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1 Introduction to Optimization Problems

In recent years, analyzing big data sets and systems with a high number of particles has
become more and more important in several fields. These systems, presenting a high di-
mensionality, are difficult to tackle due to the large number of degrees of freedom we have
to handle. For instance, a common operation we have to perform is the minimization of a
function, like the energy, and in such situations, the landscape is usually rugged and reach-
ing the global minimum may become a non-trivial procedure; there could be several local
minima that prevent us from reaching the global one. Nevertheless, the simplest and most
used algorithms are based on the gradient descent (GD), which was developed two centuries
ago [1], and these have shown to be to be straightforward and successful in a various array
of applications.

Some examples of fields where such algorithms are used are:

e Machine Learning (supervised learning): where one has to minimize the cost function
of the model to estimate which are the best parameters that we will use to tune the
model itself. For instance, in the case of neural networks, the degrees of freedom can
rapidly reach values of order 10® — 107 and therefore the landscape becomes difficult
to explore [2, 3].

e Inference: where we have to deduce an underlying structure from a set of signals
(possibly noisy) and depending on the particular characteristic of the signal vector we
can end up in rugged landscapes where GD is showing promising results [1, 5, (].

e Evolutionary Biology: here the fitness (the ability of passing on their genes to sub-
sequent generations) of a species or individual is fundamental in understanding who
has a higher likelihood to survive; the ones that show the maximum fitness will thrive
in the environment, but this function is influenced by several variables leading to a
complex landscape [7].

Due to their simplicity, vanilla algorithm are still the most used but, given that the problems
are getting tougher to solve and that the computational power is expected to increase at a
slower pace in the near future [3], interest is shifting more toward optimization and efficiency.
For instance, when we have to deal with non-convex optimization problems, newer and
updated versions of old algorithm showed promising results [9, 10].



2 Mean field spin glasses as Hard Optimization Prob-
lems

2.1 Disordered systems

A computer scientist may initially think that a theoretical physical system has no meaning
for his studies; but one can soon realize that some of these are a fertile ground to develop and
test new algorithms given the complex settings. In this framework, there is a class of systems
that fits perfectly our interests: the disordered systems. We can be distinguish two two major
sub-classes based on two different kind of disorder. The first one is the annealed disorder
and it refers to systems where the random variables, defining the randomness, change over
time. For example if we have a hot material composed of different elements that is slowly
cooling down, the different particles will move to reach the equilibrium, thus changing their
position in space and their interaction with the other particles. The second case is the
quenched disorder, completely opposite to the first, the impurities do not equilibrate with
the environment but instead are stuck in random fixed positions. One of the most studied
model of that kind is the Edwards—Anderson model [I1]:

H = Z JijO'Z‘O'j

<i5>

where the variables o; are spins, and the couplings J;; are Gaussian random variables and the
summation is performed over nearest-neighbor sites. The Hamiltonian is clearly quenched
because the Js are randomly chosen but have no time dependence. This randomness of the
couplings leads to the so-called “frustration”: a situation in which it’s impossible to satisfy
all couplings at the same time, as it would be in a ferromagnetic system. Formally, a system
is considered to be frustrated if there exists a loop in which the product of all the couplings
is negative. In a frustrated loop, if we fix an initial spin, and we try to fix the neighboring
spins in the loop one after the other according to the sign of the couplings, at the end we
will return to the initial spin and be forced to flip it. Which means that we are not able to
find such a configuration that satisfies all couplings and thus it’s impossible to minimize the
energy of all couplings simultaneously and we have a proliferation of meta-stable states.

2.2 The pure p-spin

Another model, belonging to the class of glassy systems [12], that has been widely used
in this framework is the pure spherical p-spin. Even though it presents a rugged energy
landscape it is somewhat easy to solve, allowing us to obtain some insights by studying it.



2.2.1 Definition of the Model

The system is characterized by real spherical spins affected by long range p-body interactions,
weighted by random interaction coefficients, thus the Hamiltonian H,, for a system of N spins
reads as follows

Hp = Z Jitsenip Oy (8) - 03, (1) Zaf =N

Notice that we will always use the following shortcut notation: Z“ZP = Zl§i1<-~~<ip§N
and that we will drop the time-dependence of the variables most of the time to restore it
only when necessary. The constraint on the right is the spherical constraint and we assume
that the couplings J are given by independent Gaussian variables with mean and variance
given by the relation below.

p:
<Ji21,...,ip> = W <Ji17--~ﬂ'p> =0

The value of the variance is chosen in such a way that the energy is finite and it grows
linearly with the number of particles in the system.

2.2.2 The Energy Landscape: complexity of local minima

As we anticipated earlier, in high-dimension several local minima may appear and when this
happens our descent gets severely impacted. In the limit of an infinitely large number of
particles, this particular system can be studied analytically and, in particular, we can look
directly at the stationary points of the Hamiltonian to understand what is going on. These
points verify the following conditions

oH 1 oH

30,»

Where u, the radial reaction force, is a Lagrange multiplier that imposes the spherical
constraint on the spins and that takes the value on the right when the point is a stationary
one. What emerges is that the number of stationary points N increases exponentially with
the energy up to a certain value Ey, [13] and in particular its functional form is the following
N(E) ~ eN=E) [14]. ¥ is called configurational entropy or complexity, and its behavior is
shown schematically in Figure 1.

But what happens when we want to use a gradient descent algorithm to find the minimal
energy achievable? As we try to make our way toward lower energies, we realize that the
number of minima at E}, is so numerous that, in the macroscopic limit, the probability of



reaching lower energy values becomes vanishing and thus our descent gets stuck over this
threshold value.
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Figure 1: Relation between the complexity of the system and its energy in the case of the
pure p-spin. The large circle highlights the energy value Ey, for which we have stationary
points with maximal complexity

2.2.3 Gradient Descent Dynamics Analysis

Even though the descent is not easy, the dynamics can be described analytically thanks to
the Crisanti-Horner-Sommers-Cugliandolo-Kurchan equations in spin glass theory [15]. For
this reason it appears to be a suitable field to analyze and compare the performance of GD
and other techniques. Later on we will derive directly the integro-differential equations that
allow us to describe the gradient descent evolution of the energy of such systems but, to put
in the right frame the discussion, we will show preemptively some results.

