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"In my work I always try to combine beauty with truth,
but when I have to choose between one or the other, I generally choose beauty"

Hermann Weyl
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Abstract

The main goal of this work is to develop a robust device modeling framework en-
compassing the unique physics found in Weyl semimetals, and to use this framework
to design and simulate the behaviour of new electrical devices. Weyl semimetals,
due to their unusual band structure (which is gapped except at some isolated
points, called Weyl nodes) have been shown to exhibit interesting properties such
as a huge magneto-resistance at cryogenic temperatures, and a set of different
transport mechanisms that arise from a unique phenomena called chiral anomaly.
Applications-wise, the focus of this work is on two possible device implementations:
a Weyl semimetal amplifier and an oscillator. These two device concepts are
designed to work under low power and cryogenic conditions, which make them
highly suitable for quantum-computing applications.

Concerning the oscillator, the work mainly focuses on the possibility of achieving a
coherent output field generation and the description of the working conditions that
are needed to fulfill that goal. The main components of the device concept are a
Weyl semimetal slab, coupled with a charge sensing device. The Weyl semimetal
slab is subjected to crossed magnetic and electric field: this condition is able to
produce an exotic trajectory for the electrons inside the slab, that translates into the
generation of an oscillating electric field. The charge sensing device, in its simplest
configuration, can be simply a standard transistor or, even better, a quantum dot.
The work on the amplifier is based on a device model consisting of a supercon-
ductive gating of a Weyl semimetal channel, and focuses on the understanding
and modelling of the underlying physics, in order to have a clear perspective of its
performance, compared to the existing competing technologies.

Most of the modeling work was performed within the MATLAB environment: for
specific simulations, such as the FEM solution of the 3D London equation for the
supercurrent density profile in the gate of the Weyl semimetal amplifier, ad-hoc
tools have been used.
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Chapter 1

Introduction

1.1 Brief history of Weyl semimetals

In 1929, the German mathematician Hermann Weyl came up with a simplification
of the recently proposed Dirac equation, which was the first successful attempt to
reconcile quantum mechanics with Einstein theory of special relativity. The Weyl
equation, in its general form, has the following expression [1]:

a0 =0 (1.1)

This equation describes relativistic massless fermions with a defined chirality. For
more than 80 years, neutrinos where believed to be Weyl fermions: it was only in
2015 that the Nobel laureates Takaaki Kajita and Arthur McDonald demonstrated
that neutrinos have mass [2]. Currently there are no fundamentals particle that
can embody the concept of Weyl fermions [3]. They are instead conceived as
quasi-particles associated to low-energy excitations that can carry electrical charge
in some specific solid crystals: this class of topological materials is called Weyl
semimetals.

The first experimentally discovered WSM was TaAs, by angle-resolved photoemis-
sion spectroscopy, in 2015 [4]. At the moment there are several other families of
materials that have been reported to carry Weyl fermions, such as CdzAss, CoSi,
MoTe,, NbP, TaP, WP, and other more [5][6][7].
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Figure 1.1: Crystal structure and bulk band structure of the WSM family of
TaAs compound (top panels). The bottom panels report the bulk band structure
along some high symmetry lines (with and without SOC) on the left and the energy
dispersion across a pair of Weyl points in the right panels. Taken from [8].
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1.2 Topological phases of matter

The different properties of materials are supposed to come from the different
ways in which atoms are organized; however, the standard classification into
solid, liquid and gas is too simplistic to explain some particular phenomena that
arise in nature. A more advanced classification was proposed by Lev Landau [9]:
his symmetry-breaking theory provides a general understanding of the different
phases in which materials organize themselves. He pointed out that, as a material
undergoes a phase transition, the symmetry of the organization of atoms changes
and that transition can be described by means of an order parameter [10]. Landau
symmetry-breaking theory has been believed for a long time to be capable of
describing all possible orders in materials, and all possible phase transitions, but it
is still incomplete. There are in fact materials which have the same symmetry, but
are distinct because of topology: a classic example are the so-called topological
insulators [11]. Topology is a mathematical concept that is adapted to describe
to the fact that certain materials properties remain invariant under continuous
deformation such as stretching, bending or twisting.

1.2.1 Topological insulators

Classical insulators are materials in which the ensembles of valence bands are
separated from the conduction bands by an energy gap near the Fermi level.
Topological insulators instead have a non-trivial topology of the bands, i.e not all
insulating phases are equal to each other. The presence of topological order in
insulating materials leads to characteristic effects, the most relevant is the existence
of gapless surface states [11]. Despite the energy gap in the band structure, the
surface of a topological insulator has a metallic behaviour [11] (Fig. 1.2).

E

Bulk
Conduction

Band
Surface

States

Bulk
Valence
Band

Figure 1.2: Band structure of a topological insulator: the Fermi level lies within
the band gap, which is traversed by topologically-protected surface states.
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These surface states, though, are not exactly like any other surface state: they
are said to be topologically protected, which means that they are robust against
any local perturbations that can break all the symmetries [12].

1.2.2 Weyl and Dirac semimetals

The materials that show this peculiar topology are found to be materials with
strongly spin-orbit coupling!. The SOC produces an effect that is called band
inversion that may give rise to two different phases: the before mentioned topological
insulators or the Weyl-Dirac semimetals (Fig. 1.3). In this last phase, electrons
mimic Weyl fermions and inherit many of their unique properties [13] (see Ch.
2.1.1).

(a)
TI
—>

815

Band inversion

5

Figure 1.3: Topological insulator and Weyl or Dirac semimetal. The topology
of both a TT and a WSM/DSM originates from similar inverted band structure.
(a) The spin-orbit coupling opens a full gap after the band inversion, giving rise
to metallic surface states on the surface of a TI. (b) In a WSM/DSM, the bulk
bands are gapped by SOC in the momentum space except at some isolated linearly
crossing points, called Weyl points/Dirac points, as a 3D analogue of graphene.
Taken from [8].

1SOC describes a weak magnetic interaction of the electrons spin with their orbital motion; it
is a relativistic effect which is responsible for many different aspects of the atomic structure.

5
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In these materials the energy band, in specific momentum space regions, would
obey Dirac or Weyl equation, with linear energy band dispersion [8]. What’s more,
this dispersion relationship can be topologically protected, which means that the
linearity would be preserved as long as the system symmetry is not broken.

For sake of clarity, in Fig. 1.4 are sketched the signature features of band diagrams
of different kinds of materials.

(a) (b) (©) y (@) (e) ® (®

GaAs, InAs Si, Ge Bi,Se; Multilayergraphene Bi Cd3As,, TaAs NbP

Figure 1.4: (a) Direct bandgap semiconductor. (b) Indirect bandgap semiconduc-
tor. (c) Topological insulator. (d) Semimetal with valance band and conduction
band touching. (e) Semimetal with valance band and conduction band overlapping
in different momentum point. (f) Topological semimetal with linear energy disper-
sion in the bulk. (g) Topological semimetal with additional hole pocket near the
Weyl point. Taken from [14].
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1.3 Properties of Weyl semimetals

The non-trivial topology of Weyl semimetals leads to many different transport
mechanisms; all of them are in some way related to a characteristic effect which
consists in an apparent violation of charge conservation, known as chiral anomaly.
The most important mechanisms are the following [14]:

1. Shubnikov-de Haas oscillations;
2. Fermi arcs transport;

3. Non-local transport;

4. Thermoelectric transport.

The chiral anomaly is a peculiar effect of WSMs, that arises when a magnetic field
is applied, thus generating Landau levels? in the energy bands. The dispersion
relation can be expressed as [13]:

€n = UR sign(n)\/thnqu +(E-B)?, n=0,12, .. (1.2)

Where v is the Fermi velocity, & is the reduced Plank constant, ¢ is the electron
charge and F, B are the applied electric and magnetic fields.

