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 II 

Introduction 

Options as one of the most important financial derivatives that help investors to hedge 
investment risk or avoid market risks. And for pricing, the options researchers have 
worked for decades, some main pricing methods are usually adept into the real 
market. 
 
In this thesis, we will focus on the Asian option which underlying the asset without 
dividend. 
 
In Section 1, We have introduced options and stock prices. Based on the detailed 
knowledge, the BSM model that have been carefully introduced as well as the 
foundation theorem Itô’s formula. The last part of Section 1 is mainly focused on the 
derivation of the BSM model for the European option that provides basic equations 
for the Asian one. 
 
In Section 2, we firstly clarified the Asian option and the difference with the 
European option. After that, there are two types of Asian options as well as pricing 
methods has been provided as the BSM model gives the basic solution of Asian 
option pricing. 
 
However, with the development of computer science, the Monte Carlo method is 
widely used in pricing options now. So that, Section 3 is mainly presenting the 
relative content of the Monte Carlo method. It contains the introduction of the Monte 
Carlo method for option pricing, and for easy understanding, a small part of given a 
slight introduction about how the Monte Carlo simulation works have been created as 
well. 
 
In the last section, we introduce a set of real data from the trading market for the 
modified BSM model and the Monte Carlo method to pricing, the aim is to test the 
feasibility of the above methods. 
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Section 1 Introduction of options and BSM model for European 

option pricing 

1.1 Introduction of Options and stocks price process 

This thesis is mainly concerned with the pricing of Asian options underlying the stock 
without dividends. The option is a type of derivative underlying by stock, it can be 
named differently according to the different types of derivatives with the different 
contract contents. 
 
Definition 1.1 A derivative is a contract between no less than two parties whose 
value is based on one agreed-upon underlying financial asset or a set of assets. 
 
Derivatives, as one of the most historical investment instruments that help investors 
hedge risks or even make profits, have greatly influenced the financial market.  
 
Based on the above situation, the proper and correct way to value the option is a topic 
worthy of research. 
 
Definition 1.2 An option is a contract between two parties that gives the buyer 
the right to buy or sell the agreed-upon asset. 
 
Stock options, for example, are a kind of derivatives. Their value depends on the price 
of the stock. We will focus on stock options in this thesis. The options trading has two 
positions. The position of the buy-side of the option contract is called the long 
position, and the opposite side of the sell side of the option contract is called the short 
position. 
 
Options can be divided into two categories in terms of trading direction. A call option 
means that the buyer of the option contract has the right to buy the amount of stock 
agreed upon in the contract from the seller at the agreed upon price. A put option 
means that the buyer of the option has the right to sell the quantity of shares agreed in 
the contract at the agreed price. The agreed price is called the strike price, which is set 
with the contract. 
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There are different types of options in the financial market. The chart below shows 
the main types of options, but not all options are traded in every market. For better 
explanation, their comparative descriptions are also listed on the chart. 
 

Options 
Name 

Description Long position Payoff Notes 

European 
Options 

A type of option that only can 
be exercised on maturity time 

𝑇. 

Call:max(𝑆𝑇 − 𝐾, 0) 
Put:max(𝐾 − 𝑆𝑇 , 0) 

𝑆𝑇 : stock price at the 
maturity date 

𝐾: strike price 

American 

Options 

A type of option that can be 
exercised on any trading day 
that before expiration. 

Call:max(𝑆𝑡 − 𝐾, 0) 

Put:max(𝐾 − 𝑆𝑡, 0) 

𝑆𝑡 : the stock price at the 
exercise date 
𝐾: strike price 

Asian/ 
Average 
Options 

A type of option which is 

determined by the average 
underlying asset price over 
the predetermined period. 

Call:max(𝐴𝑇 − 𝐾, 0) 
Put:max(𝐾 − 𝐴𝑇, 0) 

𝐴𝑇 : Average stock price 
during the contract period 
𝐾: strike price 

Basket 
Options 

A type of option which is 
underlying a group of a 
weighted sum or average of 
different assets 

max(𝑆𝑏𝑎𝑠𝑘𝑒𝑡

− 𝑋𝑏𝑎𝑠𝑘𝑒𝑡, 0) 

𝑆𝑏𝑎𝑠𝑘𝑒𝑡: the weighted sum 
of average assets price at 

the maturity date 
𝑋𝑏𝑎𝑠𝑘𝑒𝑡: the strike price of 
the group assets 

Table 1.1 Different type of options 
 
From the above descriptions, it is clear that the strike price is a very important factor 
in the composition of options. For pricing the Asian options, studying the European 
option as prior knowledge is very important as they are similar, but the European 
option is much easier to price. 
 
The European option is a traditional option that has a long history. The payoff of a 
European option is determined by the stock price 𝑆𝑇 at maturity time 𝑇 and the 
strike price 𝐾. For example, the payoff of the long position of a call option is 
max(𝑆𝑇 − 𝐾, 0) at the maturity time 𝑇.  
 
Hence, the stock price 𝑆𝑇 at the maturity time 𝑇 is a key parameter in a European 
option, because it can directly affect the option holder's payoff. Thus, it is important 
to understand what the stock price is at maturity time 𝑇 or how the stock price 
changes during the period from time 0 to time 𝑇. 
 
It is common knowledge that the stock price can rise or fall in any time interval, 
which means that the stock can reach a different price in the future with different 
probability. To measure this kind of probability, we have two different ways: 
probability measure 𝑃 and probability measure 𝑄. 



 3 

 
Definition 1.2 The probability measure 𝑸 and the probability measure 𝑷 are 
equivalent probability measure on what has probability 0 to happen. 

𝑃(𝐴) = 0 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑄(𝐴) = 0 
 
Definition 1.3 The probability measure that based on the market historical data 
is called probability measure 𝐏, which can be called real-world measure as well. 
 
Definition 1.4 The probability measure 𝑸 is called martingale measure or risk-
neutral measure if the following the below conditions: 

𝑺𝟎 =
𝟏

𝟏 + 𝒓𝒔
 𝑬𝑸(𝑺𝟏) 

where the 𝒓𝒔 is the spot interest rate with simple compounding for the period which 
providing from a risk-free asset, for example treasury bond. 
 
Definition 1.5 The return of an asset in unit time is defined by 

𝑺𝟏 − 𝑺𝟎

𝑺𝟎
= 𝝁 

 
Stock price can be affected by the attitude of investors, which means that it can be 
affected by the expected return of different investors. According to the above theory, 
at time 0, investors can have an expected return rate which is the expected return for 
doing this investment.  
 
In the real financial market, the expected return rate satisfies the below equation: 
 𝜇𝑡 = 𝑟 + 𝜎𝑢𝑡 (1-1) 

where the 𝑢𝑡 is the market price of risk in time 𝑡, with a more risk-averse attitude, 
the higher expected return rate 𝜇 is required in investment (Kroese, Taimre & Botev, 
2011). However, it is almost impossible to find out the risk attitude of all investors in 
the market and the discount rate in the market, and a risk-neutral method must be 
found for pricing. 
 
Therefore, the risk-neutral is necessary and helpful in the pricing of derivatives, so the 
following procedure is needed based on the risk neutral world. The so-called risk-
neutral world means that all investors are risk neutral, i.e., the expected return rate 𝜇 
for each investor is the risk-free interest rate 𝑟. 
 
