuwc +¢), t=0,1,.,N—1 (4.101a)
T = T, (4.101b)
lou(sh) —e; S dyy < d, (s]) + ey, t=0,1,...,N—1 (4.101c)
Zoa(sh) — ey < 2 < Z,(sh) + e, t=0,1,..,N—1 (4.101d)
ALy, < bl + ey (4.101¢)
c> ag_lTka +0i7t, s=1,..,.K (4.101f)
e; >0 (4.101g)
ey >0 (4.101h)

With respect to standard LMPC, only constraints 4.101c and 4.101d.

Constraint (4.101c) is associated to the track boundaries/width; thus, it sets lower
and upper bounds on the lateral distance d of the quadrotor, also taking into account
the horizontal obstacles, through the relaxed functions cio,l(s) and Jo,u(s). The slack
variable e; softens the constraint; this allows the quadrotor to slightly go outside the
bounds, preventing possible infeasibility when the quadrotor approaches too closely the

track borders.

Constraint (4.101d) sets lower and upper bounds on the altitude z of the quadrotor,
also taking into account the vertical obstacles, through the relaxed functions Z, ,(s) and
Z, 4 (8). The slack variable e, softens the constraint; this allows the quadrotor to slightly
go outside the bounds, preventing possible infeasibility when the quadrotor approaches

too closely the vertical borders.

4.9.6. Optimization problem

We can now write the LMPC optimization problem for quadrotor optimal path planning

and obstacle avoidance:

LMPC optimization problem for quadrotor optimal path planning and

obstacle avoidance

j o
(X ,U ,el ,62 ,63 ,cJ ) = argmin  J,,, ,o( X, U, €1, €9, €5,0)
Xk7Uk7el7e2a€37C
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JLMPC(Xka Uka €1,€9,€3, C) =

N-1
=) (@ —zp) P@y), — zp)+
=0
N-1
+ (mt|k - mT)TQ(thc - mr) + uz{kR’u’ﬂk—'_
=0
N-1

t

I
_

+ D (@ — 1) T Qa(®y — Tyqpp) + (s, — g ) T RA (W, — wy_y)+

+ K, €3 + Kqe3 + Kqe3 + ¢ (4.102a)
subject to:
Ty = Ay, + Bluy, +cl, t=01,..,N—1 (4.102b)
Ty = :ck (4.102c)
Ioi(s1) — €y < dyy < d,(sh)+e, t=0,1,..,N—1 (4.102d)
Z,0(s0) — ey <z < o (sh) + e, t=0,1,..,N—1 (4.102¢)
Al ey, <bL +eg (4.102f)
c>as Tyt bt s=1, N (4.102¢g)
e; >0 (4.102h)
ey >0 (4.102i)
with:
= T uf | Ri(s)) (4.102)
Bl = Toe) il k() (4102K)
¢l = fQ(wk,uk 1 I%(sfg)) — Alx] — B‘,iufC L (4.1021)

4.9.7. Algorithm

The complete LMPC algorithm for quadrotor optimal path planning and obstacle avoid-

ance is composed by the optimization problem (4.102) and the receding horizon control

law (4.23).
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Algorithm 4.4 LMPC for quadrotor optimal path planning and obstacle avoid-
ance

Inputs: xzg; N,;., (number of LMPC iterations); N (LMPC prediction horizon)
Outputs: X0, X!, ... XNieer U° U, ..., UNiter

(1) Generate the first feasible trajectory X" = (xf, z{, ..., 33%0) using the MPC
algorithm for quadrotor trajectory tracking (Algorithm 3.2), with initial state

0 _
Ly = Tg

(2) Construct the initial sampled safe set SS° = { X"}

(3) Using Algorithm 4.2, perform the convex piecewise-linear fitting of the data
points SSY = {x, ...,.’BOTO} and Q°(SS%) = {J}, ..., J%O}, obtaining the coeffi-
cients a® = (a?, bg)fi " of the max-affine terminal cost barycentric function
P(x)

(4) For j=1,2,...,N,

y < Viter:

(4.1) Set the initial state :cg = :vZ;ll — Lypger €11 — 2T €43, as in (4.86), and
i

store it in X7 (repetitive LMPC)

(4.2) Compute, from SS771 the convex safe set C'S7~! and its related linear
constraints Aé;l, b‘é}l
(4.3) For k=0,1,....