Figure 1.5: Landau levels splitting induced across a couple of Weyl points: the
red and blue lines represent the 0°* LL of each node (linearly dispersing).

2LLs are the results of the quantization of the orbits of charged particles when subjected to a
magnetic field.
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Eq. 1.2 demonstrates that if an electric field is applied parallel to the magnetic
field (i.e. the E - B term is not vanishing), a charge imbalance is induced between
Weyl nodes, thus generating the chiral anomaly effect. The charge imbalance
induced by the F - B term requires large momentum scattering process to relax
[14]: a longitudinal current associated with chiral anomaly effect is generated,
translating into a negative magnetoresistance. NMR should gradually disappear
when the direction of the magnetic field deviates from the electric field direction,
which is confirmed by the angle-dependent experiment reported in Fig. 1.6 (right
panel).

The chiral anomaly-induced NMR was firstly observed in Big¢75bg 03 crystal [15],
which is identified as Dirac semimetal (the Weyl nodes are degenerate): when an
external magnetic field is applied, the degeneracy is removed by splitting the single
Dirac point into two separate Weyl nodes along the magnetic field direction and
thus a Dirac semimetal is formally transformed into a Weyl semimetal.

Figure 1.6: Left panel: the Dirac cone shift under external magnetic field. Central
panel: the chiral anomaly effect. Right panel: the angle dependent experiment of
magnetotransport. Taken from [15].

Shubnikov-de Haas oscillation is a transport mechanism which is usually the
one that is detected in transport experiments to confirm the unusual phase in
materials whose energy band satisfies linear energy dispersion, like those in Weyl
semimetal near the Weyl nodes. SdH oscillation is again related to the Landau
quantization of electronic states when subjected to high magnetic field. Under this
condition, the magnetoresistance is reported to oscillate with a period depending
on the inverse of the applied field [15]. The oscillations are due to the Fermi level
which periodically crosses one and subsequent Landau level. Associated with the
SdH oscillations, a huge magnetoresistance can be observed when the magnetic field
is perpendicular to the driven current: these high values of MR (above 4 million %
at 2 K [16]) are ascribed to a protection mechanism that significantly suppresses
back-scattering at zero magnetic field, resulting in a high mobility and a transport

8
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lifetime times longer than the usual quantum lifetime. By removing this protection
with the application of a magnetic field, the magnetoresistance naturally rises, with
a quasi-parabolic behaviour (Fig. 1.7, left panel). However, the reason why this
protection mechanism exists and why the shift of F'S in momentum (i.e. the LL
splitting due to the applied field) could lift the protection remains questionable; up
to the present moment, the mechanism of large MR in topological semimetals still
remains an open question [17].

ﬁ AM&MMAA“ AAAAA

A~

0.08 0.10 0.12 0.14 0.16
(

W=

Figure 1.7: On the left: field dependence of the resistance of bulk MoTe; measured
at ambient pressure. On the right: the corresponding SdH oscillations. Taken from
[15].

The Fermi arcs transport is a particularly interesting mechanism since it is the
only one of the before mentioned that is related to the topological nature of WSMs.
The actual transport mechanism is called anomalous quantum oscillations and it is
usually very difficult to isolate from bulk contribution [18]. When a magnetic field
is applied perpendicular to the surface of a Weyl semimetal, it is able to produce
a cyclotron orbit in which electrons slide along a Fermi-arc on the top surface,
transfers to the bulk chiral LL mode of the node on which they propagate to the
bottom surface, traverse the bottom Fermi-arc and return to the top surface via
the mode with the opposite chirality [18]. This mechanism will be the starting
point for the analysis of coherent field generation (Ch. 3); a detailed explanation
of the Fermi arcs formation is reported in Ch. 2.2.

1.3.1 Type-I and Type-II Weyl semimetal

The first discovered family of WSMs (TaAs family [4]) exhibits ideal Weyl cones
in the bulk band structure, with the FS that shrinks to a point at the Weyl node;

9
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such kind of behaviour makes the TaAs family a type-I Weyl semimetal [8]. It
can happen that the constant energy surfaces are open rather than closed and the
resulting constant energy surfaces are electron and hole pockets. This second class
of WSMs, which share the same topological and electronic behaviour of the first
one, is called type-II WSMs. They are expected to support a variant of the chiral
anomaly effect, that arises when the magnetic field direction is well aligned with
the tilt direction, having a density of states different than the usual form, and
possess novel quantum oscillations and anomalous Hall conductivity® [19]. The
most relevant compounds belonging to this class are MoTey, WTey and WPy [5].

kx

Figure 1.8: Type-I WSM with point-like Fermi surface at the Weyl node (left
panel). Type-II WSM with electron and hole pockets (right panel). Taken from

19].

0.055 — -

| ] wP2 [

0.05 | -

/\ 0.045 - L
T

K K'

E(eV)

-0.5

Figure 1.9: Band structure of WTe, (type-II), with and without SOC (left and
center panels, respectively). Couple of Weyl points in the Brillouin zone (right
panel). Taken from [19].

3The Hall effect is a phenomena that consists in the generation of a voltage difference across
an electrical conductor due to the Lorentz force induced by an applied magnetic field. The Hall
conductivity is therefore related to the transverse magnetoresistance.

10
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1.4 Motivation and purposes

It is already clear that Weyl semimetals exhibit extremely interesting and unique
transport and material properties. With this work, the intention is to show a
path towards the utilization of these properties in electronic devices with impact
in real-world applications. In particular, two main device concept will be deeply
analysed:

1. First, an in-depth study on some particular aspects of the physics of Weyl
fermions will be deepened, highlighting the possibility of exploiting a peculiar
helical trajectory for the generation of a coherent oscillating field. This can
represent the starting point for developing an RF oscillator, optimized to work
at low temperatures and capable of delivering a very stable and controllable
output field;

2. The second concept that will be presented is a device model of a Weyl semimetal
cryogenic amplifier, which will be shown to exhibits significantly high gain
with an improvement in the power consumption, thanks to its specific design
and the enabling features of WSMs. The proposed design is intended to be a
possible replacement for CMOS and HEMT technologies, which at the present
moment are the only ones that are capable to work at very low temperatures
[20][21].

Both the proposal are intended as possible solutions for state of the art quantum
computers: the actual technology of qubits requires in fact both a good amplification
(since the output signal is generally very low), and an RF signal to control and
switch the qubit itself [20]. Moreover, quantum computers require extremely high
performance in terms of bandwidth and noise, in order to ensure accuracy and
speed in the control of the qubits and also to not disturb the quantum state of the
qubit. The system integration of the proposed devices can allow for a significant
reduction of the complex interconnections between the cryogenic chamber and
the room-temperature electronics. This translates into an enhanced reliability,
which is obviously needed in the creation of practical quantum computers [21].
The cryogenic devices are also needed in other areas, such as space applications or
high-energy physics experiments, where extremely low noise is essential.
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Courtesy of IBM.
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Chapter 2

Physics of the Weyl
semimetals

2.1 Weyl theory

Before actually getting to the description and characterization of the proposed
devices, an overview of the relevant aspects of Weyl physics is presented, in order
to get acquainted with the peculiarities of WSMs that allow for the developing of
possible applications. The starting point of this description is obviously the Weyl
equation.