Stock price is affected not only by risk attitude but also by arbitrage activity. 
Arbitrage opportunities have a great impact on the stock price in the investment 
market. Performing arbitrage in the financial market is very convenient and fast. 
Although this kind of arbitrage is convenient, the existence of arbitrage opportunities 
in the financial market is always temporary, because once there is an arbitrage 
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opportunity, investors will quickly implement the arbitrage and bring the market back 
to the arbitrage-free equilibrium. Therefore, arbitrage-free equilibrium is often used to 
price financial products. 
 
Definition 1.6 A financial market is called Arbitrage-free if there is no possibility 
to create positive wealth from zero or negative initial wealth without incurring 
any risk. 

𝑽𝟎 = 𝟎 
𝑽𝟏 > 𝟎, 𝒘𝒊𝒕𝒉 𝒕𝒉𝒆 𝒑𝒓𝒐𝒃𝒂𝒃𝒊𝒍𝒊𝒕𝒚 𝟎 

where the 𝑽 presents investors wealth. 
 
In this condition we could say if and only if the market exists probability measure 𝑄 
is equivalent to probability measure 𝑃. 
 
Hence, by no arbitrage opportunity and the risk-neutral world condition, the future 
asset price is the discounted expected value of the future payoff, we call this method 
is under the risk neutral measure, or 𝑄 − measure. 
 
However, even under the probability measure 𝑄, the stock price changes 
stochastically. Thus, the stock price process can be modeled by a stochastic process. 
To be more precise, researchers in finance usually use the Geometric Brownian 
motion to model the stock price process in the financial and investment market. 
 
Definition 1.6 A stochastic process is a collection of random variables indexed by 
time. 
 For continuous time: 

𝒛 = {𝒛(𝒕), 𝒕 ∈ 𝑻} = (𝒛(𝒕, 𝝎), 𝒕 ∈ 𝑻, 𝝎 ∈ 𝛀)  
where 𝑻 is a real interval, and the 𝝎 ∈ 𝛀 is a random variable  

 For discrete time: 
𝒛 = {𝒛(𝒌), 𝒌 ∈ ℤ+} 

where ℤ+ = {𝟎, 𝟏, 𝟐, … }  
 
The Geometric Brownian motion is a special type of stochastic process generated 
from Brownian motion. Therefore, we must first introduce Brownian motion before 
the Geometric Brownian motion. 
 
The so-called Brownian motion is a kind of stochastic process first discovered in 1828 
by the Scottish botanist Robert Brown when he makes the observed suspension under 
the microscope for pollen particles and dust. 
 
The first use of the Brownian motion as a possible model for exploration in the 
financial industry is by Bachelier in 1900 for the study of stock market prices. By 
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1923, however, the Brownian motion was strictly defined by Norbert Wiener, in 
honor of which this type of stochastic process was called the Wiener process 
(Schoutens, 2003). 
 
Definition 1.7 A stochastic process 𝒛 = {𝒛(𝒕), 𝒕 ≥ 𝟎} is called standard 
Brownian motion or Wiener process on some probability space (𝛀, 𝓕, 𝑷) if the 
following conditions hold 
1, 𝒛(𝟎) = 𝟎 
2, The process 𝒛 has independent increments 
3, The process 𝒛 has normally distributed increments: 

𝒛(𝒔 + 𝒕) − 𝒛(𝒔)~𝑵(𝟎, 𝒕) 
4, The process 𝒘 has continuous sample path 
 
Based on the above definition, the change of ∆𝑧 during a small time period ∆𝑡 is 
 ∆𝑧 = 𝜀√∆𝑡 (1-2) 

where the 𝜀 has a standard normal distribution: 𝜀~𝑁(0,1) 
Below is a figure of the sample path of a standard Brownian motion. 

 
Figure 1: A sample path of a standard Brownian motion 

 
The standard Brownian motion definition shows the standard Brownian motion has a 
0 value at 𝑡 = 0. And in any limited time-interval ∆𝑡, the standard Brownian motion 
satisfy the normal distribution with the mean 0 and the variance ∆𝑡, moreover, the 
variance increases linearly with the length of the time interval.  
 

Independent increment means that the changes in Brownian motion in any time 
interval have nothing to do with the changes in other time intervals that do not overlap 
with it. 
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The Brownian motion has some properties that are very important in describing the 
stock price. The first property is the path property. 
 
Since the function 𝑧𝑡 is a continuous function of 𝑡, the Brownian motion has 
continuous paths. But these continuous paths are too erratic to be differentiable 
everywhere since the trajectory of Brownian motion is completely different from any 
continuous and smooth equation trajectory we are familiar with. Moreover, based on 
this kind of erratic, the paths of Brownian motion can be seen have infinite variation. 
And for a Brownian motion we have that 
 

𝑃( 𝑧(𝑡) = +∞ 𝑎𝑛𝑑 𝑡≥0
𝑠𝑢𝑝 𝑧(𝑡) = −∞𝑡≥0

𝑖𝑛𝑓 ) = 1 (1-3) 

The equation (1-2) shows that the Brownian motion path keeping oscillating between 
positive and negative values. 
 
Assuming we use Brownian motion to describe the stock prices, these properties 
mean that there is a high probability that the stock price will fluctuate above or below 
the opening price, rather than staying above or below the opening price, this shows 
that it is very close to the reality of the stock market. 
 
Now we can consider adding a drift part associated only with time 𝑡 and a diffusion 
rate 𝜎 to the standard Brownian motion, then we get the drifted Brownian motion. 
 
Definition 1.8 A stochastic process follows a drifted Brownian motion if the 
following condition holds 

𝒅𝑿(𝒕) = 𝝁𝒅𝒕 + 𝝈𝒅𝒛(𝒕) 
 
The above equation is called stochastic differential equation or SED that is an 
extension of the ordinary differential equation. The difference is that at least one 
stochastic process is included in the stochastic differential equation. 
 
The 𝑑𝑧(𝑡) has a clear meaning, which represents the change of Brownian motion in 
an infinitely small-time interval. 
 
Since the drifted Brownian motion is generated from the Brownian motion, the drifted 
Brownian motion clearly has an independent and stationary increment, then the 
distribution of drifted Brownian motion within an arbitrary time length 𝑡 can be 
obtained 
 𝑧(𝑡)~𝑁(𝜇𝑡, 𝜎2𝑡) (1-4) 

 
Although the drifted Brownian motion has the drift part and the diffusion rate part, it 
is not the best model to describe the stock price process. This is because X(t) or z(t) 
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have the probability of having a negative value, but the stock price in the real world 
clearly cannot be negative. Clearly, the stock price cannot be a negative number, but 
the return on the stock can be positive or negative, so the 𝑋(𝑡) can be used to 
describe the return. 
 
We suppose 𝑆(𝑡) is the stock price process, the d𝑆(𝑡) is the amount of change in the 
stock price in an infinitely small-time interval, and then, the d𝑆(𝑡)/ 𝑆(𝑡) is the return 
rate during this infinitely small-time interval. 
 𝑑𝑆(𝑡)

𝑆(𝑡) = 𝜇𝑑𝑡 + 𝜎𝑑𝑧(𝑡) (1-5) 

 
Definition 1.8 A stochastic process 𝑿(𝒕) follows a geometric Brownian motion if 
the following stochastic differential equation holds 

𝒅𝑺(𝒕) = 𝝁𝑺(𝒕)𝒅𝒕 + 𝝈𝑺(𝒕)𝒅𝒛(𝒕) 
 
The stock price that satisfies the above stochastic differential equation is a geometric 
Brownian motion that provides a basis for people to study stock prices. 
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1.2 Introduction of the Itô’s formula and BSM differential equation 

The above section has introduced the stock price in the real world. However, an 
option is a derivative contract with the underlying assets in a fixed period of time, so 
time is another important parameter to consider. 
 