Firstly, we should remind that when we use a gradient descent algorithm we have to choose
an initial condition (or configuration) of our system and, if we do not have any insight that
can help us with our decision, we are forced to choose a random one. In our case, and
from the perspective of a physicist, this can be simply translated as choosing a random
configuration taken from the system at an infinite temperature. Following the similarity
with temperature, it may seem reasonable to choose a configuration associated to a lower
temperature; indeed it makes sense, as we will start from a lower energy and our descent
should be smoother and easier [16]. Therefore, we can initially equilibrate the system with a
thermostat that is set at a temperature T;, = 1/8;, < co. But it is important to stress that
we cannot choose a temperature that is too low, such as 0K; it has to stay above a constant,
the "Mode Coupling Temperature’ Ty;cr, because at lower values we would not be able to



generate the configuration in a polynomial time and thus the results cannot be checked in
real world experiments.

In the case where p = 3, following the theory of Cugliandolo-Kurchan, we are able to
compute the threshold using the Formula 1 below as Ey, = —2/v/3 ~ —1.1547 [17, 18]. In
our numerical simulations, where we consider multiple temperature values, we see that the
system moves asymptotically toward E}j,, confirming the prediction we’ve made previously.
Note that each value of 8 is compared to Syor = 1/Tyor >~ 1.24198.
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Figure 2: Gradient descent for the pure p-spin with p=3. The grid has been discretized with
N = 10000 points and a time-step of dt = 0.1 was used. Different values of 5 have been
chosen, but we can see that the long-time behavior is qualitatively the same.

3 The mixed p-spin model

The pure p-spin model has been been a topic of research for a long time and we know almost
everything we are interested into; at the same time, we thought that its properties could be
considered as universal and that its behavior would be shared by other similar problems, like
the mixed p-spin but it has been shown that it’s not always the case [18]. A mixed p-spin
system is structurally identical to the pure one, the only difference is that in the former we
have to consider interactions that can affect a different number of spins simultaneously, that
means multiple p values, and hence we have:



Hp = Z Z Jil,‘..,ip ail(t)--~aip(t) ZO’Z2 = N

D i1,..0p i
In these new settings, Fy, is no longer the energy with the most numerous stationary states
but instead it corresponds to the energy where the stationary states dominate the complex-
ity. Interestingly, here we are able to cross the threshold barrier by modifying the initial
conditions, and therefore by choosing wisely the temperature of the thermal bath. What we
can witness is that for g small enough the descent shows a similar behavior to the one found
beforehand: we still reach asymptotically the Ey, of the system, whose value is Fy, = —%
(which can be derived by using Formula 1 while considering f(¢) = 5(¢*+¢*)). On the other
hand, for £ close to the mode-coupling one, the system does not forget its initial condition
[19], even after a long time, and we are able to cross the threshold that was previously
considered unsurpassable by the Cugliandolo-Kurchan argument. That behavior is clearly
shown in the Figure 3; where the small inset, representing a vertical magnification at higher
time ¢, allows us to see the crossing of the “barrier” which confirm the results recently found
by Folena et al. [18].
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Figure 3: Gradient descent for a mixed p-spin model (p = 3,4) with different values of f;
where the gray dotted line represents the threshold. The grid has been discretized with
N = 10000 points and a time step of dt = 0.1.



4 Integro-Differential Equations

4.1 Dynamical Mean-Field Equations

Considering that a wise choice of the initial conditions (in our case by changing the value of
B) allows us to surpass the threshold energy, one may think if there are other ways to reach
the same result. To do so we will take into consideration a particular mixed p-spin system
with p = 3,4 which presents a function v; in front of the 4-spin term. This function will be
exploited to reach the aforementioned aim in Section 5, in this propaedeutic part it won’t
play an important role.

Using the notation previously stated, its Hamiltonian is expressed as follows

H == Z Ji,j,k 0,00k -+ vy Z Ji,j,k,l 0;0;0,0] ZO’? =N (2)

i7j7k i7j7k7l

To perform the standard gradient descent we consider the Langevin dynamic of each spin
with no additive noise term:

. oH
0i = THOi — 5= = O — E Ji,j k00K + Uy E Ji,j k10500
’ Gk Jokl

To solve this set of equations we will follow a perturbative approach, also called Dynamical
Cavity Method [20]; we add to the system another spin, og, and then consider the effect it
has on the others.

First of all, we look at the new expression for the “initial” spins ;.¢:

0; = —[it0; — E Ji,j 600k + Vi g Jij k100,01 + H; (3)
Gk#1,0 Gk l#1,0
perturbation H; = — g J0,i k00K — Uy g J0,ik10i0k0] (4)
k0 k10

As we can see from Eq. (3), g; changes from the non-perturbed case only by an additive
term H; (that is exactly the perturbation we are adding).

On the other hand, oy’s behavior is described by the following differential equation:
00 = —[t00 — Z Jo,jk00k + Uy Z J0,j k,100k01
7,k#0 J,k,1#0

Following our perturbative scheme it is natural to express each o; term as a sum of the
non-perturbed value and the perturbation that the presence of oy induces on these. Up to



linear order we can write:

t 0
doi(t)
0 0 0 i

o; =0; + 0o, oo, ~ ds H;(s 5
! 4 o Pe [ )
If we now plug back the previous relations into Eq. (5), we will have multiple terms of the
form o (50 We can notice that these terms will all have the same contribution due to

symmetry properties. Thus we retrieve the following expression for the evolution of oy:

0050
= — 09— Jojka o*k + vy Jojkla Ukal -2 Jgjkakéa — 3 J0,j k103000
J

J,k#0 J.k,1#0 J,k#0 J,k,1#0

J/ J/ [

m A 5
(6)

Where 7, can be thought as a noise term that contains the unperturbed variables o;0.

Hereby we will assume that we can neglect terms sub-leading in N: ) . X DO > i

.....

Calculation of the 3-body term of Eq. (6):

do)(t)
A= 3" Jossol®502(t) = 3 dood(®) / S SH ) =
J

7,k#0 7, k;ﬁD

do(
= — Z J07j7k0'2(t>/ J ZJOJIUO O'l )

3,k#0

= — Z ZJOJkJOJl/dSUk() ?(8)51‘]]-(8)00(5) -

3,k#£0 10

-y Jg]k/ds DR 577 0(s) =

jk#O
50Jt
Z/dsak o) 3D () -

7,k#0

;)
2 2‘ [ 2_ it H;f;wj(i)]“o(‘s) =

k40

— _;/ds C(t,s)R(t, s)oo(s)