The Weyl equation is a simpler form of the Dirac equation, which was first written
in 1928 as a relativistic equation for a fermion field; however, when Dirac talked
about fermion, he had primarily electrons in mind [22] (the title of the article in
which he proposed his equation is in fact "The Quantum Theory of the Electron”).
Electrons are particles with well-defined mass and charge, so when Weyl showed
that for massless fermions, a simpler equation would suffice, it was clear that the
Weyl fermions were not electrons. In 1930, Pauli proposed the neutrino to explain
the continuous energy spectrum of electrons coming out in beta decay; the neutrinos
had to be uncharged because of charge conservation, and they seemed to have
vanishing mass from the analysis of beta decay data. It was therefore conjectured
that the neutrinos are massless and consequently it made sense that they were
Weyl fermions, whose properties could be described by Weyl theory. However, at
the beginning of 1960s, the consequences of small but non-zero neutrino masses
started to be considered, in order to detect them: if neutrinos have mass, they
cannot be Weyl fermions; so what are Weyl fermions?
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2.1.1 Weyl fermions

Weyl fermions are massless chiral fermions that embody the mathematical concept of
a Weyl spinor and they can be realized as quasi particles in a low-energy condensed
matter system [23]. The materials that exhibit this kind of excitation are called
Weyl semimetals. In order to understand the physics that is required to describe
the behaviour of the Weyl fermions, it is useful to start by the description of the
Weyl equation itself. In its compact form, the Weyl equation has the expression
reported in Eq. 1.1, where the o matrices are the Pauli matrices (Eq. 2.1).

S O ) B

The plane-wave solutions of this equation are the so-called Weyl spinors:

pr—Et

P(r,t) =xe 7 (2.2)

Where p, r are respectively the momentum and position operators, ¢ is the time
and F is the eigenenergy. The term y is a two component spinor, so the Weyl
equation can be factorized in two coupled equations that take the form:

{(E ~Iplyr =0 2.3

(E + ]p|)2/12 =0

It is possible to show how the solutions of Eq. 2.3 are the eigenstates of the helicity
operator [24], which represents a crucial quantity for the understanding of the
behaviour of Weyl fermions. In its general definition, the helicity of a particle is
the projection of the spin onto the direction of momentum: a particle is said to be
right-handed if the direction of its spin is the same as the direction of its motion
and left-handed if it is the opposite.

Right-handed: Left-handed:

¢ - o

Figure 2.1: Graphical representation of the helicity of a moving particle.
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So far, it was established that, in the massless limit, the fundamental fermion
states are eigenstates of the helicity operator. For a massless particle with half-
integer spin, the helicity operator is equivalent to the chiral operator!. By means
of the chirality concept, we can obtain the Hamiltonian of the fermions by writing
the Weyl equation as follows [3]:

0
iha = xp¥ (2.4)

With x = +1 being the chirality. Then, the Hamiltoninan can be expressed as [3]:

H(k) = yhvpk (2.5)

From which we can observe the linear dispersion that in fact characterizes the band
structure of WSMs. Also, given the 3D nature of the wavevector, there is no way
to gap out the system: even adding a perturbation term H (k) would only shift in
the momentum space the position of the Weyl nodes. The geometric localization
of the Weyl nodes can be visualized by explicitly separating the components of the
Hamiltonian:

H(k) = fo(k)I+ fi(k)os + fa(k)oy, + f3(k)o- (2.6)

Where I is the identity matrix and the f functions are complex envelopes that
carry the dependence of the Hamiltonian on the wavevector [3]. If we consider the
situation where f;(k) vanishes in momentum space we would end up with a 2D
surface that separates positive and negative values of the function. If we demand
also fa(k) and f3(k) to be simultaneously zero, this specifies the intersection of
three independent surfaces, which will occur at a point, namely a Weyl node. By
adding a perturbation that changes the three functions by a small amount, this
will also displace the zero surfaces and their intersections by a small amount, but
the intersection will persist, just at a different crystal momentum [3]. This is the
remarkable protection mechanism that distinguishes WSMs from 2D materials with
analogue linear dispersion (such as graphene [25]).

IMassless particles appear to spin in the same direction along their axis of motion regardless
of the point of view of the observer.
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2.2 Fermi arcs

Now that we have understood the fundamental nature of Weyl fermions, we want
to address a simple yet comprehensive explanation of the band structure of Weyl
semimetals. WSMs are in fact characterized by a peculiar band structure that
closes at isolated points in the Brillouin zone: these points are called Weyl nodes.
At a spatial surface, the bulk band topology produces unusual surface states (Fermi
arcs), whose Fermi surface consists of disjoint arc segments that connect surface
projection of Weyl nodes with opposite chirality [13].

Figure 2.2: Weyl semimetal slab with a pair of Weyl nodes of opposite chirality;
the surface has unusual Fermi arc states that connect the projections of the Weyl
points on the surface. Taken from [13].

These surface states are said to be topologically protected since they do not
vanish if the surface of the WSM is in contact with an other material or if the surface
is peeled-off: this protection comes from the fact that WSMs are 3D material,
as it can be seen by the corresponding Hamiltonian (Eq. 2.5). The Fermi arcs
are different from the Fermi surface of a TI, an ordinary insulator or a normal
metal, which are commonly a closed loop: therefore, the detection of Fermi arc
surface states offer a strong evidence to identify a WSM. This is usually performed
by means of a surface-sensitive characterization technique, such as angle-resolved
photoemission spectroscopy or scanning tunnel microscope [26].
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Figure 2.3: Fermi arcs of TaP from ARPES (left panel) and theoretical calculations
(right panel): the two results agree very well. Taken from [8].

2.2.1 Weyl nodes

In order to clearly understand why this particular surface states arise, we need
to better define the concept of Weyl nodes (or Weyl points). In solid-state band
structures, Weyl fermions exist as low-energy excitations of the Weyl semimetal,
in which bands disperse linearly in three-dimensional momentum space through
a node which is called Weyl point. The quantity that is used to characterize the
topological entanglement between conduction and valence bands is called Berry
curvature, which is equivalent to a magnetic field in the momentum space. The
Berry curvature becomes singular at the Weyl points, that act as monopoles in the
momentum space with a fixed chirality. Therefore, a Weyl point can be a source
(x = +1) or a sink (y = —1) of the Berry curvature (see Fig. 2.2).

The relationship between chirality and Berry curvature can be expressed as follows
[13]:

Y= 21 ﬁ _FdS(k) (2.7)

™

Where F(k) is the Berry curvature (or Chern flux). Since the total magnetic charge
in a band structure should be zero [27], it is immediate to verify that there must
be as many nodes with positive chirality as the negative ones, that is why the Weyl
points always appear in pairs. Moreover, the fact that the Weyl nodes are chiral
and are monopoles of magnetic flux is what generates the previously introduced
chiral anomaly. In simple words, the number of quasi-particles around Weyl nodes
of fixed chirality is not conserved in the presence of parallel electric and magnetic
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fields, which are able to pump charge between Weyl nodes of opposite chiralities
(Fig. 2.4).

Figure 2.4: Charge pumping between Weyl nodes in parallel electric and magnetic
fields; each point in the dispersion is a Landau level (taken from [13]).

Now that we have understood the physical origin of Fermi arcs and how they are
related to the position of the Weyl nodes in the momentum space, we can proceed
with a detailed description of the anomalous quantum oscillations, which are the
signature effect of the topological nature of Fermi arcs.

The analysis of this mechanism and how it can be exploited for actual applications
will be delivered in Ch. 3.
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Chapter 3

Coherent field generation by
Weyl fermions

3.1 Cyclotron orbits in Weyl semimetals

The possibility of achieving a coherent generation of an oscillating field from a WSM
relies on the unusual closed magnetic orbits that are observed in these materials
[28]. Despite Fermi arcs being disjoint, when an external magnetic field is applied,
the electrons are able to travel from surface to surface thanks to the presence of
the so-called Landau levels [18]. This mechanism is the foundation of the work
presented in this chapter, which aim to exploit the unique thickness-dependence of
the orbit time to produce a controlled, coherent electromagnetic field.