However, we must first address how to differentiate the function of a random process. 
The Japanese mathematician Itô Kiyoshi provided us with the Itô's formula to solve 
this problem (K. Itô, 1951). 
 
Regardless of the geometric Brownian motion or Brownian motion, the drift and the 
variance are real numbers, which means that this format cannot show the situation of 
the stochastic process where the drift and variance change with time, then the Itô 
process must be introduced to describe the drift and variance change with time. 
 
Definition 1.9 A stochastic process follows the Itô process if the following 
condition holds 

𝒅𝒙 = 𝒂(𝒙, 𝒕)𝒅𝒕 + 𝒃(𝒙, 𝒕)𝒅𝒛 
where the 𝑎 and 𝑏 are functions of time 𝑡 and variable 𝑥 and 𝑧 is the Brownian 
motion. The drift for Itô process is 𝑎 and the variance is then 𝑏2. Then, we could 
introduce Itô’s formula to show the stochastic differential of derivatives. 
 
Theorem 1.1 Itô’s formula: Assume the process 𝑿(𝒕) follows Itô process, and 𝒇 
is the second-order continuous differentiable function, and the first-order 
derivative of 𝒕, then the process 𝑮(𝒕) is defined by 𝑮(𝒕) = 𝒇(𝑿(𝒕), 𝒕) that has a 
stochastic differential given by 

𝒅𝑮 = (
𝝏𝑮
𝝏𝒕 +

𝝏𝑮
𝝏𝑿 𝒂 +

𝟏
𝟐

𝝏𝟐𝑮
𝝏𝑿𝟐 𝒃𝟐) 𝒅𝒕 +

𝝏𝑮
𝝏𝑿 𝒃𝒅𝒛 

 
where the 𝑑𝑧 is the Brownian motion, therefore the function 𝐺 follows the Itô 
process and then follows the same Brownian motion. For the same principle, the drift 
for the above function is  
 

(
𝜕𝐺
𝜕𝑡

+
𝜕𝐺
𝜕𝑋

𝑎 +
1
2

𝜕2𝐺
𝜕𝑋2 𝑏2) (1-6) 

by the same principle, the variance for the function is 
 

(
𝜕𝐺
𝜕𝑋)

2

𝑏2 (1-7) 

 
With Itô’s formula, we could find which stochastic process what 𝑙𝑛𝑆 follows, where 
the 𝑆 follows the process showed in the Definition 1.8. By this setting, 𝐺(𝑡) =
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𝑙𝑛𝑆(𝑡) where 𝑆(𝑡) follows 𝑑𝑆(𝑡) = 𝜇𝑆(𝑡)𝑑𝑡 + 𝜎𝑆(𝑡)𝑑𝑧(𝑡), therefore the below 
elements can be generated by Theorem 1.1: 
 𝜕𝐺

𝜕𝑆 =
1
𝑆 ,

𝜕2𝐺
𝜕𝑆2 = −

1
𝑆2 ,

𝜕𝐺
𝜕𝑡 = 0 (1-8) 

 
Then, 𝑑𝐺 therefore is  
 

𝑑𝐺 = (𝜇 −
𝜎2

2 ) 𝑑𝑡 + 𝜎𝑑𝑧 (1-9) 

From the equation (1-9), it is showed that the drift for the above function is (𝜇 − 𝜎2

2
), 

and the variance is 𝜎2 times random part 𝑑𝑧, where 𝜎2is constant.  
 
Hence for 𝐺 = 𝑙𝑛𝑆 in time 𝑡, it follows the below normal distribution: 
 

𝑙𝑛𝑆𝑡~∅ [𝑙𝑛𝑆0 + (𝜇 −
𝜎2

2 ) 𝑡, 𝜎2𝑡] (1-10) 

Based on the above equation, we could say that the 𝑙𝑛𝑆𝑡 follows normal distribution, 
hence, the stock price 𝑆𝑡 follows logarithmic normal distribution. 
 
Then the stock price dynamic can be present as below  
 

𝑆𝑡 = 𝑆0 ∙ 𝑒(𝜇−𝜎2

2 )𝑡+𝜎𝑧𝑡  (1-11) 

Based on the above equation, the below equation can present the stock price changes 
between the small-time interval ∆𝑡 
 ∆𝑆

𝑆 = 𝜇∆𝑡 + 𝜎∆𝑧 (1-12) 

 
Now, assuming a derivative 𝑓 which is a call option of a stock 𝑆, then the value 
change in small period 𝑑𝑡 can be got by the equation in the Definition 1.8 and Itô’s 
formula, it is  
 

𝑑𝑓 = (
𝜕𝑓
𝜕𝑡 +

𝜕𝑓
𝜕𝑆 𝜇𝑆 +

1
2

𝜕2𝑓
𝜕𝑆2 𝜎2𝑆2) 𝑑𝑡 +

𝜕𝑓
𝜕𝑆 𝜎𝑆𝑑𝑧 (1-13) 

As the stock price 𝑆𝑡 follows a Wiener process 𝑧, based on Theorem 1.1, the 
derivative 𝑓 follow the same Wiener process.  
 
The equation (1-13) can be re-written as the below format to present the changes 
between the small-time interval ∆𝑡 
 

∆𝑓 = (
𝜕𝑓
𝜕𝑡 +

𝜕𝑓
𝜕𝑆 𝜇𝑆 +

1
2

𝜕2𝑓
𝜕𝑆2 𝜎2𝑆2) ∆𝑡 +

𝜕𝑓
𝜕𝑆 𝜎𝑆∆𝑧 (1-14) 

 
From the above equation, which has a random part containing the Wiener process. 
However, we could create an appropriate investment portfolio to eliminate the Wiener 
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process. To be precise, we can construct a portfolio that shorts one unit of derivative 

𝑓 and buys and 𝜕𝑓
𝜕𝑆

 units of stock like:  
 −1: 𝑂𝑝𝑡𝑖𝑜𝑛𝑠 

+
𝜕𝑓
𝜕𝑆 : 𝑠𝑡𝑜𝑐𝑘 

(1-15) 

The value of the portfolio can be represented by 𝜋 as below 
 

𝜋 = −𝑓 +
𝜕𝑓
𝜕𝑆

𝑆 (1-16) 

The value change of the portfolio ∆𝜋 in the time interval ∆𝑡 is  
 

∆𝜋 = −∆𝑓 +
𝜕𝑓
𝜕𝑆 ∆𝑆 

(1-17) 

By substituting the equation (1-14) and the equation (1-12) in to the equation (1-17), 
the ∆𝜋 can be got as below. 
 

∆𝜋 = − (
𝜕𝑓
𝜕𝑡 +

1
2

𝜕2𝑓
𝜕𝑆2 𝜎2𝑆2) ∆𝑡 

(1-18) 

 
In this way, the right-side random part can be eliminated, as the same reason, the 
portfolio 𝜋 in the time interval ∆𝑡 is risk-free. This portfolio must have the 
expected return rate as the same as the risk-free interest rate 𝑟, otherwise, there will 
be arbitrage opportunities, then 
 ∆𝐺 = 𝐺𝑟∆𝑡 (1-19) 

where 𝑟 is risk-free interest rate with continuous compounding, by sum up the above 
equations, the Black-Scholes-Merton differential equation: 
 𝜕𝑓

𝜕𝑡 + 𝑟𝑆
𝜕𝑓
𝜕𝑆 +

1
2

𝜕2𝑓
𝜕𝑆2 𝜎2𝑆2 = 𝑟𝑓 (1-20) 
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1.3 Introduction and derivation of the BSM model for European option pricing 

The Black Scholes Merton model is also known as the BSM model. It was first 
proposed by two American economists Myron Scholes and Fischer Sheffey Black in 
the last century. The advent of this model brought a boom in the options market. This 
model is widely used, although in many cases users have made certain modifications 
and corrections. Many empirical tests have shown that this formula is close enough to 
the market price, but there are also times when there are differences. The BSM model 
is mainly used for pricing European options, and through modification it can also 
price Asian options. 
 