Calculation of the 4-body term of Eq. (6):

do;(t
B=uv Y Jojraop(t)op ()50 (t) = Y vrdojuiop(t)of (t) / ds Zai )) H;(s) =
4,k l#£0 jkl;éo i\s
0
—— 3 wdaobiol(o) [ s Z 0T ()% (5)0%(5) =
5ok A0
do;(t
- _ Z Z Joj,k,lJ07j7m7n/ds vtvsag(t)cr?(t)dgn(s)ag(s)(52]'(( ))go(s) =
3,k 10 m,n£0 i\
0o ;(t
== 3 T [ vl )0t (o) S o) =
]kl;ﬁO
do
s 3 [ ds b0 6102(e) S (s) =
Mz;ﬁo
4! 1 do;(t)
REIEN “”JS[ 2_okn)ai(s H > 0ot [ 511;‘(3)]“0(5) -
’ k0 10 §#£0 J
= —G/ds v, C(t, s)2R(t, s)oo(s)
Where we have defined the functions C' and R as follows:
1 do;(t oot
= W) = (A0 Rl = 5HE ) = G

i#£0

Finally, we can simplify the notation by defining a couple of two-variable functions: Mt and
M

A=3" Joyrod(t)00%(t) ~ — /0 ds ME(t, s)oo(s) ME(t,s) = 3C(t, $)R(t, 5)

J,k#40
¢
B =, Z JOJ,;C,lag(t)U?(t)éa?(t) = —/ dsMji(t,s)o0(s) ME(t, s) == —6v,0,C(t, s)R(t, 5)
0

J7k7l#0

And in the end we are able to write Eq. (6) as follows:
t
To = — 0o — 1y +/ dsM"(t, s)oo(s) MPE(t,s) = My'(t, s) + My'(t, 5)
0

The last term we have to characterize is 7;, which can be considered as a bath produced by

10



the initial variables 0,4 to the added one oy.

0_0 0_0_0
me= Y Jojkogol +ve Y Jojkiofolo;
JokA0 Joki1£0

This Gaussian noise has zero mean (n;)|; = 0 (average over the couplings J) and variance
given by:

sl =D D (JojwTorm)o) ()ap(t)of (s)o0,(s)+

4,k70 1m0
+ Y Y (Jojradomanp) 0y (O)aR ()l (E)on, (s)00 (s) o0 (5) o0, =

]7kvl¢0 m7n7p7éo

~ —2]3\![2 %;0 a3 (H)ap(t)a] (s)ap(s) + —;V!z,, j,kz,z;eo (10 (H)a0(£)00 ()0 ()0 (5 vy =
3 o
= oN? Z Y od()aR(t)af(s)ap(s)+
770 k#£0
* _zif?) NS T eRt)ol ()0l (s)aR(s)of (s)vews =
J#0 k#0 1£0

= %C’(t, $)2 4 20(t, s)*vv, = ME(t, 5)

Gathering all these results, we are finally able to write down the equations for the evolution
of the correlation function C(t,t') and the response function R(¢,t’). Later we will provide
also the energy as a function of C'; R and pu.

If we assume that, in the macroscopic limit, the new variable o((t) behaves like the other
ones, we are able to write down the following equations:

C(t,t') = {oo(t)oo(t))

T = —n(0( ) + o) + [ dsM ) on(s)ou(t) =

= —ut)C(t, ')+ (n(t)oo(t)) + /Ot dsM*(t,s)O(t, s)

The second term needs a careful treatment. After we explicit the average over the noise,
that is assumed to be Gaussian and governed by the kernel M¢, we can apply the Novikov

11



theorem and an integration by parts to reach a compact result

(n(t)oo(t')) = / Dy(t)] ez H arr M Crm 0y () gy () =

v (5 1 ’ -1 ’ /
=— d.s/D t)] oo(t’ e 2 [ drdrn(m Mo (rr () prC (¢ ) =
[ s [ i) )5 (.9)

_ /O " ds (290 pre s )y = /O " s R(t', s)MC(t, s)

Where in the first step we have performed an integration by parts with respect to the noise
n(s).

4.2 Final equations

e = /Ot ds Mc(t,s)R(t', s) + /Ot ds Mg(t,s)C(t', s) (7)
KO ) = —C(t 1) + / " b Mot $)R(E.5) + / Cds Mu(t)C(Es)  (8)
DRt F) — at<f5‘;zif)>> 5, ¢) — R E) + /t ds Ma(t, s)R(s,t) (9)

Notice that the last integral goes from t’ to t because the R(s,t') = 0 for s < ¢/, due to
causality.

Where C(t,t) =1, R(t,t' - tT) =1 and R(t,t') =0 for t < ¢'.
If we let fi(t,s) = %qk we can write, in a easy and compact way, the two memory kernels
Mo and My as:
3 2 4 3 ! /
Mc(t,s) = 50 (t,s)+ 50 (t, s)vvs = f'5(C(t, s)) + f4(C(t, s))vws
Mg(t,s) = 3C(t,s)R(t,s) + 6C2(t, s)R(t, s)vivs = f"5(C(t,8)) + f",(C(t, 5))vvs

4.3 Energy

Up to now we have been able to characterize the evolution of the correlation and response
function. Now we can apply the information gathered in order to express the energy of the
system using these quantities. First of all we define a normalized energy function and then

12



we will compute the terms that will arise separately (but in the same manner):

1 1
G(t) = N<H> == N<H3 + H4> = 63(t) + 64(t) (10)
Hs = Z Jijk0i0;0; Ha = vy Z Jijki0i0 0,07,
ijk ijkl
Recall Eq. (3):
. OH
g; = % + M = — o — Z Ji,j,kUjOk —+ Ut . Z Ji,jyk,lO'jUkUl + HZ' (11)
J,k#1,0 4,k 1#1,0

Using the same technique followed by Castellani and Cavagna [21], we can beforehand use
an odd representation of the number 1:

1= 7~ [ DlolPlo) = [[ DioiDlales=

S(0,6) = —% / / dtdt 5 (6) D(t, )5 (t') + i / o (1) |10 + 0, = —%&D&—H’& 00+ 0,]

Where:

And by using the properties of the (Gaussian) distribution of the noise terms (in this case
for p = 3,4):

We are able to compute both energy terms of Eq. (10)

13



First term:

//D (0.0 ij]kazajak>

o //D

i Gk

i 3k ijk

zgk

JU /dt ZZZ ik Jign) O U] () ow ( Joi(t)o;(t)ow(t) =

|
- dt’;\[ DI Zaj 1) 2 ou(thont) =

:_;/dt/ﬁzi:ait oi(t Zaj de

— —g/dt’R(t, O (t,t)? = —/dt f3(Cr) R(t, 1)

Second term:

N//D
- L [{ oo

(0:%) E JijuioiojoR0 =
igkl

i gE

(0.0 /dt Z Z vt iR Uz Jj Uk Ul ZJl]klUZ U] Uk(t)al(t)>

igkl

_ _N//D[O.} S(UU) /dt vy Z Z Z i iy ikt ) O )0] (or () oy () oi(t)o;(t)or(t)o(t) =

i gk igkl

=gy [ g o) Z s Zenthott) Kot

:—G/dtvt/;fz ZU] N;Ukt

)

= —G/dt'vt/R(t,t)C(t,t) = —/dt vp f1(Cep)R(E, 1)

And finally:

(t) 5 Zal(t You(t) =

l

€(t) = _/ ds [fé(ct,s) + vsfi(ct,s) Rt,s (12)

0

14



4.4 Discrete Equations

Everything considered, we were able to write down a set of integro-differential equations for
7, 8,9, 12; to tackle this problem at a numerical level we have to discretize all the functions
we are handling and the calculations we have to perform. For that purpose we are going to
consider the 2-variables function, C' and R, as matrices of size N; similarly u and the energy
will be discretized as arrays of length .