Figure 3.1: Cyclotron orbit of the electron in the hybrid space. Adapted from
[18].
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The description of the behaviour of electrons inside a WSM when subjected to
a magnetic field will be carried out as follows:

1. First, a semi-classical picture of the 2D trajectory of a single electron will be
presented, highlighting the signature dependence of the orbit time on the slab
thickness;

2. Then, it will be reported an overview of a simple quantum model that provides
a comprehensive description of the actual magnetic orbits of the electrons;

3. Lastly, an elliptical approximation of the 2D trajectory is introduced, in order
to obtain a semi-classical equation of motion, which will be expanded with
the addition of the drifting component, due to the application of an electric
field perpendicular to the magnetic one.

The field generated by the resulting 3D trajectory will be further analysed, starting
from a single-electron model and then moving to a more complete framework in
which the effect of more than one electron in the conductive slab is considered. In
particular, it will be presented a coherency condition which is required in order to
have the electrons moving in phase, thus producing constructive interference and
keeping the signature thickness-dependence of the frequency of the generated field.
A detailed description of the relationship between the quantities involved will be
presented, focusing on the degree of freedom that we have when designing a proper
experimental setup for the generation of the oscillating output field.

3.1.1 Semi-classical model

As previously stated, it is well established that applying a uniform magnetic field
along a direction perpendicular to the longitudinal axe! of a WSM slab forces the
electrons to move along a cyclotronic orbit [18]. In the semi-classical framework,
this motion is described with an orbit time defined as reported in Eq. 3.1.

2L, + 2ky - lg(B)?
torbit(B) - UO B( )
F

In Eq. 3.1, L, is the slab thickness and kg is the rest length of the Fermi arcs.
The magnitude of the magnetic field affects the orbit time through the quantity (g
(magnetic length), which is defined in Eq. 3.2.

(3.1)

Ip =] — (3.2)

IThe axes frame of reference will follow the notation of Fig. 3.1, unless otherwise specified.
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Eq. 3.1 assumes that the electrons are travelling at fixed velocity (the Fermi
velocity, vr), along closed rectangular loops, whose dimensions are respectively the
thickness of the WSM slab and the real space projection of the Fermi arcs. It is
worth noticing how the topological protection of the surface states (the Fermi arcs)
forces the electrons to travel always from surface to surface, no matter what is the
magnetic field applied. This is a key feature that distinguishes the WSMs from
classic metals and allows for the possibility of achieving a coherent field generation
[29].

However, the semi-classical approximation does not completely hold since the
actual trajectory is not an ideal rectangle (it is pierced at the corners). A more
complete way to model the trajectory is through a proper quantum description of
the cyclotron motion: Ch. 3.1.2 and 3.1.3 will be dedicated to this topic.

3.1.2 Quantum model: two-band Hamiltonian

The semi-classical model used in the introduction of this chapter works well as a
preliminary description of the ideal behaviour of the trajectory of the electrons in
the 2D cross-section and gives an immediate idea of the frequency of the output
field through the orbit-time. In order to have a more detailed description of the
cyclotron orbit, we will exploit a quantum mechanical model for the oscillations.
The starting point of this analysis consists in the description of the Landau splitting
of the energy bands when subjected to an external magnetic field (as previously
stated, the LLs are the "conveyor belt" that joins together the top and bottom
Fermi arcs). The model used for the quantum description of the trajectory exploits
a two band Hamiltonian that can be written as follows [30]:

H = A(ky0, + kyo,) + Mo, (3.3)

Where the o matrices are the Pauli matrices, k;, k, and k, are the three compo-
nent of the electrons wave-vector, A is the vector potential and M, is defined as:
My = M (k2 — k?), with M being a model parameter.

The dispersion of the two energy bands can be simply written as:

E =% \/M? + A2(k2 + k2) (3.4)

In Fig. 3.2 it is shown the model band structure: it describes a couple of Weyl
nodes located at (0,0,%kq).
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Figure 3.2: Energy dispersion of the model Hamiltonian of a WSM slab along
the (0, 0, k) orientation.

The set of parameters used to obtain Fig. 3.2 are:

A=1025¢eV
ko =1nm™!
Ly2 =40 nm

M = 0.25 eV /nm?

The next step is devoted to highlight the presence of the characteristics of Fermi
arc surface states (at k, = 0 = k, they collapse in the Weyl nodes). Since the
WSM slab with has a finite thickness L,, the wave-vector component k, should
be viewed as an operator in the Hamiltonian. The electronic eigen-solution of the
WSM slab is reported in Fig. 3.3.

2In this chapter the frame of reference is different with respect to the one reported in Fig.
3.1. The slab has an infinite width L, (to avoid dealing with boundary conditions) and a finite
thickness L,. This choice is made since the orbital motion is purely 2D, so we do not need a
third component.
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Figure 3.3: Energy dispersion of the model Hamiltonian of a WSM slab as a

function of k, (3.3a) and k, (3.3b), for k, € [0,2ko]; the red lines represents surface
Fermi arcs.

We can notice how, by sweeping the y component of the electrons wave-vector,
the presence of the Fermi arcs is highlighted. Within the present two-band model,
the surface states have linear dispersion with respect to k., but independent of k,
(Eq. 3.5).

Eare = +Ak, (3.5)

The plus/minus sign means that the surface states are chiral in the sense that they
support only one-way, opposite propagating modes.

This structure of the WSM slab is obviously modified in the presence of a vertical
magnetic field, which is the enabling feature for the the cyclotron motion of the
electronic wave packet, through the LLs. The electronic band structure of bulk
WSMs described by Eq. 3.3 can be analytically solved, but the process is not
trivial; here for simplicity we only report the obtained results (Fig. 3.4, see [31] for
the mathematical steps involved).
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Figure 3.4: Landau levels of the WSM slab in a perpendicular magnetic field
(B, =0.1T) at k, =0 = k,; the 0" Landau levels are highlighted in red. Taken
from [31].

3.1.3 Quantum trajectory

Once it is established how the energy dispersion of the WSM slab modifies when
subjected to a perpendicular magnetic field, it is possible to evaluate the quantum
trajectory of an electronic wave-packet. The whole derivation is reported in [30];
in the following only the key steps will be highlighted, together with the final results.

The time-zero wave-function is defined as:

\Ij(kxv Y, 2, t = 0) = g(km)w(o) (36)

Where g(k,) is a Gaussian component that is not affected by the applied field and
1 (0) is the product of another Gaussian propagator (along the z direction this
time) with the topological surface state of the WSM in absence of magnetic field.
The electronic wave-function at an arbitrary later time ¢ can be obtained by adding
an exponential time propagator, and it has the following expression:

U(ky,y, 2,t) = e % W(ky,y, 2, = 0) (3.7)
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The position expectation values of the x and y components of the motion is then

expressed as:

Whose behaviour is shown in Fig. 3.5.
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Figure 3.5: Electronic coordinate expectation value as a function of time. Adapted
from [30].

Fig. 3.5a shows how the electronic wave-packet oscillates periodically between
+kol%, which in the momentum space means a periodic motion between the two
Weyl nodes along the Fermi arc. By looking at Fig. 3.5b it is possible to see how
in the y direction the electronic wave-packet transmits through the bulk to the
opposite surface whenever it arrives at a Weyl node. By combining the two results
together, we can obtain a graphical representation of the actual 2D trajectory of
an electron inside a WSM slab.
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The resulting behaviour is shown in Fig. 3.6.
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Figure 3.6: Cyclotron orbit of the initial electronic wave packet as given by Eq.
3.6 in a vertical magnetic field. Blue arrows indicate the motion direction of the
electronic wave packet along the cyclotron orbit. Adapted from [30].

Notice that the y coordinate is expressed in nanometers, while the x coordinate is
normalized to the length of the Fermi arcs in the real space. We can see that the
actual trajectory is not different from the purely rectangular motion described by
the semi-classical model.