In order to implement the BSM model, a number of assumptions must be made. 
Firstly, we are in a frictionless market and there are two assets in this market which 
is riskless assets like bonds and the other is the risky assets like stocks. 
Secondly, the world in BSM model is risk neutral which means the probability 
measure is under the 𝑄 − 𝑚𝑒𝑎𝑠𝑢𝑟𝑒, and the market is arbitrage-free. 
 
Now we can focus on how to price a European option. A European option is the 
option to which the holder has the right, but can only be exercised at maturity time 𝑇 
with the strike price 𝐾. So, that a European can provide a maximum payoff 𝑃 is 
𝑆𝑇 − 𝐾 if the holder exercises the option and a minimum payoff 𝑃 is 0 if the 
holder does not exercise the option at maturity time 𝑇. Hence, the payoff from a 
European call option at maturity time 𝑇 is 
 𝑃 = (𝑆𝑇 − 𝐾)+ (1-21) 

By the risk natural pricing method, the price of the call option 𝐶 can be seen as the 
expected value of the relative option 
 𝐶 = 𝑒−𝑟𝑇𝐸𝑄(𝑃) (1-22) 

 
In order to facilitate the calculation, it is need to define two new variables. By setting 

the 𝜇1 = 𝑙𝑛𝑆0 + (𝑟 − 𝜎2

2
) 𝑇, and 𝜎1 = 𝜎√𝑇, the equation (1-10) changes to  

 𝑙𝑛𝑆𝑇~∅[𝜇1, 𝜎1] (1-23) 
which means 𝑆𝑇 follows logarithmic normal distribution as we mentioned in the 
above section. 
 
Now, by setting 𝑦 = 𝑆𝑇, and 𝑔(𝑦) is the probability density function of 𝑆𝑇 under 
the probability measure 𝑄, the below equation can be got:  
 

𝑔(𝑦) =
1

𝜎1√2𝜋
𝑒

−(𝑙𝑛𝑦−𝜇1)2

2𝜎1
2  (1-24) 

then the expected payoff 𝑃 in time maturity time 𝑇 is 
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 𝑃 = ∫ (𝑦 − 𝐾)𝑔(𝑦)𝑑𝑦
∞

𝑘
 (1-25) 

Introduce the equation (1-24) to the equation (1-25), we get  
 

𝑃 = ∫ (𝑦 − 𝐾)
1

𝜎1√2𝜋
𝑒

−(𝑙𝑛𝑦−𝜇1)2

2𝜎1
2 𝑑𝑦

∞

𝑘
 (1-26) 

And introduce 𝑙𝑛𝑦 = 𝑥, the expected payoff in time maturity time 𝑇 is 
 

∫
𝑒𝑥

𝜎1√2𝜋
𝑒

−(𝑥−𝜇1)2

2𝜎1
2 𝑑𝑥 − ∫

𝐾
𝜎1√2𝜋

𝑒
−(𝑥−𝜇1)2

2𝜎1
2 𝑑𝑥

∞

𝑙𝑛𝐾

∞

𝑙𝑛𝐾
 (1-27) 

 
We set the right part be the function 𝐹1 and the right part be the function 𝐹2. By 
define 𝑁(𝑧) is the probability of the variable smaller than 𝑧 with 0 mean and 
standard deviation is 1, the function 𝐹1 is  
 

𝐹1 =
1

𝜎1√2𝜋
∫ 𝑒𝑡𝑒

−(𝑥−𝜇1)2

2𝜎1
2 𝑑𝑥

∞

𝑙𝑛𝐾
 

= 𝑒𝜇1+𝜎1
2

2 {1 − 𝑁 [
𝑙𝑛𝐾 − (𝑟 + 𝜎1

2)
𝜎1

]} 

By expand the 𝜇1 and 𝜎1 

= 𝑆0𝑒𝑟𝑇𝑁 (
ln (𝑆0

𝐾 ) + (𝑟 + 𝜎2

2 ) 𝑇

𝜎√𝑇
) 

= 𝑆0𝑒𝑟𝑇𝑁(𝑑1) (1-28) 
Where the 𝑑1 is  
 

𝑑1 =
ln (𝑆0

𝐾 ) + (𝑟 + 𝜎2

2 ) 𝑇

𝜎√𝑇
 (1-29) 

By the same computing method, the function 𝐹2 can be easily get   
 

𝐹2 =
1

𝜎1√2𝜋
∫ 𝐾𝑒

−(𝑥−𝜇1)2

2𝜎1
2 𝑑𝑥

∞

𝑙𝑛𝐾
 

= 𝐾 ∗ 𝑁[−
𝑙𝑛𝐾 − 𝜇1

𝜎1
]} 

By expand the 𝜇1 and 𝜎1 

= 𝐾𝑁 (
ln (𝑆0

𝐾 ) + (𝑟 + 𝜎2

2 ) 𝑇

𝜎√𝑇
) 

= 𝐾𝑁(𝑑2) (1-30) 
Where the 𝑑2 is  
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𝑑2 =
ln (𝑆0

𝐾 ) − (𝑟 + 𝜎2

2 ) 𝑇

𝜎√𝑇
 (1-31) 

By introduce the equation (1-28) and the equation (1-30) to the equation (1-26), the 
expected value in time maturity time 𝑇 is 
 E [max(𝑆𝑇 − 𝐾, 0)] = 𝑆0𝑒𝑟𝑇𝑁(𝑑1) − 𝐾𝑁(𝑑2) (1-32) 

 
Combining the equation (1-32) and the equation (1-22), we get the price of the call 
option 𝐶 is 
 𝐶 = 𝑆0𝑁(𝑑1) − 𝐾𝑒−𝑟𝑇𝑁(𝑑2)] (1-33) 

where 𝑑1 and 𝑑2 are respectively showed in the equation (1-29) and the equation 
(1-31). 
 
Now we have derived the BSM model for pricing European options, where the 
underlying stock paid no dividend.  
 
But the original BSM model cannot be used directly for the Asian options we are 
studying. Therefore, we will discuss in detail how to modify the model to price Asian 
options and the BSM. 
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Section 2 Introduction of Asian options and modifying BSM model to 

pricing Asian options 

2.1 Introduction of Asian options 

The Asian option is one of the European type options that give the holder the right but 
can only be exercised at maturity time 𝑇 with the strike price 𝐾 with the underlying 
asset prices calculated by the average method in the constant period set at the 
beginning of the contract. Therefore, the Asian options can provide a payoff is 
 
 𝑃 = (𝐴𝑇 − 𝐾)+ (2-1) 

 
where the 𝐴𝑇 is determined by the average base price over the specified time 
interval. We will introduce how the needed 𝐴𝑇 can be computed in the following 
section parts. 
 
In the Asian option, the point-to-point calculation method is not appropriate. And 
usually there are three algorithms of averaging in Asian option contract trading, 
namely arithmetic average, geometric average and weighted average. For weighted 
average, the most important thing is to determine the weighting vector, and the vector 
is decided by two parties before two parties sign the contract, it needs to be discussed 
case by case, so it is not discussed in this thesis. 
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2.2 Geometric average Asian option pricing based on BSM model framework 

The above BSM model is useful for pricing the European option, but it cannot price 
the geometric average Asian option. To price the geometric average Asian option, one 
must introduce how the price is averaged. 
 