(4.3.1) e If the exit condition on :ci: is satisfied, break the cycle (at
k= Tj)§

e otherwise, continue

(4.3.2) Initialize the LMPC optimization problem (4.102) with a:i,
ui_l (if k=0, set u{c_l =0), ALY bt and af

(4.3.3) Solve the LMPC optimization problem, obtaining the optimal
predicted state trajectory X = (:cf)Tk,:c]lTk, = a:?:;'k) gnd op-
timal predicted input sequence U} = (uf)‘ > ujl‘ - u?\rq\ v

(4.3.4) Apply the input uj = uf, to the system (2.94), as in (4.23),
obtaining the next state az?C +1

(4.3.5) Store x| and u in X7 and U’

(4.4) Augment the sampled safe set with the new trajectory X7 =

(x}, x], ...,:BJTj):

SSI = 5551 U { X7}
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(5) Return all the generated trajectories and input sequences:

X0 X1, ..., XNiter
US, U, ..., UNiter

The exit condition, as for standard LMPC, is:

?

s, > L (4.103)

track
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Simulations and results

5.1. Introduction

n this chapter, we report the results of the simulations that have been conducted to
I test the MPC algorithm for quadrotor trajectory tracking and the LMPC algorithms
for quadrotor optimal path planning and obstacle avoidance.

All of these algorithms are employed in software-in-the-loop simulations, in which they
are used to control the same quadrotor dynamic model, on a certain number of different
race tracks and in various conditions (including the addition of obstacles within the

track).

5.1.1. Software implementation

All the algorithms presented in Chapters 3 and 4 have been implemented in MATLAB®.

For what concerns the MATLAB implementation of the MPC and LMPC optimization
problems, it has been used YALMIP (which stands for “Yet Another Linear Matrix In-
equalities Parser”), which is a third-party MATLAB toolbox that provides custom syntax
and commands to formulate OPs in a very straightforward way: using YALMIP syntax,

the user can define symbolic optimization variables, to be used to write the mathe-
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matical expressions of cost functions and constraints; YALMIP, then, uses an internal
parser to convert the optimization problem, formulated by the user in YALMIP syntax,

in low-level code to be provided to the chosen solver.

YALMIP has also the possibility to be integrated with many external solvers, the major-
ity of which can be installed and interfaced through another third-party toolbox, called
OPTIL

The YALMIP and OPTTI toolboxes are free and available online, together with references

and tutorials:

e YALMIP: yalmip.github.io

e OPTTI: github.com/jonathancurrie/0PTI

The full MATLAB code implementing all the algorithms (MPC, LMPC, and LMPC with

obstacle avoidance) is available in the following GitHub repository:

github.com/lorenzocalogero/LMPC_quadrotors

5.1.2. Quadrotor model

In all simulations, the MPC and LMPC algorithms are used to control the quadrotor
dynamic model (2.94); the parameters of this model are set to be always the same in
every simulation, so to make every algorithm to virtually control the same quadrotor.

For what concerns mass and dimensions, we set up the model parameters considering
the common specifications of a racing quadrotor; the moments of inertia I,, I, and I,

of the quadrotor have been estimated using (2.31):

Mass: m = 0.5 kg
Dimensions: 20 cm x 20 cm X 6 cm

Moments of inertia: I, = I, =6.3-107° kgm?, I, = 1.2- 10~ kgm?
Other model parameters are the following:

Discrete time interval: 1T =0.2s
Drag force coefficients: 3, =g, = 38, = 0.25 kg s

Acceleration of gravity: ¢ = 9.81 ms2
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5.1.3. Race tracks

The race tracks that are used in the simulations are reported below (Figure 5.1).

In Table 5.1 are reported, for each track, the values of L (track length from start

track

to finish line) and d;,,, (track width from centerline to border).

Track
25
2 |
1.5
A g
>
0.5
0 .
-0.5 1 1 | 1 1
2 1 0 1 2
z [m]
Track Track
451
4+
35}
3 he
25}
=)
=2
>
151
1F \
A\ LS
0 -
-0.5¢ n
2 1 0 1 2

x [m]

Figure 5.1. Tracks used in the simulations

Table 5.1. Race tracks data

Track Lyrqer [m] iy [m]
1 10.2832 0.5
2 13.4248 0.5
3 33.1327 0.75

The curvature function K (s) of each tracks is reported in Figure 3.1.
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5.