3.1.4 Elliptical approximation

The 2D quantum trajectory gives us an exact representation of the motion of an
electronic wave-packet in a WSM when subjected to a magnetic field. However, this
solution is difficult to handle and to exploit for further calculations. To overcome
this problem, we propose an approximation that is able to merge together the
information provided by both the semi-classical and the quantum models. The
trajectory in fact can be well approximated by an ellipse in the (y, z)? plane.

3We switch back to the frame of reference of Fig. 3.1.
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The equation of motion of the y and z components is reported in Eq. 3.9.

{y(t) =a(B) - cos(w(t —to) — 90) — Y (3.9)

z2(t)=b- sin(w(t —tp) — 00>

Where w is the orbit frequency, a(B) and b are respectively the major and mi-
nor semi-axes of the ellipse and ¢y, 6y and y, are parameters introduced to model
the noise effects (a complete description of the noise model is reported in Ch. 3.3.2).

The resulting trajectory is reported in Fig. 3.7.
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Figure 3.7: Superposition of the elliptical approximation of the trajectory with
the one obtained with the quantum model.

The elliptical approximation agrees quite well with the quantum trajectory
and offers an analytical formulation of the equation of motion. This will enable
the possibility to achieve a rather simple, close-form expression of the coherency
condition, as reported in Ch. 3.3.
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3.2 3D trajectory: the drift effect

The main problem of 2D quantum oscillations is that they are difficult to detect. In
particular, depending on the doping level, the geometry of the slab and the value of
the applied field, there can be a destructive effect coming from bulk oscillations, that
makes the surface ones very hard to measure [18]. In order to overcome this problem,
the effect of an electric field applied perpendicular to the magnetic one is considered.

It is reasonable to predict that, if we inject electrons in the WSM slab by applying
an electric field perpendicular to the (y,z) plane (the axis orientation follows the
notation used in Fig. 3.1), the electrons will move on an helical path, thus tunneling
from a couple of Weyl nodes to the next ones (the levels are discrete), while keeping
their orbital motion. In this way we are forcing a population imbalance that drives
an electron flow that, given its exotic trajectory, will produce an oscillating field in
the time domain. The classical experimental techniques aimed at the detection of
quantum oscillations usually report the oscillating behaviour of the resistivity (or
some other detectable quantity that depends on the density of states) with respect
to the inverse of the applied magnetic field. The working principle is the following:
the variation of the external magnetic field causes the Landau levels to periodically
cross the Fermi surface, which results in oscillations of the density of states at the
Fermi level (Fig. 3.8).
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Figure 3.8: Density of states as a function of the inverse magnetic field (normal-
ized), for a Weyl semimetal slab of thickness L, = 63 nm. Taken from [18].
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3.2.1 Single-electron field

In Fig. 3.9 is reported a schematic of the motion of one electron in a WSM when
subjected to crossed magnetic and electric filed. The 2D trajectory is evaluated
according to the elliptical approximation described by Eq. 3.9. The drifting
component of the motion (the one ascribed to the electric field) is described by the
following expression:

L n 1
2(t) = —7)( Yo vect(t — ity — 5) Eaige(B) - (t — ita) (3.10)
=1

Where L, is the length of the WSM slab, p is the electron mobility, ¢, is the drift
time, Eg.5 is the applied drift field and n is the average number of electrons in
the channel. The complete expression of the equation of motion is reported in Eq.
3.11; the point P(Xp,Yp, Zp) is the sensing point.

r(t) = [Xp — 2(t)]° + [Yp — y(0)]® + [Zp — 2()? - i, (3.11)

The resulting trajectory is depicted in Fig. 3.9.
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Figure 3.9: Schematics of the motion of a single electron inside the WSM.
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For the evaluation of the field produced by a particle that moves in this way, it
is possible to use the simple non-relativistic expression, since the electrons move at
the Fermi velocity, which is orders of magnitude lower than the light velocity [18]
(Eq. 3.12).

q
E(r) = pr— 2 (3.12)

Where € is the electric permittivity of vacuum and r(t) is the previously reported
equation of motion.

The field generated in P by a single particle moving according to Eq. 3.11 is
reported in Fig. 3.10.
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Figure 3.10: Superposition of the field generated by a linear drift and the the
total output field generated by a single electron moving across the WSM.

In Fig. 3.10, it is also highlighted the drift contribution to the total field. i.e
the field that would be produced by an electron moving across the slab along a
linear path, without oscillations. We can notice that the exotic trajectory of the
electrons is able, according to the performed simulation, to generate an electric
field which oscillates with period equal to the orbit time.
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3.3 Coherency conditions

Up till now, it was only considered the case where there is one electron flowing
inside the channel, which is not what happens in real materials where we usually
have more than one electron per time flowing inside the WSM slab. The question
that we need to address now is what happens to the output field when we have n
electrons inside the channel.

In order to accomplish this task, we enforce the following assumptions:

1. First, as already discussed, the motion of the electrons in the cross-section is
supposed to be perfectly elliptical;

2. The injection of electrons is restricted only to a superficial contact area, with
perfectly ohmic contacts;

3. The injection position of the electrons may vary randomly, thus introducing a
phase delay (noise).

The average number of electrons flowing inside the WSM slab depends on different
parameters like the dimensions of the slab, the material properties and also the
applied drift field which is responsible for the current inside the WSM. In the
following section, it will be described how it is possible to select a value of the applied
field that is able to produce a coherent output field, at steady-state condition (i.e.
for every electron that is collected at the end of the slab, one electron is injected).

3.3.1 Steady-state behaviour

By looking again at Fig. 3.9 it is possible to predict that the condition that is
able to produce a coherent output is the one where we have the electrons inside
the channel equally spaced (approximately one electron per ring), oscillating in
phase. This condition, that seems very strict at the beginning, can be achieved
quite easily just by selecting a proper value for the applied electric field. This is
made possible by the fact that, since the contacts are perfectly ohmic, and the
channel itself is made by a semimetal that, by definition, does not offer a potential
barrier to overcome, the electrons are strongly correlated, i.e. they tend to minimize
the reciprocal repulsion by arranging themselves in an equally spaced condition.
Given the finite length of the slab, the current that must be set in order to have
an average number of electrons in the channel that matches the ratio between drift
time and orbit time is the following:

(3.13)
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Which means that the applied electric field can be expressed as:

quF
2L.+2ko- 1% (B)

L,L

Egipt(B,T) = - (3.14)
Z1+MR(B,T)
Where MR(B, T) is the magnetoresistance, whose modeling represents a key aspect

for the Weyl semimetal amplifier (Ch. 4) and oy is the zero-field conductivity.

Now it is possible to substitute in Eq. 3.12 both the expressions of r(¢) and Eg.;f
(Eq. 3.11 and 3.14), thus obtaining the complete expression that was used to
evaluate the coherent field generated by the current flowing inside the WSM slab
(Eq. 3.15).

L, - . 1 NE
Ep(t) = 47360 { [Xp + o erect(t — ity — §)Edm-ft(B) (t— th)] +
i=1

Yo — a(B) - cos(w(t — to) — by) — yor 4 [Zp b sin(w(t — t) — 90)]2 R

(3.15)
The behaviour of the generated output field is shown in Fig. 3.11.
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Figure 3.11: Total electric field in P(Xp, Yp, Zp).

Notice how at each dashed line an electron is injected, until the steady-state
regime is reached. The small de-phasing between the single electron fields is due to
thermal noise.
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3.3.2 Quantum noise

As previously stated, the strong correlation between the electron translate into
a shot noise suppression: the only relevant contribution to noise is the thermal
noise*, whose power spectral density can be evaluated as reported in Eq. 3.16.