Firstly, the mean of geometric average stock price during the period from time 0 to 
time 𝑇 is 𝐴𝑇 that can be got by geometric average formula: 
 

𝐴𝑇 = √∏ 𝑆𝑡

𝑇

𝑡=1

𝑇

 (2-2) 

where 𝑡 is positive integer. 
 
Because the 𝑆𝑡 can be considered as a continuous process as 𝑆𝑡 contains a Wiener 
process, so that 𝐴𝑇 can be applied with the calculus method: 
 

𝐴𝑇 = exp [
1
𝑇 ∫ log 𝑆𝑡𝑑𝑡

𝑇

1
] (2-3) 

 
By the risk-neutral pricing method, the Asian call option has an expected value 𝐶 is 
 𝐶 = 𝑒−𝑟𝑇𝐸𝑄(𝐴𝑇 − 𝐾)+ (2-4) 

 
Then it comes down to finding the payoff percentage. In 1983, Robert Jarrow and 
Andrew Rudd solved the way to obtain the value of (𝐴𝑇 − 𝐾, 0)+. According to the 
work of Robert Jarrow and Andrew Rudd (Jarrow & Rudd, 1983), they define the 
expected value 𝑃 for an Asian option with the strike price 𝐾 and maturity time 𝑇 
is  
 

𝑃 = 𝑆0𝑁(𝑑)𝑒�̃� − 𝐾𝑁(𝑑 − 𝜎√1
3

𝑇) (2-5) 

where the 𝑁 is as in the above sections representing the standard cumulative normal 
distribution function, and the �̃� is  
 

�̃� =
1
2

(𝑟 − 𝜎2/6 )𝑇 (2-6) 

and the 𝑑 is 
 

𝑑 =
ln (𝑆0

𝐾 ) + 1
2 (𝑟 + 𝜎2/6)𝑇

𝜎√1
3 𝑇

 (2-7) 
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From the work of Robert Jarrow and Andrew Rudd, we can summarize their work as 

putting the growth rate of the risky asset at (𝑟 − 𝜎2

6
)/2 instead of 𝑟, and volatility at 

𝜎/√3 instead of 𝜎.  
 
Under the above set, the Asian option can be seen as a European option with volatility 

𝜎′ = √3 and expected return 𝑞 = 𝑑∗ = 1
2

(𝑟 − 𝜎2/6 )𝑇, then, rearranging the 

equation (2-6) and the equation (2-7), we can get the model for pricing the Asian call 
option: 
 𝐶𝑎 = 𝑒𝑞𝑒−𝑟𝑇𝑆0𝑁(𝑑1) − 𝑒−𝑟𝑇𝐾𝑁(𝑑2) (2-8) 

where the 𝑑1 and 𝑑2 are 
 

𝑑1 =
ln (𝑆0

𝐾 ) + 1
2 (𝑟 + 𝜎2/6)𝑇

𝜎√1
3 𝑇

 (2-9) 

 
 

𝑑2 = 𝑑1 − 𝜎√1
3

𝑇 (2-10) 

 
Equation (2-9) can be obtained for pricing the Asian option with the geometric 
average algorithm. The table below shows how Algorithm 1: Geometric Average 
Algorithm works for pricing an Asian call option by modified BSM model. 
 
Algorithm 1: Geometric average algorithm to pricing an Asian call option by 
modified BSM model 
Input: Initial stock price: 𝑆0 
       Strike price 𝐾 
       Maturity time𝑇 
       Risk-free interest rate 𝑟 
       Stock price volatility 𝜎 
Output: the Asian call option price  
0: input all the required related Asian option date by correct way 

1: to compute 𝑞 by 𝑞 = 1
2

(𝑟 − 𝜎2/6 )𝑇 

2: to compute 𝑑1 by the equation (2-9) which is  

𝑑1 =
ln (𝑆0

𝐾 ) + 1
2 (𝑟 + 𝜎2/6)𝑇

𝜎√1
3 𝑇

 

3: to compute 𝑑2 by the equation (2-10) which is  
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𝑑2 = 𝑑1 − 𝜎√1
3 𝑇 

4: to compute the related Asian option price by the equation (2-8), which is  
𝐶𝑎 = 𝑒𝑞𝑒−𝑟𝑇𝑆0𝑁(𝑑1) − 𝑒−𝑟𝑇𝐾𝑁(𝑑2) 

5: output the related Asian option price as result  
 
The following code is the algorithm of the geometric average Asian call option for the 
Matlab, since in the Matlab has the inner function of the pricing of an option, so the 
function is used. 
 
function V=BSprice(S0,K,T,r,sigma) 
q=0.5*(r-(sigma^2)/6)*T; 
a=log(S0/K); 
b=sigma/sqrt(3); 
d1=(a+0.5*(r+(sigma^2)/6)*T)/b*sqrt(T); 
d2=d1-b*T; 
[call]=exp(q)*exp(-r*T)*S0*cdf('normal',d1,0,1)-exp(-
r*T)*K*cdf('normal',d2,0,1); 
price=call 

 
The above is just a study of Asian options pricing with geometric average algorithm. 
In fact, geometric average has no practical significance at all. At present, the 
arithmetic average method is used in the industry. For example, if a farmer wants to 
buy feed, he will buy it once a month. He has to think more about the average cost of 
purchase per month. The geometric average is meaningless.  
 
Therefore, we focus on the pricing of the arithmetic average algorithm of the Asian 
options and do not compare the pricing of the geometric average method in the 
following realistic data comparison. 
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2.3 Arithmetic average Asian option pricing based on BSM model framework 

In general, if the averaging algorithm is arithmetic averaging, there is no analytical 
pricing formula for Asian options. This is because there is no standard lognormal 
distribution for arithmetic average. But the distribution of the arithmetic average is 
close to the lognormal distribution, so we can assume that the underlying asset obeys 
the lognormal distribution. 
 
This is more reasonable, because the stock price obeys geometric Brownian motion, 
so the geometric average of the stock price obeys the log-normal distribution, and the 
arithmetic average of its price also approximately obeys the log-normal distribution. 
 
So that we assume, the stock arithmetic average price from time 0 to time 𝑇 is 𝐴𝑇, 
and 𝐴𝑇 follows log-normal distribution, where 𝐴𝑇 in the arithmetic averaging is  
 

𝐴𝑇 =
1
𝑇 ∫ 𝑆𝑡𝑑𝑡

𝑇

0
 (2-11) 

where 𝑡 is positive integer. 
 
Then, a popular method to pricing the stock arithmetic average option price is to fit 
the lognormal distribution to the first two moments of 𝐴𝑇, and then use the future 
pricing model which found by Black (Turnbull & Wakeman, 1991). 
 