2. MPC simulations

In this section, we report the results of the simulations testing the MPC algorithm for

quadrotor trajectory tracking, developed in § 3.7.

Each simulation employs the MPC algorithm to pilot the quadrotor within the race

track, performing one of the following tasks:

1)

Trajectory tracking with constant lateral distance d, meaning that the reference

trajectory has a constant reference value for d:

d,. = const. (5.1)

Trajectory tracking with oscillating lateral distance d, meaning that the reference

trajectory has the following variable reference value for d:

d,.(s;) = ¢, - dj;, - Sin <n0 : 27rLsk > (5.2)

track

where n, is the number of oscillations over the track length and ¢, € [—1,1] is a

coefficient for tuning the amplitude and direction of the oscillations.

Six simulations have been carried out:

Simulation 1: track 1, trajectory tracking with constant lateral distance;
Simulation 2: track 2, trajectory tracking with constant lateral distance;
Simulation 3: track 3, trajectory tracking with constant lateral distance;
Simulation 4: track 1, trajectory tracking with oscillating lateral distance;
Simulation 5: track 2, trajectory tracking with oscillating lateral distance;

Simulation 6: track 3, trajectory tracking with oscillating lateral distance.

For each simulation, the following plots are reported:

the trajectory on the xy plane (i.e. on the track);

the track real and relaxed curvature functions K (s) and K (s);
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5.2. MPC simulations

e the altitude z(¢);
e the Frenet coordinates s(t) and d(t);
e the RPY angles ¢(t), 6(t), and 9(t);

e the Cartesian velocities v, (), v,(t), and v,(2).

5.2.1. Algorithm setup

In the following, we report the values of all the relevant parameters that have been used
to set up the MPC algorithm and its related optimization problem in each simulation.
If a parameter is reported symbolically, it means that its value depends on the simula-

tion; its numerical value for each simulation is reported in Table 5.2.
Initial state:

zs=2,=(0 0 0 45° 0 0 0 0 0 0 0 dy 0)

Reference state:

z,=(1m 00 45° 0 0 0 0 0 0 Ly do +)

Weight matrices:

Q = diag (100 1 1 10 0.01 0.01 0.01 0.01 0.01 001 1 1-103 0)

R = diag <0.01 0.01 0.01 0.01>

1
QA:ﬁ

1 ..
RA:ﬁdlag (0.01 0.01 0.01 0.01)

diag (O 0 0 0 100 100 10 0.01 0.01 100 O O O)

K, =1-10?
K,=1-10?
Constraints:
Z(m) = 0, Z(M) = 15 m
o™ = —0.5/v2ms™ 1, oM = 0.5/v2ms
vi,m) = —0.5/\/5 ms~!, vg,M) = 0.5/\/§ ms!
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5. Simulations and results

vgm) =—0.5ms™!,

Other parameters:

Prediction horizon: N,,,. =10

Curvature relaxation coefficient: K, ., = 0.1

Simulation-dependent parameters:

v,(ZM) =0.5ms!

Table 5.2. Simulation-dependent parameters (MPC)

Parameter Simulation

1 2 3 4 ) 6
dy [m] 0 0.25 0.375 0 0 0
d,. [m] 0 —0.25 0.375 Task 2 Task 2 Task 2
- / / / 1 1 1
c, / / / 0.9 0.5 0.5
Lyyoer [m] Track 1 Track 2 Track 3  Track 1  Track 2 Track 3
dy; ] Track 1 Track 2 = Track 3  Track 1  Track 2  Track 3
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5.2. MPC simulations

5.2.2. Simulation 1: track 1, constant lateral distance

25

-0.5
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(d) RPY angles 1, 6, ¢ (first row) and Cartesian velocities v, v,, v, (second row)

Figure 5.2. Simulation 1: track 1, trajectory tracking with constant lateral distance (d,. = 0)
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5. Simulations and results

5.2.3. Simulation 2: track 2, constant lateral distance
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Figure 5.3. Simulation 2: track 2, trajectory tracking with constant lateral distance (d,. = —0.25 m)
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5.2. MPC simulations