All the derivatives will be approximated using the finite difference approximation and the
integrals as left-Riemann sums as shown below:

frd) = v 0 [ fede=de Y s

If we let dt = At, the four equations read:

Atz [ MERis + MECy| + BIfH(Cio) + vifi(Cio) Cro
j—1
Cirrg = Cig + At = uiCig + [ ME R+ Z 0] + BUAH(Cio) + vifi(Cin))Cio
5=0
i—1
Rip1j=Rij+ At[ — pilti; 4 055 + At Z Mi]stS»j]
s=j

i = DY [FC) + 0 BiCo)| R — B[ 1Con) + 0o
5=0

15



4.5 Pseudo-code

Upon initializing all the variables to a O-value, we can summarize the algorithm we have
used with the following pseudo-code. The results have been shown and described in Section

3.

Algorithm 1: Gradient Descent

Initialization:
1 C(0,0) =1
2 1(0) = compute.p(0)
Loops:
3 fori=1to N—1do
foreach j € {0,1,...,i} do
R(i,j) = R(i —1,7) +dt-O;R(i — 1,7)
Ci,j)=C(i—1,j)+dt-0,C(i —1,7)
C(j,1) = C(i,J)
w(1) = compute. (i)
4 fori=0to N—-1do
L energy(i) = compute.energy(i)

5 Optimization of gradient descent dynamics in the
mixed p-spin

5.1 Lagrangian

What we would like to do now is to optimize the gradient descent by changing the shape of
the function v(¢) in such a way that at the end of our simulation we reach a lower energy
value compared to the standard algorithm. To do so, we add a constraint, and thus a cost,
to the function v compared to its original (constant) value of 1.

Our goal can be summarized as follows:

A [T
find v, = argmin [e(t*) + 5/ dt (ve — 1)2}
V¢ 0

C,R.u
Where t* is the final time that we want to reach in our simulation.

To complete this task we have to write down the complete Lagrangian of the dynamical
evolution, were we have to add 3 more variables: PY, P® and \; these 3 are variables

16



associated to the ones we have previously used in the forward-only protocol: C', R and pu.
t* t*
L= [ dtto=1*= [ @t[fCe) + 0 fi(Cr )| Brs = B[f(Cing) + £iCrra)] +
0 0
t* t t t .
+ / dt / dt' Py |0Cr + puCr - / dsMECy, — / dsME Ru.s| = BF/(Cio)Ciro| +
0 0 0 0
t* t t
+ / dt/ dt/‘Pt];/ |:ath7t/ + Mth,t’ — 5(t — t,) — / dSMtiRS,t’} +
0 0 %
t* t
+ / dt)\t |:/,Lt — / dS(Mt?;Rt73 -+ MtIECuS) — ﬁf’(Ctyo)Cw] (13)
0 0

To have a simpler notation, we have defined: f(CZ]) = f3(C;;) + vif1(C; ;) and the partial
derivative is made with respect to the argument of f: C; ;.

To minimize the Lagrangian, and therefore the energy reached at the end of the simulation,
L has to satisfy the following conditions:

5L 5L 5L

7T A P W

5L 5L 5L 5L
5Cy; 0 SR, 0 T 50 0

The first three equations (the ones in the upper part) can be ignored as they would simply
give us back the original equations obtained in the previous sections; those we will focus on
are the ones on the bottom part. First of all, we remind that C;; = 1, R;; = 0, thus there
is no need to perform the functional derivatives over these parameter (being constants in
fact). Moreover the two-variable function C' is symmetric if we swap the arguments and the
function R; ; admits non-zero values only for ¢ > j. This simplifies greatly our analysis given
that we can consider only the case where ¢ > j and get information for all possible couples

¥

5.2 Final Equations

The direct computation is simple but lengthy and for this reason these has been performed
directly in the Appendix A; here we present the final results.
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5.2.1 Initial conditions

Initial condition for P¢:
PEy = [f3(Cri) + v i/(ct*,i):| Ry + 8 [fé(ct*,c)) + fi(Ct*,O)} din/ At
Initial condition for P%:
PR = | A(Crd) +0ifi(Cr)]

5.2.2 Backward Equations

Equation for A: A
M==AY PG Cp + PR Ry |

Evolution for P%:

PP, =Pt — At|PEp — At Z PG (0rM{%)Cy —Atng, (OrRME)Clp+

t'=j+1 t'=0
t*—1 J t*—1
— AL POME — ALY PR (0pME) R, — AtY . PEMS - [ ME + (aRMZf?j)ci,j}
=1 t t=i+1
Evolution for P¢:
t*—1
PC,,; = P5 — At|PSp; — At Z PGA0cMf)Cry — ALY T POMS+
t'=j+1 t=1
7 t*—1 A
— ALY PGL(0eME)Coe — At Y POGMY = At Y PG(9cM{) Ry i+
=0 t=i+1 t=j+1
t*—1

_5530[21316;f” 0 Ct/0+Zme’ Ct0)+)‘(f,( Ci0)Cio+ f( zO))/At]

_Atzpﬁf aCM ) Jt’_/\i[(aCMi) zy+(aCM )O ‘l—MR]]

t'=0
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Equation for v:

Afv; —1) = f4(0t*‘Rt*z+5Z i [1(Ci0)Crro + BA f1(Cio)Ciot

t*—1  t i t'—1

+ Atz Z Z Ctz Rt zOt’ iUt + At2 Z Z it z s Rz sCt/ svs

t=i+1 t'=i+1 =0 s=0
t*—1 4 7

+At2 Z Z Ctz th zt’vt—i_AtQZZ it ls stCst’Us+
t=i+1t'= =0 s=t’
t*—1 t i t'—1

+A Y Y PLA(CL) Rt/zvt—l—AtQZZ " f1(Cis) Ry svst+
t=it1t'=i+1 =0 s=0
t*—1 1 7

+At2 Z Z Otz th zt’vt+At ZZ zs stRst’vs
t=i+1t'= =0 s=t'

t*—1 i—1

+At Z )\tf4 Ctz)thvt+At)\ Zf4 zs zs'Us_l'

t=14+1
t*—1 i—1

+ At Z )\t Ctz Rt th zvt + At)\ Z zs Rz SC’L sUs
t=i+1 s=0

6 Numerical implementation

The previous set of coupled equations allows us to compute the new functions P¢, P® and
and thereafter we can use that information to estimate the function v;. To do so we initialize
accordingly the different variables at the step ¢t = t*, and then proceed backwardly toward
t = 0. We have to notice thought that the new v; we are able to compute is generated
using the initial v;, which in general will be different; for this reason we have to iterate the
algorithm till the initial v and the final v are the same, up to an error. To quantify this error,
we impose that the Frobenius norm of the difference between these two vectors v has to be
smaller than a given value e. Moreover, In order to avoid oscillations and a poor numerical
behavior, at each iteration we update the function using a learning rate « that limits the
update.

The algorithm can be simplified in these 4 steps (which are summarized in Algorithm 3):

e Compute the functions p, C' and R using the v(t) found in the previous iteration.

e Propose a better vy (t) using the updated A, Po and Pg.
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e Check if the v(t) and vyey(t) are (almost) the same: \/ti* fot* dt(v(t) — vnew(t))? < €

e Update v(t) = v(t) - (1 — @) + Vpew(t) - .

Algorithm 2: Backward Algorithm

Initialization:
PC(t* — 1,:) = initialize. PY (t*)
PE(t* — 1,:) = initialize. PT(t*)
3 A(t*) = compute. \(t*)
Loops:
4 fori=t"—-1to0do
A(7) = compute.\(7)
foreach 5 do
PC(i = 1,5) = PO(i, ) — dt - (D,PCi, )
L PE(i—1,7) = PR(i,j) — dt - (0; PR(i, j))

N =

5 fori=0to N —-1do
L v(i) = compute.v(7)

Algorithm 3: Optimization Algorithm

1v=1

2 while Norm > ¢ do

compute(u, C, R) using v
compute(\, P, Pr) using v

vy = find.new.v(A, Pe, Pr)

Norm = sqrt(& f; dt[v(t) — va(t)]?)
Unew = V- (1 — ) +v9 - v

U = Unew

3 compute(u, C, R) with v = vy
4 fori=0to N—-1do
| optimal_energy(i) = compute.energy(yu, C, R, v = Ugpt, 1)
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7 Numerical results

The sets of equations have been numerically simulated using the algorithms depicted pre-
viously. To have a good enough understanding of the model we considered different pos-
sible values of t* and for each one, 3 different lengths of the grid have been chosen (N =
500, 1000, 2000). This ensures that the simulation is stable when using different time-steps
and that the results are consistent. In our case, we also decided to set ¢ = 107 and a
learning rate o = 0.02, the last parameter ensures that our system doesn’t slip easily into
dangerous oscillatory cycle. Obviously, the easiest way to reach a lower energy at the end
of the simulation is to decrease the value of A; in this way we give little constraint to the
function v(t) but at the same time too much freedom can easily lead to bad outcomes and
numerical errors.

Interestingly, for several combinations of the parameters, the function v(t) has always a
similar shape: its value is greater than 1 for most of the time, starting from ¢ = 0, but then
it rapidly falls below 1, reaching even negative values as we get closer and closer to t = t*.
This is evident from the Figures 4, 5, in both images, in the central part (vertically), it is
shown how the Frobenius Norm changes with respect to the iterative step. Being the vertical
axis in log-scale, we can see that the algorithm is able to reach a considerably low precision
€ quite fast. In the bottom part, where several shapes of v(t) are displayed (one every 20
iteration, going from red at iteration 0 to blue in the last iteration) we reach a “controlled”
shape in few dozens of iterations; this means that we are able to hit a satisfying result even
without choosing such a low precision e. When it comes to the behavior of the energy, we
see that in Figures 4, when we compare the optimized and not-optimized, we are able to get
a size-able gain: Eqp(t*) — Eup(t*) >~ 0.039. On the other hand in the second plot, we can
notice that around ¢* = 3.9 the aforementioned change in the derivative of v(t) is huge; this
leads to an unwelcome result and a simulation that has to be discarded. This unfortunate
feature has been noticed in the cases where the e(t) is flatter (we remind that the time axis
is in log-scale), which means that the algorithm can become uncontrolled for choice of big
t* or .
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00 Gradient descent with parameters: t* =1, alpha=0.02, A=0.2, B/Bucr=0
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Figure 4: Simulation for: t*=1, A=0.2, «=0.02, dt=[0.002, 0.001, 0.0005], 8/Bncr = 0.
Top plot: evolution of the energy using the standard gradient descent vs the optimized one,
we have considered 3 different values of N and thus we have 6 different curves that collapse
into two.

Central plots: evolution of the Frobenius norm is shown for the different N values.

Bottom plots: evolution of the function v(t) (every 20 steps), where the last step is blue and
its colour ’linearly’ transforms to red one has we approach the initial iteration.
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Gradient descent with parameters: t* =4, alpha=0.02, A=0.5, B/Bucr=0
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Figure 5: Simulation for: t*=4, A=0.5, «=0.02, dt=[0.08, 0.004, 0.002], 8/BycT = 0.

Top plot: evolution of the energy using the standard gradient descent vs the optimized one,
we have considered 3 different values of N and thus we have 6 different curves that collapse
into two.

Central plots: evolution of the Frobenius norm is shown for the different N values.

Bottom plots: evolution of the function v(t) (every 20 steps), where the last step is blue and
its colour ’linearly’ transforms to red one has we approach the initial iteration.
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E(t). t*=1, alpha=0.02, A=[0.1 to 0.2], B/Bn=0.0
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Figure 6: Simulation for: t*=1, A=[0.1 to 0.2], «=0.02, dt=[0.002, 0.001, 0.0005,}, 8/Brmcr
= 0.

Note that here A increases linearly from 0.1 to 0.2 over the time [0, t*]

Top plot: evolution of the energy using the standard gradient descent vs the optimized one,
we have considered 3 different values of N and thus we have 6 different curves that collapse
into two.

Central plots: evolution of the Frobenius norm is shown for the different N values.