Suppose the parameters 𝑀1 and 𝑀2 are the first two moments of 𝐴𝑇, the arithmetic 
average Asian options can be regarded as futures, with, 
 𝐹0 = 𝑀1 (2-12) 

 
 𝜎2 =

1
𝑇 ln (

𝑀2

𝑀1
2) (2-13) 

Where 𝐹0 is the future price and 𝜎 is the volatility of the future price, and 𝑀1 and 
𝑀2 are respectively (Hull, 2015)：  
 

𝑀1 =
𝑒(𝑟−𝑞)𝑇 − 1

(𝑟 − 𝑞)𝑇 𝑆0 (2-14) 

 
 

𝑀2 =
2𝑒(2𝑟−2𝑞+𝜎2)𝑇𝑆0

2

(𝑟 − 𝑞 + 𝜎2)(2𝑟 − 2𝑞 + 𝜎2)𝑇2 + 

2𝑆0
2

(𝑟 − 𝑞)𝑇2 (
1

2𝑟 − 2𝑞 + 𝜎2 −
𝑒(𝑟−𝑞)𝑇

𝑟 − 𝑞 + 𝜎2) 

(2-15) 

where 𝑟 is the risk-less interest rate and 𝑞 is the dividends payout ratio of the 
underlying stock, in this thesis we do not consider the stock that paying dividends, 
hence the 𝑞 is 0. 
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Based on the above, then, according to the future pricing model of Black, we can get 
the Asian option price below. 
 𝑐 = 𝑒−𝑟𝑇[𝐹0𝑁(𝑑1) − 𝐾𝑁(𝑑2)] (2-16) 

 
where the 𝑑1 and 𝑑2 are 
 

𝑑1, 𝑑2 =
ln (𝐹0/𝐾) ± 𝜎2𝑇/2

𝜎√𝑇
 (2-17) 

The below table shows Algorithm 2: Arithmetic average algorithm to pricing an 
Asian call option by modified BSM model. 
 
Algorithm 2: Arithmetic average algorithm to pricing an Asian call option by 
modified BSM model 
Input:  Initial stock price: 𝑆0 
       Strike price 𝐾 
       Maturity time𝑇 
       Risk-free interest rate 𝑟 
       Stock price volatility 𝜎 
       Payout ratio 𝑞 
Output: the Asian call option price  
0: input all the required date by correct way 

1: compute 𝑀1 by 𝑀1 = 𝑒(𝑟−𝑞)𝑇−1
(𝑟−𝑞)𝑇

𝑆0 

2: compute 𝑀2 by 𝑀2 = 2𝑒(2𝑟−2𝑞+𝜎2)𝑇𝑆0
2

(𝑟−𝑞+𝜎2)(2𝑟−2𝑞+𝜎2)𝑇2 + 2𝑆0
2

(𝑟−𝑞)𝑇2 ( 1
2𝑟−2𝑞+𝜎2 − 𝑒(𝑟−𝑞)𝑇

𝑟−𝑞+𝜎2) 

3: give the value of 𝑀1 to 𝐹0 

4: compute 𝜎2 by 𝜎2 = 1
𝑇

ln (𝑀2
𝑀1

2) 

5: compute 𝑑1 and 𝑑2 by 𝑑1, 𝑑2 = ln (𝐹0/𝐾)±𝜎2𝑇/2
𝜎√𝑇

 

6: compute the price by 𝑐 = 𝑒−𝑟𝑇[𝐹0𝑁(𝑑1) − 𝐾𝑁(𝑑2)] 
 
The following code is the algorithm of the arithmetic average Asian call option for the 
Matlab: 
 
function c=AsianBS(s0,k,t,r,sigma,q) 
m1=s0*(exp(r*t-q*t)-1)/(r*t-q*t); 
m21=2*(s0)^2*exp((2*r-2*q+sigma^2)*t)/((r-q+sigma^2)*(2*r-
2*q+sigma^2)*t^2); 
m22=2*(s0)^2*(1/(2*r-2*q+sigma^2)-exp((r-q)*t)/(r-q+sigma^2))/((r-q)*t^2); 
m2=m21+m22; 
f0=m1; 
sigmaa=(log(m2/m1^2))/t; 
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sigmaf=sqrt(sigmaa); 
d1=(log(f0/k)+sigmaa*t/2)/sigmaf*sqrt(t); 
d2=(log(f0/k)-sigmaa*t/2)/sigmaf*sqrt(t); 
a=exp(-r*t)*(f0*cdf('normal',d1,0,1)-k*cdf('normal',d2,0,1)) 
c=max(a,0) 

 
The BSM model has provided a classic way to pricing the options, but with the 
development of computer science, people found another way to pricing the 
derivatives by simulating the path of underlying asset value changes during the 
constant period. 
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Section 3 The Monte Carlo method and the application in option 

pricing 

3.1 Introduction of the Monte Carlo method 

The above algorithms gave some ways to price the option, those methods can provide 
the analytical solution or approaching boundary solution. In addition to these 
algorithms, to simulate the stock price process and simulate the Asian option payoff is 
widely used in the modern financial industry. 
 
The Monte Carlo method is based on two theorems in probability theory: the law of 
large numbers and the central limit theorem. The law of large numbers shows that 
when the number of trials or the number of test samples is larger, the arithmetic mean 
has a higher probability of being close to its expected value. The central limit theorem 
shows that the distribution of the mean values of many mutually independent 
variables is close to the normal distribution after standardization. 
 
So that, we can say the principle of the Monte Carlo method is to use repeated random 
sampling to obtain results. The Monte Carlo method is to repeat lots of times of 
simulations to find the required mean data in the confidence interval. Hence, by this 
method, it is easy to simulate the path of the required data.  
 
Based on the principle, the Monte Carlo method can be applied by the below main 
steps for the pricing European style options： 
 
Firstly, we need to assume that the given stochastic differential equation under the 
𝑄 − 𝑚𝑒𝑎𝑠𝑢𝑟𝑒 which we have mentioned before. By this assumption, the stochastic 
differential equation describes the price of underlying assets by a risk-neutral 
behavior model. Then, the derivatives can get values from the model. 
 
And, the first step needs to simulate 𝑁 sample paths of the underlying asset prices in 
the relevant time period [0, 𝑇] under the 𝑄 − 𝑚𝑒𝑎𝑠𝑢𝑟𝑒. This step usually needs to 
be applied by numerical approaches to approximate the solution of stochastic 
differential equations. 
 
Then, by the risk-neutral pricing method, we can evaluate the discounted payoff of the 
asset prices in each sample path. 
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Lastly, the theoretical derivative value can be computed by Monte Carlo estimate way 
in applying the average result among the 𝑁 sample pat 
hs. 
 
The above steps show a basic way to apply Monte Carlo method into derivative, 
especially for the European style option pricing. However, for the Asian option, the 
most difference is the Asian option rely on the stock price among the whole time 
period, therefore, the first step is most important and basic way we need to understand 
and simulate. 
 
Hence, based on the Monte Carlo method principle and the first step showed above, 
we can use the Monte Carlo method to easily get the path of the stock price by 
simulating the price at fixed time points, to achieve the purpose of pricing it. 
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3.2 Simulation of stock price by the Monte Carlo method 

From Section 1, we can know that the stock price follows a geometric Brownian 
motion, then the stock process in the risk-neutral world can be got based on the 
equation (1-11), which is  
 

𝑆𝑡 = 𝑆0𝑒(𝑟−𝜎2

2 )𝑇+𝜎𝑍𝑡  (3-1) 

where the time 𝑡 belongs to the time interval [0, 𝑇]. 
 