5.2.4. Simulation 3: track 3, constant lateral distance

Track Track curvature K, K [1/m]
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(d) RPY angles 1, 6, ¢ (first row) and Cartesian velocities v, v,, v, (second row)

Figure 5.4. Simulation 3: track 3, trajectory tracking with constant lateral distance (d,. = 0.375 m)
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5. Simulations and results

5.2.5. Simulation 4: track 1, oscillating lateral distance
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(d) RPY angles 1, 6, ¢ (first row) and Cartesian velocities v, v,, v, (second row)

Figure 5.5. Simulation 4: track 1, trajectory tracking with oscillating lateral distance (n, = 1, ¢, = 0.9)
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5.2. MPC simulations

5.2.6.

Simulation 5: track 2, oscillating lateral distance
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Figure 5.6. Simulation 5: track 2, trajectory tracking with oscillating lateral distance (n, = 4, ¢, = 0.5)
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5. Simulations and results

5.2.7. Simulation 6: track 3, oscillating lateral distance
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(d) RPY angles 1, 6, ¢ (first row) and Cartesian velocities v, v,, v, (second row)

Figure 5.7. Simulation 6: track 3, trajectory tracking with oscill. lateral distance (n, =4, ¢, = —0.5)
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5.3. LMPC simulations

5.3. LMPC simulations

In this section, we report the results of the simulations testing the standard LMPC algo-
rithm for quadrotor optimal path planning (i.e. without obstacle avoidance), developed
in § 4.8.

Each simulation employs the LMPC algorithm to pilot the quadrotor within the race

track, performing one of the following tasks:

1) Non-repetitive LMPC for optimal path generation;

2) Repetitive LMPC for optimal path generation.

Five simulations have been carried out:

Simulation 1: track 1, non-repetitive LMPC;
e Simulation 2: track 1, repetitive LMPC;

e Simulation 3: track 1, repetitive LMPC, initialized using a different MPC trajectory

wrt simulation 2;

e Simulation 4: track 2, repetitive LMPC;

Simulation 5: track 3, repetitive LMPC.

For each simulation, the following plots are reported:

the MPC and LMPC trajectories on the xy plane (i.e. on the track);

e the altitude z of each trajectory, plotted wrt s;

e the iteration cost Jg of each j-th trajectory;

e the time required by each trajectory to complete a lap (i.e. the lap time);

e the planar velocity profile of each trajectory, plotted wrt s.
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5. Simulations and results

5.3.1. Algorithm setup

In the following, we report the values of all the relevant parameters that have been used
to set up the LMPC algorithm and its related optimization problem in each simulation.
If a parameter is reported symbolically, it means that its value depends on the simula-

tion; its numerical value for each simulation is reported in Table 5.3.

Initial state:

m5=<00045°000000000>

MPC reference state:

(MPC)

) :<1m 0045 00000 0 L,,, d*s,) *)

dgnMPC)(sk) =c, " dy,, sin (no op 2k )
Ltrack

LMPC goal state and auxiliary reference state:

mF=<* * Kk ok ok Kk ok x Kk Kk 1.2-L, ... * *)

:cT:<1m * * 45° x x x *x ok x K d.(s;) *)

Cdr . dlim if K(‘Sk:) =0

sign(K(sy)) - ¢4, - diimy i K(s3) # 0

dr<8k> =

MPC weight matrices:
Q = diag (100 1 1 10 001 001 0.0l 0.0l 001 001 1 1-103 0)
R = diag (0.01 0.01 0.01 0.01)
1
Qs = ryding (o 00 0 100 100 10 0.0l 0.01 100 0 0 o)

1
R, = ﬁdiag (0.01 0.01 0.01 0.01)
K, =1-10°
K,=1-10°
LMPC weight matrices:

P:diag(OOOOOOOOOOPSOO>
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5.3. LMPC simulations

Q:diag(1-105 0010000O0O0GO0 1-10° 0)
R = diag (0.01 0.01 0.01 0.01)

1
QA:ﬁdiag (10 0.01 0.01 10 5-10* 5-10* 1-10* 0.01 0.01 1-10% 10 0.01 0)

R, — %diag (0.00 0.01 0.01 0.01)
K, =1-10%
Ky,=1-10%
Ky=1-103

MPC constraints:

UW = —0.5/\/5 ms~!, Uch) = 0.5/\/§ ms—!
v;m) = —0.5/v2ms™!, vg(,M) =0.5/V2ms!
o™ = 0.5 ms !, oM = 0.5 ms!
LMPC constraints:
0 if non-repetitive LMPC
Z(m) = ) Zim) = 1.5m

0.5 m if repetitive LMPC

Other parameters:

MPC prediction horizon: N,,,. = 10
LMPC prediction horizon: N, ,, .. = 10
Number of LMPC iterations: N,

Curvature relaxation coefficient: K, ., = 0.1
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5. Simulations and results

Simulation-dependant parameters:

Table 5.3. Simulation-dependent parameters (LMPC)

N,

Ltwack [IH]
dlim [m]
K(s) [m™!]

1

0.9

0.6

15

5
Track 1
Track 1
Track 1

1

0.9

0.6

15

7
Track 1
Track 1
Track 1

4

0.5

0.6

15

7
Track 1
Track 1
Track 1

4

0.5

0.6

10

6
Track 2
Track 2
Track 2

4
0.5
0.4

1

5

Track 3
Track 3
Track 3
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5.3. LMPC simulations

5.3.2. Simulation 1: track 1, non-repetitive LMPC
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10.635534 10.635389
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x10% Iteration cost

10.635388
i
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Planar velocity v = /v +v2 [m/s]
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1 I 1 1 1 1 1 1

3 4 5 6 7 8 9 10
s [m]

(e) Planar velocity profile v = /v2 + v2

Figure 5.8. Simulation 1: track 1, non-repetitive LMPC
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5. Simulations and results

5.3.3. Simulation 2: track 1, repetitive LMPC (1)
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= N

Iteration
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(e) Planar velocity profile v = /v2 + v2

Figure 5.9. Simulation 2: track 1, repetitive LMPC
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5.3. LMPC simulations

5.3.4. Simulation 3: track 1, repetitive LMPC (2)
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(e) Planar velocity profile v = /v2 + v2

Figure 5.10. Simulation 3: track 1, repetitive LMPC, initialized using a different MPC trajectory wrt
simulation 2
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5. Simulations and results

5.3.5. Simulation 4: track 2, repetitive LMPC
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Figure 5.11. Simulation 4: track 2, repetitive LMPC
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5.3. LMPC simulations

5.3.6. Simulation 5: track 3, repetitive LMPC
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Iteration
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(e) Planar velocity profile v =, /v2 + v2

Figure 5.12. Simulation 5: track 3, repetitive LMPC
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5. Simulations and results

5.4. LMPC with obstacle avoidance simulations

In this section, we report the results of the simulations testing the LMPC algorithm for

quadrotor optimal path planning and obstacle avoidance, developed in § 4.9.

Each simulation employs the LMPC algorithm with obstacle avoidance to pilot the

quadrotor within the race track, performing the following task:

e Repetitive LMPC for optimal path generation and obstacle avoidance.

One simulation has been carried out:

e Simulation 1: track 1, repetitive LMPC with obstacle avoidance, 3 obstacles (1

vertical narrowing, 1 horizontal narrowing, 1 square ring).

For each simulation, the following plots are reported:

the MPC and LMPC trajectories on the zy plane (i.e. on the track);

e the altitude z of each trajectory, plotted wrt s;

e the iteration cost Jg of each j-th trajectory;

e the time required by each trajectory to complete a lap (i.e. the lap time);

e the planar velocity profile of each trajectory, plotted wrt s.

5.4.1. Algorithm setup

In the following, we report the values of all the relevant parameters that have been used
to set up the LMPC algorithm with obstacle avoidance and its related optimization

problem.