Bottom plots: evolution of the function v(t) (every 20 steps), where the last step is blue and
its colour ’linearly’ transforms to red one has we approach the initial iteration.
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E(t). t*=1, alpha=0.02, A=[0.2 to 0.1], B/Bw=0.0
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Figure 7: Simulation for: t*=1, A=[0.2 to 0.1], «=0.02, dt=[0.002, 0.001, 0.0005,}, 8/Brmcr
=0.

Note that here A decreases linearly from 0.2 to 0.1 over the time [0, t*]

Top plot: evolution of the energy using the standard gradient descent vs the optimized one,
we have considered 3 different values of N and thus we have 6 different curves that collapse
into two.

Central plots: evolution of the Frobenius norm is shown for the different N values.

Bottom plots: evolution of the function v(t) (every 20 steps), where the last step is blue and
its colour transforms ”linearly” to red one has we approach the initial iteration.
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As we have seen from the previous Figures 4, 5 for low values of the time we always have
the same shape of the function v(¢). On the other hand, for value of the time close to t*,
v(t) changes more sharply and abruptly. This can lead to instability in our simulation. For
that reason we will constrain the freedom of the v(¢) function in a different way over time:
for t close to 0 it will have more freedom (smaller A) and for t close to t* it will have less
freedom (bigger A). We do so by increasing or decreasing A linearly over the time window.
This last analysis is depicted in Figure 6 and 7 which has to be compared to the simplified
case in Figures 4. In these new figures we tried to impose a linearly (or decreasing) A. Both
simulation reached convergence, but the second one appears to be closer to instability. This
is consistent with the fact that the shape of v(¢) at high times, where A is looser, leads to
a sharper change. On the other hand, the first image is way more stable, and in the end
reaches a gain of the order Eqp(t*) — Eop(t*) =~ 0.047, greater than the 0.039 we reached in
the simplified case. For example, if we look at figure Figures 7, we notice that, compared
to the plots we had for A = 0.05 the gain is greatly improved and the numerical stability
is preserved. At the same time comparing the first one to Figure 7, we notice that our
assumption was correct: constraining the final part of v(¢) is more efficient compared to the
other way around.

8 Conclusions and Perspectives

The method that we have developed on mixed p-spin glasses has allowed us to improve the
performance of a simple gradient descent, although in limited situation. When the energy
descent is steep, the algorithm shows to improve the GD quite a bit and we are able to reach
lower energies than before. As the energy function reaches a flatter curvature, the algorithm
shows some difficulties, particularly due to the shape of the function v(t) that changes too
rapidly in such a delicate numerical simulation. This is just a preliminary research in a
context that has not been thoroughly studied and it can surely serve as a foundation for
future studies. Even though we are not able to see what happens in the long time limit, we
expect that further improvements on a similar fashion would allow us to cross the threshold
Ey,. In particular, there are different options that could be followed to improve such an
algorithm. Omne would be to change the cost of adding the function v(¢) with respect to
the initial constant value of 1; in our simulations we have used a parabolic shape centered
around 1 but there are several families of functions that could be suitable for our needs.
Moreover it would be interesting to look for an asymptotic solution to the problem, where
the final time t* goes to infinity.

This review has been written after completing a stage at the “Institut de Physique Theo-
rique” funded by CEA (Commissariat a I’énergie atomique et aux énergies alternatives).

26



References

1]

A. Cauchy. Méthode générale pour la résolution des systemes d’équations simultanées.
Comptes Rendus Hebd. Seances Acad. Sci. 25, 536-538, 1847.

I[. Goodfellow and Y. Bengio and A. Courville. Deep Learning. MIT Press, 2016.

J. Zhang. Gradient Descent based Optimization Algorithms for Deep Learning Models
Training. 2019.

S. Mannelli, G. Biroli, C. Cammarota, F. Krzakala, P. Urbani, and L. Zdeborova.
Marvels and Pitfalls of the Langevin Algorithm in Noisy High-dimensional Inference.
2018.

S. Mannelli, F. Krzakala, P. Urbani, and L. Zdeborova. Passed & Spurious: analysing
descent algorithms and local minima in spiked matrix-tensor model. 2019.

S. Mannelli and P. Urbani. Just a Momentum: Analytical Study of Momentum-Based
Acceleration Methods Methods in Paradigmatic High-Dimensional Non-Convex Prob-
lem. 2021.

R. Keesing and D. Stork. Evolution and Learning in Neural Networks: The Number
and Distribution of Learning Trials Affect the Rate of Evolution. In R. P. Lippmann,
J. Moody, and D. Touretzky, editors, Advances in Neural Information Processing Sys-
tems, volume 3. Morgan-Kaufmann, 1991.

M. Waldrop. The chips are down for Moore’s law. Nature News, 530:144, 2016.

Giulio Biroli, Chiara Cammarota, and Federico Ricci-Tersenghi. How to iron out rough
landscapes and get optimal performances: Averaged Gradient Descent and its applica-
tion to tensor PCA. Journal of Physics A: Mathematical and Theoretical, 53, 2020.

X. Yi, D. Park, Y. Chen, and C. Caramanis. Fast Algorithms for Robust PCA via
Gradient Descent. 2016.

Hidetoshi Nishimori. Statistical Physics of Spin Glasses and Information Processing:
an Introduction. Oxford University Press, Oxford; New York, 2001.

A. Crisanti and H.-J. Sommers. The spherical p-spin interaction spin glass model: the
statics. European Physical Journal B - EUR PHYS J B, 87:341-354, 1992.

G. Ben Arous, E. Subag, and O. Zeitouni. Geometry and Temperature Chaos in Mixed
Spherical Spin Glasses at Low Temperature: The Perturbative Regime. Communica-
tions on Pure and Applied Mathematics, 73, 2019.

27



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

A. Cavagna, 1. Giardina, and G. Parisi. Stationary points of the Thouless-Anderson-
Palmer free energy. Physical Review B, 57:1123612-11257, 1998.

G. Ben Arous, A. Dembo, and A. Guionnet. Cugliandolo-Kurchan equations for dy-
namics of Spin-Glasses. Probability Theory and Related Fields, 136, 2004.

G. Folena, S. Franz, and F. Ricci-Tersenghi. Gradient descent dynamics in the mixed p-
spin spherical model: finite size simulation and comparison with mean-field integration.

2020.

A. Barrat, S. Franz, and G. Parisi. Temperature evolution and bifurcations of metastable
states in mean-field spin glasses, with connections with structural glasses. Journal of
Physics A General Physics, 30, 1997.