4kgT
R

In Eq. 3.16, kp is the Boltzmann constant, T" is the average temperature and R is
the WSM resistance. It follows that the noise contribution to the drift current is
given by:

Py, = (3.16)

0o LyLz
1+ MR(B,T) L,
Since thermal noise is a statistic effect, in order to properly analyze its impact on

the coherency of the output, a Monte Carlo analysis of the behaviour of the device
was performed. The obtained results are reported in Fig. 3.12.

Iy, = \/4KBT (3.17)
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Figure 3.12: Monte Carlo analysis of the steady-state field produced at T'= 2 K,
B =1.5T. The blue line represents the average field.

4The validation of this sentence and the derivation of Eq. 3.16 and 3.17 are delivered in
Appendix B.

34



Coherent field generation by Weyl fermions

It is clear that, at this conditions, the thermal noise has an almost negligible
impact on the performance of the device. However, the previously shown simula-
tions were performed at cryogenic temperature (which are the standard working
conditions for this kind of detection [32]), so it may be reasonable to predict that
at room temperature even thermal noise can cause a severe de-phasing of the single
electron contributions.

In Fig. 3.13 is reported the behaviour of the simulated device at room temperature.
It is possible to see how there are almost no changes with respect to Fig. 3.12. This
is due to the fact that the magnitude of the thermal current is rather small (fractions
of pA), but also because the current density inside the WSM is considerably high.

2100
2000

1900

T

1800

kV/m

T

1700

/
b/
b
i

1600

-

1500

Electric field, [E]

1400 §

1300 &

1200 F

1100 ; ! ; '

Time, [t] = ps
Figure 3.13: Monte Carlo analysis of the field produced at T'= 300 K, B=15T.
If we perform the same simulation at lower magnetic field the situation is
considerably different. In this case, at room temperature the magnitude of the

noise becomes comparable to the magnitude of the current itself, resulting in a
damping of the amplitude of the output field (Fig. 3.14).
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Figure 3.14: Monte Carlo analysis of the field produced at T' = 300 K, B =
150 uT.

It will be shown in Ch. 3.4.1 that in order to observe quantum oscillations,
rather high values of magnetic field are required. This translates into a trade-off
between the geometry of the slab, the applied magnetic field, the frequency of the
output field and the noise level.

The noise problem can be always solved by going down to cryogenic temperatures.
Moreover, in Fig. 3.14, despite a considerable noise level, the average frequency
of the oscillation is preserved, thus proving the robustness of the generation
mechanisms enabled by the unique properties of WSMs.
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3.4 Device concept: Weyl semimetal oscillator

These results indicate that topological transport in Weyl semimetal could generate
coherent oscillations, which has not been reported before. According to the calcula-
tions performed here, these oscillations could even be visible at room temperature.
A promising application for this effect is in a voltage-controlled oscillator: since the
VCO action is generated by a single device, it could operate at significantly lower
power dissipation than a CMOS counterpart. However, further work is needed
to elucidate the potential of such a device, in particular there are some practical
issues that need to be overcome before proposing an actual device implementation.

3.4.1 Perspectives and limitations

One of the most stringent requirement for the oscillations to take place concerns
the applied magnetic field: having established the existence of quantized magnetic
orbits involving Fermi arcs does not imply that these orbits produce quantum
oscillation. For this to happen, the magnetic field should satisfy to the following
equation [33]:

hk:
B, = 0 ., n:B,>0 (3.18)

q h’r:F(n+ 1)+ L,

Where 11 is the chemical potential. Moreover, the applied field should be below the
saturation value, which is approximately equal to [18]:

hko
qL,

Bsat ~

(3.19)

For field values above this threshold, the majority of the magnetic orbit takes place
in the bulk, thus losing the thickness dependence which is the key to coherence.
However, the value of the saturation field is rather high (a few dozen Tesla,
depending on the thickness and the rest-length of the Fermi arc), and so this is
generally never the case [18]. It has to be noticed that, even at lower fields, a
bulk contribution is always present and it can potentially interfere with a coherent
output generation. A possible way to filter out the bulk contribution is playing
with the doping level: in fact when the chemical potential lies in the chiral region
(Fig. 3.15) only surface states contribute to quantum oscillation.
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Figure 3.15: Energy spectrum of a bulk WSM immersed in a perpendicular
magnetic field. Blue lines represent bulk chiral Landau bands, which are the ones
required for having a coherent output field. The reported value of the magnetic
length corresponds to approximately 8.5 T (assuming ko = 0.1 nm). Taken from
[30].

A second issue related to the magnetic field is the possible presence of a low-
threshold below which the quantum oscillations are not able to take place.

351

40 50 60 70 80 90 100

Figure 3.16: Graphical interpretation of Eq. 3.18. The dashed lines represent
the upper and lower threshold fields.
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We know in fact that the spacing between the Weyl nodes depends on the
magnetic field through the magnetic length. When dealing with a finite-width
slab, there are values of the magnetic field for which the trajectory of electrons is
apparently out of the cross-section.

Let’s for example consider the simple two-bands model that led to Fig. 3.6: assum-
ing a Fermi arc length of 0.1 nm and an applied field of 10 T', we would obtain a
trajectory width of approximately 120 nm. Depending on the actual width of the
slab®, this requirement identifies a minimum value of the field that has to be applied
in order to allow for quantum oscillations to take place. This pose a concrete
trade-off in a possible device implementation, since the output frequency depends
on the magnetic field. The free parameters that we have in the design of a Weyl
semimetal oscillator are essentially two: kg and L,. In particular, the rest-length of
the Fermi arcs is a strongly material-dependent quantity which can vary of several
orders of magnitudes, leaving a discrete freedom in the tuning of the lower threshold.

In conclusion, in order to enlarge the operating window of the WSO, further analysis
of materials properties is needed. At the moment, this work aims to represent
a simple way to test the presence of Weyl semimetal phases in new materials,
with Fermi arcs of different lengths, thus opening the path for a concrete device
implementation.

5The lower threshold of Fig. 3.16 is evaluated at fixed width, according to: B, ~ 2o

qLy
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Chapter 4

Weyl semimetal amplifier

4.1 Device model

The route towards quantum computing requires novel electronic devices that are
able to perform efficiently at very low temperatures, with high reliability and
significant noise reduction [20]. A possible solution for the implementation of such
kind of devices is represented by Weyl semimetals. In this chapter, the device
concept of a Weyl semimetal cryogenic amplifier is presented. It will be shown
that the proposed device is in simulations able to perform significantly better the
the actual competing technologies, being able to provide high power gain with a
notable reduction of the required DC power.

The schematic of the proposed device is reported in Fig. 4.1. It consists of a simple
gating of a Weyl semimetal channel, with an inter-layer of insulating oxide. The
materials chosen are respectively: Niobium for the gate metal (which can exhibit
superconductive behaviour, see Ch. 4.1.1), SiO, for the oxide interlayer and WP,
for the WSM channel. The working principle of the device is a magnetoresistive
coupling between the gate and the channel: when a bias is applied between the
source and drain contacts, the gate metal produces a magnetic field all around it,
thus tuning the magnetoresistence of the channel, which results in a modulation of
the current flowing inside it. A graphical representation of the working principle of
the device is shown in Fig. 4.2.
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. Gate metal . Source/drain metal

Gate insulator . Weyl semimetal channel

. Substrate

Figure 4.1: Schematic representation of the proposed WSM amplifier.
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Figure 4.2: Schematic representation of the MR coupling between gate and
channel.
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Theoretically, the magnetoresistance is defined as the ratio between the zero-field
resistivity and the resistivity shift under a magnetic field [16]:

B,T) - p(0,T)
p(0,T)
Notice that, given the wire-shape of the WSM channel, the effective magnetic field
that tunes the MR of the device is mainly directed perpendicularly to the direction
of the current flow in the channel. The transverse magnetoresistance in WSMs

usually exhibits a quasi-parabolic dependence on the applied magnetic field that is
well fitted by Eq. 4.2 [16].