Initial state:

m52(00045°000000000>

MPC reference state:

(MmPC)

s :<z7(~MPC>(sk) 0045 00 0 0 0 0 L, d*s,) *)
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5.4. LMPC with obstacle avoidance simulations

~ ~

do,u(3k> - do,l(sk> . sin <4 . Sk ) + do,u(‘sk) + do,l(3k>

L 2

track

LMPC goal state and auxiliary reference state:

LBF:(* * Kk x ok Kk Kk x x o« 1.2-L,. . % *)

wr:(zr(sk) x x 45° x x ok x x x * d.(sp) *)

MPC weight matrices:
Q=diag (100 1 1 10 0.01 0.01 0.01 0.01 0.01 0.01 1 1-10° 0)
R = diag (0.01 0.01 0.01 0.01)
QA:%diag (0000 100100 10 0.01 0.01 100 0 0 0)
RA:%diag (0.00 0.01 0.01 0.01)

K, =1-10?
Ky, =1-10?

LMPC weight matrices:

P:diag<00000000002000>
Q:diag(1-105 001000O0O0GO0O0 1-10° 0)

R = diag (0.01 0.01 0.01 0.01)

1
QA:ﬁdiag (10 0.01 0.01 10 5-10* 5-10* 1-103 0.01 0.01 1-10% 10 0.01 0)
1
Ry = diag <o.01 0.01 0.01 0.01)
K, =1-10%
Ky,=1-10%
Ky=1-103
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5. Simulations and results

MPC constraints:

Z(m) = 0, Z(M) =1.5m
v§m> = —0.5/\/5 ms !, véM) = 0.5/\/5 ms—!
oi™ = —0.5/v2ms !, v =0.5/v2ms !
vim) =—0.5 msfl, v,(zM) =0.5ms!
LMPC constraints:
Z(m) =05 m, Z(M) =1.5m
Other parameters:
MPC prediction horizon: N,,,. = 10
LMPC prediction horizon: N, ,, .. = 10
Number of LMPC iterations: Ny, =7
Curvature relaxation coefficient: K, ; = 0.1
Obstacle relaxation coefficients: d =0.999, z = 0.999

o,rel — o,rel —
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5.4. LMPC with obstacle avoidance simulations

5.4.2. Simulation 1: track 1, repetitive LMPC with obstacle

avoidance, 3 obstacles

Altitude 2 [m]

——MPC Best Vert. obstacles MPC Best
LMPC Track/Horiz. obstacles LMPC Vert. obstacles
(a) Planar trajectories on the track (b) Altitude z
5105 Iteration cost a5 Lap time [s]

6.786509 6506295 6.7549!
!

0 1 2 3 4 5 6 7
Iteration

(c) Tteration cost J3 (d) Lap time

Iteration

Planar velocity v = \/m [!11/ 5]

Iteration

0

1

2
3
4
5
6
7

s [m]

(e) Planar velocity profile v = /v2 + v2

Figure 5.13. Simulation 1: track 1, repetitive LMPC with obstacle avoidance, 3 obstacles (1 vertical

narrowing, 1 horizontal narrowing, 1 square ring)

Page 147 of 158



5. Simulations and results

5.5. Additional results
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Figure 5.14. LMPC algorithm: trajectories overlaid by their coloured velocity profile
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Figure 5.15. LMPC algorithm with obstacle avoidance: trajectories overlaid by their coloured velocity

profile
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5.5. Additional results

Non-repetitive LMPC: iteration cost at each iteration

In Table 5.4, we report the iteration cost Jg at each iteration j with reference to non-

repetitive LMPC in simulation 1 (§ 5.3.2).

Table 5.4. Non-repetitive LMPC: iteration cost Jg at each iteration j

Iteration (j) Jg
0 1.4547994418 - 10°
1 1.0635534475 - 10°
2 1.0635388610 - 10°
3 1.0635388432 - 10°
4 1.0635388432 - 10°
5) 1.0635388432 - 10°
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Conclusions

n this thesis, it has been developed a control framework for quadrotors based on
I Learning Model Predictive Control (LMPC).

The LMPC algorithm has been realized to control the quadrotor motion within a closed
3D environment, with a limited height and horizontally delimited by a closed race track.
The quadrotor performs repetitive laps of the track, staying within the bounds defined
by the vertical and horizontal borders. The states of the generated trajectories and the
related costs are stored at every completed lap; with this historical data, the algorithm
learns to explore new paths within the track to improve, at every iteration, the cost
of the trajectory followed by the quadrotor. Specifically, the cost of each trajectory is
quantified as the time needed by it to complete a lap; therefore, the goal of the control
algorithm is to obtain the optimal path that minimizes the lap time of the quadrotor.
In addition, the LMPC algorithm has been improved by adding to it the capability of
avoiding obstacles placed within the track. In this way, the algorithm achieves both
the task of finding the optimal path minimizing the lap time and the task of avoiding
possible obstacles within the flight area.