G. Folena, S. Franz, and F. Ricci-Tersenghi. Rethinking mean-field glassy dynamics
and its relation with the energy landscape: The surprising case of the spherical mixed
p -spin model. Physical Review X, 10, 2020.

K. Gonzalez-Lépez and E. Lerner. An energy-landscape-based crossover temperature
in glass-forming liquids. 2020.

M Mezard, G Parisi, and M Virasoro. Spin Glass Theory and Beyond. world scientific,
1986.

T. Castellani and A. Cavagna. Spin-glass theory for pedestrians. J. Stat. Mech, 2005,
2005.

28



A Appendix A: equations for p, P¢, P and v

A.1 Discrete Lagrangian

Our optimization problem presents two different sets of equations that we have to solve,
one is associated to pu, C' and R which allows us to compute the energy evolution e(t) of
our descent, and the other one is associated to A\, P¢ and P® which lets us compute the
shape of the function v(t). The first set is characterized by its forward evolution, from an
initial time ¢ = 0 we reach a given time ¢ = t* > 0, and its integration is relatively easy as
it was discussed in Section 4.4. When we consider the second one, we expect that it will
follow a backward-protocol, going from ¢ = t* to ¢t = 0; this discrepancy has to be taken into
consideration when integrating the equations. As a matter of facts, when we want to use a
forward Euler method, we ignore the right-most point in our grid. On the other hand, if we
want to use the same method in the reverse-protocol, we will ignore the left-most point in our
grid, and we would not be able to conciliate the two sets of equations. For this reason, the
best approach is to substitute all the integrals and derivatives in the Lagrangian (13) directly
with their discrete counterpart and to perform the functional derivatives subsequently, and
not the other way around. In this way we are sure that we won’t have problems with the
extremal points of our grids and therefore the initial conditions of our differential equations.

Everything considered the new (discretized) Lagrangian can be written as follows:

A -1 t—1
L=At5 ;(vt —1)2 At Z [fg (Cye 1) + v: f1(Cie, )} Ry s — ﬁ[fS(Ct*70) + f4(0t*,0)] +
T Energy
-1 ¢ " o
+ tzg g AtPt N [M+At@—At2 Z Mtsct’ N Z MgRt/ —Atﬁf (Ct O)Ct/
fe! A %,_/ %/_/ 3

t*—1 ¢t t—1

+> ) AtPf, [RHW — Ryy =01 + At uRey — A2y~ MRy, ] +

t=0 t'=0 B B s=t’
4
t*—1 t—1
+ 30 A = ALY (MGR, + MEC,) = B/(Cro)Cio | (14)
—0 s—0 N N N———

6

Where the different labels will be used to allow a simple follow-up of the calculations of the
single terms.
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A.2 Discrete equation for u;

5;“1’ =0 — )\Z _Atz [ lt/C’L v+ P t’th’

A.3 Discrete equation for PC
A.3.1 Boundary term

The first thing we have to do is to consider what happens at the boundaries of our system,
therefore we perform the functional derivative only with respect to 0Cy- ;. We consider the
contribution of all the different parts we have in our Lagrangian and then combine them.

« contribution:

t*—1 ¢t t*—1 ¢t

5Ct* Z Z Py, K% [Ct—i-l v —Cy t’] Z Z Pt " [(St* t+10i ¢ — Op 40; t,] -

t=0 t'= t=0 t'=

t*—1

- Z Ptg [5t*7t+1 - 5t*,t} = Ptg—l,z'

Energy contribution:

5 t*—1 / , 5
Tyt 2 5(Ce )+ ufi(Co ] Res 55| 1s(Croo) + (Ce)] =

= At[ 5 (Crei) + 05 Z(Ct*,i)] Ry + 3 [fé(ct*,o) + fi(Ct*,o)] di0
Summing the previous terms we are able to write down the initial condition for P¢:
PE_ 1y = | (Crei) + 03 (Coe )| R+ B| f5(Crv) + fi(Crr0)] 010/ A

A.3.2 Evolution

Now that we have found the initial condition, we have to compute the integro-differential
equation governing the evolution of this Lagrange multiplier.

Term A:
o1t
50 ZZPMMC’“' = P
b 4=0 ¢'=

30



Term o

t*—1 t 1t

)
507.7 ;gptt/ |:Ct+1t/ — Ctt/:| ;ﬂzptt/[ Zt+15jt/ — 6lt6Jt’] —
t*—1

— Z Pt?;/ |:6i,t+1 - 5i’ti| — ‘P7;€17j _ Pl?]

The term labeled as (1) has to be treated a little bit differently. We want to consider
functional derivatives with respect to 0C; ; with ¢ > j. For that reason we have to split the
summation over s into two different summation, the first one (1A) where the condition is
valid and the other one (1B) where it isn’t valid.. In the former we apply the symmetric
property of C' and exchange the order of the indices to let us handle the term.

Term 1A:

t—1 ¢ t'—1 =1 ¢ t'—1
2y Z B D MiiCea =3 Z PG (0 ME)Coobiadys + M85 | =
bI 4=0 ¢= t=0 t/'= 5=0
-1t i t*—1
= 3 3 PG[ @M M) == 3 PGOME)C, + 3 PEME
t=j+1t'=j+1 t'=j+1 t=
Term 1B:
t*—1 ¢t t—1
> Z D M{Cop =
507] t=0 t'= s=t!
t*—1 ¢
- Z Z ¢ Z |: athi)Csvt/cSi’t(Sjys + Mtj,%séi,séj,t’] -
t=0 t'= s=t/
i—1 t*—1 ¢
- Y S MGl 3 Y P -
s=t/ t=i+1t'=
7 t*—1
= Z zt’(ac Cip + Z Pt?;'Mt],%i
t'=0 t=i+1
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Term 2:

o1t o1t -1
o S S M= 33 F SR~
Y t=0 t'= s=0
t’ 1
_ZP”,Z Do ME) Ry 4655 = Z PG (0cME) Ry
t'=j4+1
Term 3:
-1t
60 tt’ )Ot' 0=
t=0 ¢/=0
-1t =1 ¢
[ZZP]& (Cto) ztOt'0+ZZPtt/f Ct())zt’]:
t=0 /= t=0 t/=0
-1
—ﬂajo[zzzﬂf Ci0)Cro+ D PLF(Cuo)]
t=1
Term 4
o1t o1t
50 PPt ZMtth' =2 ZP L Z 0c M) Re 01405 =
”tOt/ s=t t=0 t'= s=t/
1—1
= Z PR (0 M) R, pd; = Z PO M) R,y
s=t’ t'=0
Term 5-6:
5 -1 -1
e ZAtZ (M{Rys + MECy,) =
.3 t=0 s=|
o1 -1
- Ay [ OcME)R, . + (0cME)Cy . + Mﬁs] 5is0ys =
t=0 s=0
- AZ[ (B ME)Rij + (9 ME)Cy s + MR]
Term 7:
-1
0 ry Frr ry
5C, -5 Z Aef'(Ct0)Cro = BAidjo [f (Cio)Cio + f (Ci,o)]
bl =0
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A.4 Discrete equation for PR