MR:p(

(4.1)

p(B,T) = po(T) [1 + (a B)"] (4.2)

The parameters a and m are determined empirically: in most cases it holds that
m € [1,5;1,8]; « instead has a wider range of values and it also depends on the
temperature. It is worth noticing that in all the relevant literature [16][34], the
a parameter is always taken outside the power m; in this work it was chosen to
bring « inside the parenthesis in order to assign to it a precise physical meaning.
In fact, written in this way, o has the dimension of an electronic mobility, which is
the quantity that normalizes the density of flux (for a more detailed analysis on
the MR modeling see Ch. 4.4.1).

4.1.1 Superconductive effect of the gate

As mentioned before, the gate of the device is made of Niobium, which is a type-II
superconductor!: this choice is made in order to have ideally zero resistance inside
the gate (low losses) and to generally optimize the performance of the device. In
order to properly model the superconducting behaviour of the gate we need to
solve Eq. (4.3), which is the London equation for the density of current [35].

1
V=72 (4.3)
AL
An analytical solution of this equation can be obtained in the 1D case, where the
behaviour of J(z) is an exponential decay (Eq. 4.4).
J(z) = Jye /A (4.4)

In Eq. 4.4, Jy is the superficial density of current. The quantity A; is called
London penetration depth and it is a material-dependent quantity that is used to

LA type-II superconductor exhibits an intermediate phase of mixed ordinary and supercon-
ducting properties at intermediate temperature and fields above the superconducting phases.
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describe the so-called skin confinement effect of the supercurrent. The explanation
of this effect can be addressed as follows: let’s look again at Eq. 4.4 and consider
that in x = 0 there is an interface between a non-superconducting material and a
superconducting one; in this case, in the SC region, the current would be confined
in a thin layer close to the interface between the two materials, according to Eq. 4.4.

A numerical solution of the 3D London equation can be obtained with a FEM solver:
in Fig. 4.3 it is possible to observe the confinement effect previously described.

1

04

Figure 4.3: Sliced view along the X-axis of the current density profile inside the
superconducting gate.

Notice that in Fig. 4.3 the dimensions of the slab are normalized and the London
penetration depth is set significantly lower than its actual value (which for Nb is
approximately equal to 39 nm [36]) in order to highlight the confinement effect.
If the dimensions of the device are comparable to A7, then the SC density is not
negligible inside the slab.

4.1.2 Effective field evaluation

Considering the space distribution of the super-current is a necessary step for
the evaluation of the effective magnetic field that is produced by the current
flowing inside the gate. The field evaluation is made according to the generalized
Biot-Savart law, which is reported in Eq. 4.5.

B(r) = X /V J@) x (1) 4 (4.5)

4w lr — 1’|

The quantity J(r’) is the density of supercurrent that comes out of the London
equation.
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If the dimension of the device are comparable to the London penetration depth,
the previous equation can be simplified as follows:

r—r’

Ho
B(r) = — / ——dr’ 4.6
(I') 47TJ0 v |I' . r,|3 r ( )

The actual computation of the field is made by discretizing the space inside the
WSM channel (the one described by the coordinate r) and then proceeding in the
integral summation of all the contributes coming from the gate region (described
by 17).

In Fig. 4.4 is reported a graphical interpretation of the integral evaluation.

Z [pm]

Figure 4.4: 3D schematic of the active region of the device with the grid points
inside the WSM channel.

Notice that in Fig. 4.4 the dimensions of the WSM are merely indicative: the
analysis of the optimization process that guided the design of the device is reported
in Ch. 4.3.1.
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The field distribution generated by a squared wire is reported in Fig. 4.5 (longitu-
dinal cross-section).
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Figure 4.5: Sliced view of the magnetic flux density generated by a squared wire.
Taken from [37].

We can see how the field is concentrated in the superficial region near the borders
of the cross-section and its direction is mostly parallel to the sides. These results,
together with the values obtained by the direct evaluation of Eq. 4.6, validates
the use of Eq. 4.2 as fitting model for the MR, since most of the field is in fact
perpendicular to the current flow.
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4.2 Circuit model

The frequency characterization of the Weyl semimetal amplifier was performed by
using a transfer function defined in terms of the so-called Y parameters. The basic
circuit model for the device is reported in Fig. 4.6.

Cos 5
T W\ :
%_L R'WSM
2
ls ERG Ip ERWSM
RWSM
2
(= O

S

Figure 4.6: Small-signal model of the WSA.

This circuit model is quite standard and it is obtained directly from the physical
model of the proposed device (Fig. 4.1) just by looking at each node and considering
the electrical elements that connect them together. Since the device is a two-port
device, the Y matrix is consequently 2x2; the corresponding Y parameters are
defined as follows:

_ 1 iwC
Y= Re + 21+inC

_ __wC
Yip = 1+iwRC
(4.7)
_ __wC
Yo1 = 9m — THiro
o 1 iwC
}/22 " Rwswm + 1+iwRC

Starting from this model, it is possible to express the power gain (which in the end
is the most useful quantity to evaluate the performance of the proposed device) as:

_ Va1 = Yool
4|R6()/11)R€(}/22 — R@(}/IQ)R€<}/21)|

Fa (4.8)

The obtained results and the impact of each quantity involved in this calculation is
further analysed in Ch. 4.3.
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4.2.1 Inductive effect of the gate

In order to model the behaviour of the device, one main improvement to the circuit
model reported in Fig. 4.6 has been applied: the gate resistance in fact is not
completely passive since the flux variation generates a non-zero inductance in the
gate area. The value of R in the model has been replaced by a complex impedance
defined as follows:

ZG = RG + twlL (49)

Where L is the kinetic inductance? and is defined as:

me \ [
L= — 4.1
(2n5q2) A (4.10)

The frequency response of the device is reported in Fig. 4.7.
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Figure 4.7: High-frequency characterization of the WSA; the dashed lines repre-
sent the results obtained with zero inductance.

It is possible to see that the non-zero inductance, which in the end is a parasitic
effect, shifts the resonance peak at lower frequencies. Also the width of the peak
is increased, since the () factor, which is a standard quantity used to characterize
resonators, is inversely proportional to the value of L.

2Kinetic inductance is a manifestation of the inertial mass of charge carriers that arises in
conductors with very high carrier mobility at very high frequencies.
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4.3 Device optimization

In order to understand and properly simulate the behaviour of the WSA, one of
the most important quantity to analyze is the transconductance, which relates the
current flowing through the output of a device to the voltage across its input. In
formula it can be expressed as:

0l
8VGV

DS

(4.11)

The output conductance is easier to evaluate since it can be seen by the small-signal
model that it is just the reciprocal of the channel resistance (the resistance of
the WSM). Through these two quantity, it is possible to evaluate the current and
voltage gain as follows:

Ay = 7‘3“25 = gm - Bwsm
(4.12)
AI = aaI[IéS = 9m - RG
The power gain is then:
Pe = Rg Rwswm 97, (4.13)

The expression of the transconductance can be further expanded in order to an-
alyze the impact that each quantity has on the device performance: this is a
crucial step in the design of the device since both the geometry and the voltages
play a relevant role in determining the performances of the amplifier. To do so,
an explicit derivation of how the drain current depends on the gate voltage is needed.

Let’s start from the basic definition of the drain current:

Vbs

I —
P Rwsu

(4.14)

Since the WSM resistance can be simply related to its resistivity, we can plug in
Eq. 4.2 in the previous one, thus obtaining:

Awsmr 1
lwsa poll + (a(B))™]

The last step consists into substituting Eq. 4.5 in Eq. 4.15: to lighten the notation
as much as possible the Biot-Savart integral has been labeled as Ipg.