Then we can use Monte Carlo method to simulate the stock price process. The below 
table shows how Algorithm 3: stock price process simulation 
 
Algorithm 3: stock price process simulation by Monte Carlo method 
Input:  Initial stock price: 𝑆0 
       Risk-free interest rate 𝑟 
       Stock price volatility 𝜎 
       Number of sample-path simulations 𝑁 
       Number of simulation year 𝑇 
Output: the diagram of stock process and the mean stock price 
0: input all the required date by correct way 
1: Set each time step 𝑑𝑡 is 1/252 which is one trading day 
2: Compute the total trading days and start a cycle, when 𝑖 bigger than the value of 
𝑇, stop the cycle 

3: During the cycle doing the compute of 𝑝𝑎𝑡ℎ = (𝑟 − 𝜎2

2
) 𝑑𝑡 + 𝜎𝑧𝑡, and 

𝑧𝑡~𝑁(0, 𝑡), and repeat this for “𝑁” times. 
4: Compute 𝑝𝑎𝑡ℎ = 𝑆0 ∗ 𝑒𝑝𝑎𝑡ℎ 
5: Get the mean of path 
6: Let 𝑖 = 𝑖 + 1 𝑠𝑡𝑒𝑝, till the end of the 1. 
7: Drawing the diagram of stock price and time point 
8: Show the diagram of the stock process path. 

 
The following code is the stock price process algorithm by Monte Carlo method in the 
Matlab. 
 
function [P,CI]=PriceProcess(s0,r,sigma,N,T) 
K = 0:1/252:T; 
n=252*T; 
i = T; 
X=nan(N,1); 
while i<=length(K) 
    dt = K(i); 
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    for k=1:N 
        path=(r-sigma^2/2)*dt+sigma*sqrt(dt)*randn(1,n); 
        path=s0*exp(path); 
    end 
    y(i)=mean(path); 
    i = i+1; 
end 
figure(1) 
plot(K,y) 

 
Below is a diagram for the stock with a $50 initial price and volatility is 0.01, in the 
financial market with a 0.5% risk-free interest rate, and simulate 10000 times, 
each time-discrete 252 times. 
 

 
Figure 2: Stock process path 

 
The above figure shows that the stock price after one year reaches approximately $52, 
and the broken line shows the stock price path from initial time 0 to the end time 1. 
 
This shows that the Monte Carlo method is efficient to simulate the path of the 
underlying asset, then we could try to use the Monte Carlo method to price the related 
Asian option. 
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3.3 Pricing Asian options by the Monte Carlo method 

From the above knowledge, the stock price process is a stochastic process that is very 
clear. And by the Monte Carlo method, the stock pricing process can be simulated as 
above picture. Next is to focus on the payoff. The payoff of an Asian call option is 
 (𝐴𝑇 − 𝐾)+, it is easy to get 𝐴𝑇 when trading days 𝑛 during the contract period 
[0, 𝑇] are relatively large by the following formula: 
 

𝐴𝑇 =
1

𝑛 + 1 ∑ 𝑆𝑡

𝑛

𝑡=0
 (3-2) 

where the 𝑆𝑡 shows as the above equation (3-1). 
 
Then the discount payoff 𝑋𝑛 of the Asian option at the initial time 𝑡 = 0 is  
 𝑋𝑛 = 𝑒−𝑟𝑇(𝐴𝑇 − 𝐾)+ (3-3) 

where the 𝑛 belongs to the interval [0, 𝑁], the 𝑁 is the simulation times that need 
to be set before simulation, normally 10000 can be chosen. 
 
According to the expected payoff of 𝑁 independent realizations, we can get the 
Monte Carlo estimator of the price of the Asian option ℂ is 
 

ℂ =
1
𝑁 ∑ 𝑋𝑛

𝑁

𝑛=1

 (3-4) 

 
Then the Monte Carlo Method can be used to pricing the Asian call option. The below 
table shows how Algorithm 4: Monte Carlo Method to pricing an Asian call option. 
 
Algorithm 4: Monte Carlo Method to pricing an Asian call option. 
Input:  Initial stock price: 𝑆0 
       Strike price: 𝐾 
       Risk-free interest rate 𝑟 
       Maturity time 𝑇 
       Stock price volatility 𝜎 
       Number of discrete times per time (trading days during the period from 
time0 to time 𝑇) 𝑛 
       Number of sample-path simulations 𝑁 
Output: the price of the relative Asian call option price 
0: input all the required date by correct way 
1: Set each time step 1/252 
2: Compute 𝑑𝑡 by 𝑑𝑡 = 𝑇/𝑛 
3: Start a cycle from 1 to the 𝑁 to repeat 𝑁 paths simulation 

4: Compute 𝑝𝑎𝑡ℎ = (𝑟 − 𝜎2

2
) ∗ 𝑑𝑡 + 𝜎√𝑡 ∗ 𝑟𝑎𝑛𝑑𝑜𝑚 𝑛𝑢𝑚𝑏𝑒𝑟, the random number 

satisfy the normal distribution of (1, 𝑛) 
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5: Get single path value by 𝑝𝑎𝑡ℎ = 𝑆0 ∗ 𝑒𝑝𝑎𝑡ℎ 
6: Get the mean value [𝑃] ,of all the paths, this value is the relative Asian call 
option price 

 
The following code is the Monte Carlo method of Asian call option pricing algorithm 
in the Matlab. 
 
function [P,CI]=AsianMC(s0,k,r,T,sigma,n,N) 
dt=T/n; 
X=nan(N,1); 
for i=1:N 
    path=(r-sigma^2/2)*dt+sigma*sqrt(dt)*randn(1,n); 
    path=cumprod([s0,exp(path)]); 
    path1(i)=exp(-r*T)*max(mean(path)-k,0); 
end 
[P]=mean(path1); 

 
The above sections have introduced and constructed the different ways to pricing an 
Asian option, in the following section we will focus on the realization of the above 
algorithms with the realistic stock data. 
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Section 4 Realization of the different Asian option pricing methods 

4.1 Introduction of the realistic data of the stock and the Asian option that will 

be priced  

Most of the Asian options trade over-the-counter, which means the data of real Asian 
options may not reliable and not objective. This is because over-the-counter 
transactions are carried out directly between the two parties without exchange 
supervision, hence, the price which the two parties traded with may be influenced by 
some private considerations, hence it is not objective. So that for the examination of 
the algorithms, we need to create an Asian option by the principle of Asian options 
from the realistic data of the stock market. 
 
In this thesis, we will take the stock called Apple, which is a famous American 
multinational technology company in the world, and it is trading on the Nasdaq Stock 
Market. The related data of Apple’s stock in the period from July 1 2020 to 
September 30 2020 is in Appendix 1. 
 
For the Asian option, we define the Asian option with 3 months from October 1 2020 
to December 31 2020 and the strike price is 117$. 
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4.2 Related stock volatility and riskless interest rate in the financial market 

To comparison different algorithms, we need to find out the volatility during the 
period before the pricing period we mentioned. 
 
To estimate the volatility of a stock, we take every day as the observed intervals of 
time, and there 64 trading days in the half year which we mentioned above. Then, we 
need to first find out the return rete 𝑢𝑖 in every observed interval by the below 
formula.  
 𝑢𝑖 = ln (

𝑆𝑖

𝑆𝑖−1
)  𝑓𝑜𝑟 𝑖 = 1,2 ∙∙∙ 𝑛 (4-1) 

 
Then, the standard deviation of the 𝑢𝑖 is 
 

𝑠 = √
1

𝑛 − 1 ∑ (𝑢 − �̅�)2
𝑛

𝑖=1
 (4-2) 

 
From the equation (1-20), we can get  
 

𝑙𝑛
𝑆𝑇

𝑆0
~𝜑[(𝜇 −

𝜎2

2 ) 𝑇, 𝜎2𝑇] (4-3) 

 
This means the standard deviation of the 𝑢𝑖 is 𝜎√𝛾, hence 𝑠 can be an estimate of 
𝜎√𝛾. Hence, the estimate volatility �̃� is  
 �̃� =

𝑠
√𝛾

 (4-4) 

 

where the 𝛾 is the length of time intervals in years, in our computation is 1
252

. We 

take one day as the observed interval, and by the equations above, the volatility of the 
stock Apple is 0.02803. 
 