9
For PZ}E, the same considerations as P apply.

A.4.1 Boundary Term

[ contribution:

F1 ot t*—1 t

S 2 2o b [Rrne = Rua) = 5250 Rl [ s =
i o = t=0 t/=
t*—1

= Z Pﬁ [5t*7t+1 - 5t*,t] = Ptlj—l,i

t=1

Energy contribution:

5 t*—1
SRers Z | F3(Cor) + 0 fi(Con )| R = | (Cor ) + 0 f4(Co )

Summing the previous two equations we are able to write down the initial condition for P#:
PEys = [ fi(Cer) + 0ifi(Cs)]

A.4.2 Evolution

Term B:
t*—1 t
5R ZZP“/MRW:Q%Z.
,J =0 t—
Term f3:
t*—1 ¢ el
5R ZZPtt/[Rt+lt/—Rtt/:| ZZP“/[ 1050 — O30y
:.] t=0 t'= i
t*—1

= Z PtIE [5i,t+1 — 6i,ti| = Pﬁl,j — P£
1=
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Term 1A:

t—1 ¢ t'—1 tr—1 ¢ t'—1
Z Z Ptc;' Z Mt sCt’ Z Z Pt ! Z [ aRMz%)Ct’,séi,téj,S] =
Ri t=0 t/'= =0 t'= 5=0
t’ 1
- Z PS, Z [ OrME)Cy 46 ] Z PS(0pME)Cy
t'=j+1
Term 1B:
=1 t t*—1 =1t tr—1
T NTLYEDS 2oL (0ME)Crti,.] -
t—1
_ Zpg, S [ (0rME)C, 6 ] Zpg, ORMP)C;
s=t’
Term 2:
-1 ¢ t—1 =1 ¢ t—1
R, ZZPtC;/ZMtth’ = ZZP&ZMM&”/@S =
t*—: Otz 1 t*—1 =
=D PG Mdi. =) POM
t=1 s=0 t=1
Term 4:
=1t
ZZ%ZMﬂw
” t=0 ¢/= s=t’
=1t t—1
-y Z PELY [ (OrMP)Y Ry 0404 + M{g@ysajyt,] _
t=0 t'= s=t . -
_th,ZaRM t,5js+z ZM;%HS:
s=t/
tr—1
= Z Pz‘i/(aRMf})Rj,t’ + Z Ptl,%thIE
=0 t=i+1
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Term 5-6:

t—1 t*— t—1
[Z MtC;RtS + MIESCI‘/S :| - )\t [Mtg 8RMt )Ct,s (51-7155]-,5 -

s= t=0 s=0

—_

5 —
OR., ZO

:Ai[Mic + (@rME)C ]

A.5 Discrete equation for v;

Term v:

Term Energy:

6 1 t*_l
(5_ (fé(ct*’t> T Utf‘i(ct*ﬁt))Rt*vt = fzi(Ct*,t)Rt*,t(Sz‘,t = fzi(ct*,i>Rt*,i
=0 t=0
Term 1A:
-1 ¢
0 Z Z t,t! ZMtRsCt’ -
=0 ¢'=
t—1 ¢ t—1
(51} Z Z })tcl;/ Z |: Ct S)vtvth 5:| Ct’ =
v t=0 =
t—1 ¢t t'—1
- 5SS LR o ] -
t=0 t'=
t*—1 t i ot
Z Z PtC;' (Cri)ReiCy vy + Z Z Pth" Cis)Ri sCy svs
t=1+1t/=1+1 =0 s=0
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Term 1B:

o1t
Sv ZZPtCt/ZMtsCst/ =
v 0 ¢ s=t'
- t*t—l t tt 1
51} Z Z t Z [ (Cts)vvs Ry, si| Cop =
bt=0 /= s=t!
=1t
_ZZPtc;IZ (Crs) Res st/[vt5zs+vs5zt]
t=0 t'= s=t’
t*—1 14 i
Z Z-Pg' (Cri)ReiCi vy + ZZ cht/ Cis)Ri sCs s
t=i4+1t'= =0 s=t’
Term 2:
=1t t'—1
Sus Z Zptctf Z [f4 Cts)”tvsi| Ry s =
- Ottfl t t'—1
5,0 Z ZPtCt’ Z [ Ct s)vtvth s] Cs,t’ =
. t tO t'= . s=0
- Zzptc;/z.le Cts Rt’ |:Ut zs+vs(szt:| =
i*—olt t i -1
=Y > PLA(C)Ruv+ Y > PG F(Cis) Re v
t=i+1t'=i+1 t'=0 s=0
Term 3:
=1 ¢ t—1 t
7 22 Pl (Cua)Cro =P 3 > PifiCoo)Croia = pr;f4 Ci0)Cro
tot=0 t/= t=0 t'= =0
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Term 4:

S Zzpﬁ’ ZMtSRS g =

t=0 t/'= s=t’
t—1
5% ZZ t,t! Z [ (Cts)vivs Ry, s:| Ry =
t=0 t'= s=t’
—Zzpﬁ’z Cts Rts st’[vt(;zs—i_vs(szt}:
t=0 t'= s=t/
t*—1 1 i
ZZPIEH Ctz th zt’vt_}_ZZ-PZ]z’ zs stRst’Us
t=i+1t'= =0 s=t’
Term b5:
t*—1 t—1 t*—1 t—1
51) Z)\tZMtCths = 5 Z)\th4 Cts ’UtUths =
v =0 s=0 s=
t*—1
- Z)\tf4 Ctz thvt+AZf4 zs zsvs
t=i+1
Term 6:
t*—1 t—1 S t*—1 t—1
5U Z At Z Mtscts = f At Z fi/(ct,s)vtvth,sCt,s =
s= i t=0 s=0
t*—1 t—1
= Z )\tz Cts Rt sCts|:Ut615 +Uséz t] =
t*—1 i—1
- Z)\t Ctz thctzvt+)\z zs stczsvs
t=i+1 s=0
Term 7:
t*—1 t*—1
- BZAt (Ct0)Cio —BZM Ci0)Cro0ie = BAif1(Ci0)Cig
tot=0
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