The conducted simulations, that have been reported in Chapter 5, show that the LMPC
algorithm successfully achieves the task of finding the optimal path for lap time mini-
mization.

From Figures 5.14a-c, we can see that the control algorithm has learned to fly the
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quadrotor aggressively, adopting a flight style that exploits several driving tricks to op-
timize both the travelled distance and the time needed to complete a lap. Specifically,
the quadrotor tends to stay close to the border of the track having locally the short-
est length, reducing in this way the local length of the trajectory; it travels diagonally
along straight paths to take more easily a possible curve ahead; it accelerates when on

a straight path and decelerates when on a curve.

From the simulations, we can also state that the LMPC algorithm successfully achieves
the additional task of avoiding possible obstacles within the track. Moreover, from
Figure 5.14d, we also see that, even when the quadrotor has to avoid multiple and
closely spaced obstacles, the task of finding the optimal path is still achieved: even in
presence of obstacles, the quadrotor still adopts an aggressive flight style that optimizes

both the travelled distance and the lap time.

For what concerns simulations involving the non-repetitive LMPC algorithm, very mean-
ingful results have been obtained, that not only demonstrate the correct functionality
of the algorithm, but also empirically verify the theoretical properties of LMPC, shown
in § 4.4:

e In every simulation, the LMPC algorithm is recursively feasible (as in Theorem 4.1)
and the goal state x proves to be an asymptotically stable equilibrium point of
the closed-loop system, since all generated trajectories tend to converge to it (as in
Theorem 4.2).

e The iteration cost Jg7 associated to each generated trajectory, is monotonically non-
increasing with the iteration number j (as in Theorem 4.3). This can be noticed
by observing Table 5.4, which reports the iteration cost at each iteration, for the

simulation involving non-repetitive LMPC (simulation 1, § 5.3.2).

Specifically, it is interesting to observe how the decrease rate of the iteration cost in
Table 5.4 is comparable with the one reported in Table 1 of [16]. Indeed, both in work
[16] and in this theses, the LMPC control problem is QP: in [16], the system equations
are linear, state and input constraints are linear inequalities, and the LMPC stage
cost function is quadratic; in this theses, the system equations are ATV (affine time-
variant), state and input constraints are linear inequalities, and the LMPC stage
cost function is quadratic. Thus, in both cases, the LMPC problem is QP, making

it reasonable to have very similar decrease rates of the iteration cost.

e As the iteration number j increases, the generated trajectories tend to converge to
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a steady-state trajectory (as in Theorem 4.4). This steady-state trajectory is the
solution of the infinite-horizon optimal control problem associated to the LMPC

problem.

Very meaningful results have been obtained also in the simulations involving the repet-

itive LMPC algorithm (with and without obstacle avoidance):

e In every simulation, the LMPC algorithm is recursively feasible (as in Theorem 4.1)
and the goal state x proves to be an asymptotically stable equilibrium point of
the closed-loop system, since all generated trajectories tend to converge to it (as in
Theorem 4.2).

e The iteration cost Jg , associated to each generated trajectory, decreases during the

first iterations and then settles within a limited range of values.

The fact that the iteration cost is not perfectly monotonically non-increasing (as
stated in Theorem 4.3) can be explained by noticing that here the LMPC algorithm
is repetitive (while all the theorems of § 4.4 refer to the non-repetitive case) and it

is implemented in its relaxed version.

e As the iteration number j increases, the generated trajectories tend to stay close to

a closed steady-state trajectory (as in Theorem 4.4).

e Changing the first feasible trajectory (as in simulations 2 and 3, § 5.3.3 and § 5.3.4),
generated through MPC, does not change the final shape of the best trajectory
generated by LMPC, which is coherent with Theorem 4.4.

It is interesting to observe how the best trajectories obtained with repetitive LMPC
have a lower cost than those obtained with non-repetitive LMPC.