In the financial market, the riskless interest rate is determined by those assets which 
providing a risk-less return. In the financial market, the interest rate of US Treasury 
notes is generally recognized as the risk-free interest rate in the market. This is 
because the credibility of the US government is recognized by the market and there 
will be no default behavior. Hence, in this thesis, we will take the US 10-year treasury 
interest rate as the riskless interest rate. 
 
According to the data from US Department of the 10-year treasury from May 15 2020 
to May 15 2030 is 𝑟𝑠 equal to 0.625% with simple compounding, the document is in 
the Appendix 2. 
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For the later computation, we need the continuous compounding interest rate. The 
treasury notes pay interest on a semi-annual basis. The continuous compounding 
interest rate can be got by below equation 
 𝑟 = 𝑚𝑙𝑛(1 +

𝑟𝑠

𝑚) (4-5) 

Where the 𝑚 is the interest payment times in a year, hence, the continuous 
compounding interest rate is 0.624%. 
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4.3 The Asian option price by different Algorithms 

Now we have all the data we need. Hence, we can price the Asian option which is the 
derivative of the stock price of Apple.  
 
The price of the stock in the time period is starting at 116.79, and with 0 dividends 
paying. As mentioned above, the strike of the Asian option which we will price is 
117, and the maturity time is 3 months. The volatility of the stock Apple is 0.02803, 
and the riskless interest is 0.624% with continuous compounding. 
 
For the Algorithm 2: Arithmetic average algorithm to pricing an Asian call option by 
modified BSM model, we have the needed data in the below table. 
 
s0 116.79 
k 117 
t 0.25 
r 0.00624 
sigma 0.02803 
q 0 

 
Then, we got the price from Algorithm 2 is 0.0363$. 
 
For the Algorithm 4: Monte Carlo Method to pricing an Asian call option, we have 
we have the needed data in the below table. 
 
s0 116.79 
k 117 
r 0.00624 
T 0.25 
sigma 0.02803 
n 64 
N 10000 

 
Then, we got the price from Algorithm 4 is 0.3139$. 
 
Above tables are the Asian option prices which be got by two algorithms. 
From the result, we can find the price between the modified BSM model algorithm to 
other algorithms has a big difference, this proves the analytical solution or 
approaching boundary solution is different from the simulated solutions caused by the 
different realization ways. 



 31 

Summary 

In this thesis, we have constructed and realized the modified BSM model for pricing 
the Asian options algorithm, and the Monte Carlo method for pricing the Asian 
options algorithm. 
 
And in the last section, we did the pricing for the Asian option that we set upon the 
real data from the APPLE stock in the Nasdaq Stock Market, and obtained the price 
by each method and find the prices are different caused by the different realization 
ways for the different algorithms. 
 
Although options are currently one of the most popular and important financial 
instruments, there is still a lack of related Asian options products in some countries in 
the world. However, with the development of financial markets and the gradual 
increase of transactions in financial products by countries around the world, Asian 
options will usher in better development.  
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Appendix 1 

Apple’s stock from July 1 2020 to September 30 2020 
 
Date Open High Low Close 

2020/7/1 91.279999 91.839996 90.977501 91.027496 

2020/7/2 91.962502 92.6175 90.910004 91.027496 

2020/7/6 92.5 93.945 92.467499 93.462502 

2020/7/7 93.852501 94.654999 93.057503 93.172501 

2020/7/8 94.18 95.375 94.089996 95.342499 

2020/7/9 96.262497 96.317497 94.672501 95.752502 

2020/7/10 95.334999 95.980003 94.705002 95.919998 

2020/7/13 97.264999 99.955002 95.2575 95.477501 

2020/7/14 94.839996 97.254997 93.877502 97.057503 

2020/7/15 98.989998 99.247498 96.489998 97.724998 

2020/7/16 96.5625 97.404999 95.904999 96.522499 

2020/7/17 96.987503 97.147499 95.839996 96.327499 

2020/7/20 96.417503 98.5 96.0625 98.357498 

2020/7/21 99.172501 99.25 96.7425 97 

2020/7/22 96.692497 97.974998 96.602501 97.272499 

2020/7/23 96.997498 97.077499 92.010002 92.845001 

2020/7/24 90.987503 92.970001 89.144997 92.614998 

2020/7/27 93.709999 94.904999 93.480003 94.809998 

2020/7/28 94.3675 94.550003 93.247498 93.252502 

2020/7/29 93.75 95.230003 93.712502 95.040001 

2020/7/30 94.1875 96.297501 93.767502 96.190002 

2020/7/31 102.885002 106.415001 100.824997 106.260002 

2020/8/3 108.199997 111.637497 107.892502 108.9375 

2020/8/4 109.1325 110.790001 108.387497 109.665001 

2020/8/5 109.377502 110.392502 108.897499 110.0625 

2020/8/6 110.404999 114.412498 109.797501 113.902496 

2020/8/7 113.205002 113.675003 110.292503 111.112503 

2020/8/10 112.599998 113.775002 110 112.727501 

2020/8/11 111.970001 112.482498 109.107498 109.375 

2020/8/12 110.497498 113.275002 110.297501 113.010002 

2020/8/13 114.43 116.042503 113.927498 115.010002 

2020/8/14 114.830002 115 113.044998 114.907501 

2020/8/17 116.0625 116.087502 113.962502 114.607498 

2020/8/18 114.352501 116 114.0075 115.5625 

2020/8/19 115.982498 117.162498 115.610001 115.707497 
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2020/8/20 115.75 118.392502 115.732498 118.275002 

2020/8/21 119.262497 124.8675 119.25 124.370003 

2020/8/24 128.697495 128.785004 123.9375 125.857498 

2020/8/25 124.697502 125.18 123.052498 124.824997 

2020/8/26 126.18 126.9925 125.082497 126.522499 

2020/8/27 127.142502 127.485001 123.832497 125.010002 

2020/8/28 126.012497 126.442497 124.577499 124.807503 

2020/8/31 127.580002 131 126 129.039993 

2020/9/1 132.759995 134.800003 130.529999 134.179993 

2020/9/2 137.589996 137.979996 127 131.399994 

2020/9/3 126.910004 128.839996 120.5 120.879997 

2020/9/4 120.07 123.699997 110.889999 120.959999 

2020/9/8 113.949997 118.989998 112.68 112.82 

2020/9/9 117.260002 119.139999 115.260002 117.32 

2020/9/10 120.360001 120.5 112.5 113.489998 

2020/9/11 114.57 115.230003 110 112 

2020/9/14 114.720001 115.93 112.800003 115.360001 

2020/9/15 118.330002 118.830002 113.610001 115.540001 

2020/9/16 115.230003 116 112.040001 112.129997 

2020/9/17 109.720001 112.199997 108.709999 110.339996 

2020/9/18 110.400002 110.879997 106.089996 106.839996 

2020/9/21 104.540001 110.190002 103.099998 110.080002 

2020/9/22 112.68 112.860001 109.160004 111.809998 

2020/9/23 111.620003 112.110001 106.769997 107.120003 

2020/9/24 105.169998 110.25 105 108.220001 

2020/9/25 108.43 112.440002 107.669998 112.279999 

2020/9/28 115.010002 115.32 112.779999 114.959999 

2020/9/29 114.550003 115.309998 113.57 114.089996 

2020/9/30 113.790001 117.260002 113.620003 115.809998 
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Appendix 2 
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