This is reasonable, since, with repetitive LMPC, the final velocity of the quadrotor, when
it crosses the finish line, is conserved at the beginning of the next iteration; thus, the
initial acceleration phase, that is required in non-repetitive LMPC, here is not needed,
meaning that the initial states of the repetitive trajectory will have already a lower cost
with respect to those of the non-repetitive one.

Moreover, being the initial condition always different, the algorithm can explore more
easily new paths to improve the iteration cost; such paths are hardly attainable by the
non-repetitive LMPC, since the quadrotor always starts with null velocity and in the

same position.
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Finally, being the track a closed circuit, repetitive LMPC is best suited for generating
the optimal path, since, typically, the best trajectory is closed as well and features a

quasi-continuous transition between its initial and final state (i.e. when crossing the

finish line).

6.1. Future developments

To improve even further the performance of the LMPC algorithms and to add additional

features, here are listed some possible future works that can be carried out:

o Alternative relaxation of the LMPC optimization problem. The LMPC optimization
problem can be implemented using the first relaxation approach shown in § 4.6.3.
This method uses analytical convex combination to compute both the convex safe
set and the terminal cost barycentric function, by including, as additional optimiza-
tion variables, the vector A of positive weighting scalars associated to the convex

combination.

This relaxation ensures to obtain the best possible continuous approximation P7(x)
of the discrete terminal cost function @7(x). This method, in fact, does not rely
on an interpolation procedure (like the second relaxation approach), which is highly
dependent on the seed points used to initialize the fitting algorithm (which are chosen
randomly) and does not provide good results when the shape of the data points is

not sufficiently convex.

The price of using the first relaxation approach is that the number of involved opti-
mization variables steadily increases with the number of iterations; indeed, dim(A) =
|SS7|, where | - | denotes the set cardinality operator (i.e. the number of elements of
the set), meaning that the more trajectories are stored in SS7, the more A optimiza-
tion variables will be present in the OP.

Such higher number of optimization variables may slow down the solver and cause
more problems of infeasibility, with the advantage, nonetheless, of obtaining signifi-

cantly better and reliable performances for the LMPC algorithm.

e Alternative definition of the track. We have defined the track as an arbitrary sequence
of straight lines and circular curves, of any length and angle, and having limited
width and height. Therefore, to describe the track boundaries within the LMPC

optimization problem, we have employed Frenet coordinates, which make possible to
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define the track borders as simple bound constraints on the state variables d and z,

at the price of including the Frenet conversion equations in the system model.

The adoption of Frenet coordinates requires to make a series of precautions and ap-
proximations to be able to implement them within the LMPC optimization problem:;
specifically, these are curvature propagation and relaxation and, for LMPC with ob-
stacle avoidance, the propagation and relaxation of the obstacles functions (which
have been treated in § 3.7 and § 4.9).

To avoid using Frenet coordinates, the track can be described in an alternative way.
This alternative approach consists in defining several waypoints, within the 3D space,
and connecting them with segments; the union of these segments represents the
centerline of the track. Around each segment, a generalized cylinder defines the local
boundaries of the track; thus, the union of these cylinders represents the whole track
borders.

An example of this kind of track is depicted in Figure 6.1:
S
z /

y

Figure 6.1. Alternative track

To represent the track within the LMPC optimization problem, a single linear in-

equality constraint is required for each segment.

Specifically, let’s denote as 7, a generic waypoint of the track; successive waypoints

will be denoted as 7,4, 7,4, etc.

Denoting as r the position of the quadrotor wrt the fixed Cartesian frame Oxyz, the

position of the quadrotor from waypoint r,, is equal to r —r,,.

The versor defining the direction from waypoint r,, to r,,,, is denoted as v,, and is
7 Tw+1 Tw

equal to V,y = m

We finally define the vector r,, which is the difference between » — 7, and the pro-

jection of 7 — 7, onto v,,. Recalling that the orthogonal projection operator/matrix
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T

associated to a versor u is P = uu", we can write r; as:

rg = (I —0,0,)(r—r,) (6.1)

This means that each segment is associated to a bound constraint on r,, which

defines the local cross section of the track. Specifically, we can set the constraint as:
“Tlim < Ta < Tlim (6.2)

obtaining a linear inequality constraint; in this case, the cross sections of the track

will be rectangles.
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