Ip = Vs (4.15)
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The final expression for the drain current is reported in Eq. 4.16.

Awsm 1

I+ <auredIBS R;fic>]

By computing the derivative of the current with respect to the gate voltage, it is
possible to obtain a detailed expression for the transconductance, which is reported
in Eq. 4.17.

Ip = Vps (4.16)
WSM

£o

DS — | ®llred
lwsm po RcAq

AWSM 1 ( IBS )m mVén_l

[(aﬂred RIGBjG> + Vén + 1
By means of Eq. 4.17, we can predict the impact that each quantity has on the
performance of the WSA. The easiest quantity to analyze is obviously Vpg since it
can be immediately seen how the dependence is linear. The gate voltage instead
has a trickier relationship with g,,: a graphical representation of the relationship is
reported in Fig. 4.8.

The device dimensions used for the initial calculation were chosen on common
sense principles and represent the basis of the optimization process that will be
described. These values are reported in Tab. 4.1.

Gate | WSM channel | Oxide layer
Length | 500 nm 250 nm 250 nm
Width | 250 nm 50 nm 50 nm
Height | 50 nm 25 nm 25 nm

Table 4.1: Starting values for the design of the device.
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Figure 4.8: Graphical behaviour of the transconductance versus the gate voltage:
the red region represent the values of the gate voltage that, given the geometry
reported in Tab. 4.1, produces a current overshoot (the gate is not superconductive
anymore).

Fig. 4.8 is incomplete since the gate voltage not only affects the transconductance
but also the resistance of the channel. In order to fully analyze the impact of Vg
on the power gain we need the complete expression of P, which is reported in Eq.
4.18 (the expression of g, is kept implicit in order to avoid an heavy notation, its
behaviour with Vi has been already discussed anyway).

v m
1 + (a/jlred IBS RG1G4G>

_ Relwsu

Py = 7, (4.18)

po Awsm

In order to obtain a more understandable expression, it is possible to label all
the terms that do not depend on Vg as ¢ and the multiplicative factor as k: the
obtained expression is reported below.

V2(m71)
Py G 1 [1+ (V)™ (4.19)
(1+c+ V)

In Fig. 4.9 is reported the behaviour of the power gain when changing Vi: it is
possible to see that the device cannot operate at the maximum gain level since
the gate voltage would be too high and the gate would loose its superconductive
behaviour. In particular, the maximum allowed value of V; for this geometry is
around 0.2 mV.
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Figure 4.9: Power gain versus gate voltage (the magnitude of the power gain is
not reported since in the calculation the multiplicative factors were omitted).

The last quantity that is interesting to discuss is the factor a: it is particularly
relevant since it is the quantity that allows for the proper functioning of the device.
In fact, if « is equal to zero, i.e. the MR is zero, there is no amplification at all.
This sentence is obviously confirmed by the simulations: in Fig. 4.10 is reported
the behaviour of the transconductance with «.
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Figure 4.10: Transconductance versus a.
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4.3.1 Scalability of the device and gain optimization

Before going into the detailed discussion of the obtained results for the frequency
behaviour of the WSA | an overview of the criteria that guided the design of the
device is presented: in particular the focus is on the reasons behind the choice of
the device dimensions.

The first, and obvious, statement is that in principle you want to have a device
which is as small as possible, in order to improve the integration density. This
goal however usually comes at a cost: scaling down a device in fact has a deep
impact on its performance and sometimes there are hard scaling limits that cannot
be overcome without compromising the functioning of the considered device. With
WSA the main scaling issue is related to the magneto-resistive modeling: at the
moment there is not a clear understanding of the physical reasons behind MR and
so it is not possible to establish how scaling down a magnetoresistive device might
affect its behaviour (see Ch. 4.4.1 for further description).

Concerning the geometry of the device, there are several criteria that must be
satisfied in order to maximize the performances of the WSA; in the following are
reported and described the main criteria that guided this work.

The explicit dependence of Eq. 4.17 and 4.18 on each dimension is difficult to
obtain since there are several quantities that are implicitly dependent on geometric
parameters (all the resistances for instance) and moreover in both equations there
is the integral contribution given by the Biot-Savart law that is difficult to read.
For these reasons, a different approach was adopted: in Fig. 4.11 and 4.12 are
reported a set of repeated analysis with only one dimension per time varying in a
range of values around the starting ones reported in Tab. 4.1.

52



Weyl semimetal amplifier

110

100 [ = = =w =25n0m

W, =50 nm

90 w, =100 nm

Gain [dB]
Gain [dB]

20

10
108 107 10 10" 10'2 10'% 10" 108 10° 100 10" 10" 10" 10"
Frequency [Hz] Frequency [Hz]

(a) (b)

110

- — —h,=10nm
h,=25nm
h, =50 nm

100

90

Gain [dB]

20 I | |
108 10° 1010 10" 102 10" 10™

Frequency [Hz]
(c)

Figure 4.11: Dependence of the frequency behaviour on the geometry of the
WSM channel.

Concerning the WSM channel, it is possible to notice how the dependence of the
power gain on each dimension is monotonic: for increased dimension the power gain
decreases. The good side effect is that the peak is shifted towards higher frequency,
but in this trade-off we are obviously more interested in optimizing the power gain
since the working frequency is already rather high. The dashed lines represent
values that produce a current overshoot in the gate (i.e. it is not superconductive
anymore) and therefore we need to select values bigger than that ones (or better,
we need to optimize the length to section ratio).
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Figure 4.12: Dependence of the frequency behaviour on the geometry of the gate
metal.

For the gate metal instead, it is possible to notice in Fig. 4.12a how the de-
pendence is not monotonic: this is the only one of the analysed quantities that
exhibits this kind of behaviour, thus proving the complexity of the relationships
between the design of the device and its actual performance.

The oxide layer in principle is only needed to provide electrical insulation between
the gate and the WSM channel. Since the gate-source capacitance depends on the
characteristics of the oxide (permittivity and thickness), we want to minimize it by
choosing a material which has a high permittivity and can be deposited in a thin
film. The final choice is for a SiO; layer (esi0, = 3.9) with a thickness of 5 nm
(ALD is a possible solution for the oxide deposition).
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Figure 4.13: Frequency behaviour for different oxide thickness: it is possible to
see how for smaller thickness (which means lower capacitance) the power gain is
increased.

Lastly, in order to assume valid the 2D approximation for the solution of the
London equation, we set an arbitrary condition that the WSM length should be at
least two times its second biggest dimension (the width, in this case). This choice
also grants the validity of another important assumption which is the fact that the
magnetic field is negligible along the longitudinal direction (Eq. 4.2 holds only for
the transverse MR).

Putting together the results of these analysis, a final device configuration is proposed
(Tab. 4.2), with Vg = 0.16 mV and Vpg = 50 mV. The corresponding frequency
behaviour is shown in Fig. 4.14.

Gate | WSM channel | Oxide layer
Length | 300 nm 100 nm 100 nm
Width | 150 nm 50 nm 50 nm
Height | 60 nm 25 nm 5 nm

Table 4.2: Selected values for the final design of the device.
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Figure 4.14: Frequency behaviour obtained with the design reported in Tab. 4.2;
with Vpg =50 mV and Vg; = 0.16 mV.

4.3.2 Stability

In order to further characterize the behaviour of the amplifier, the last figure of
merit that was considered is the stability: an amplifier is unconditionally stable if
a load or source can be connected without causing instability. For this condition
to be true, the magnitudes of the reflection coefficients at the load, source and the
input and output ports should be simultaneously less than one.

A practical way to test the stability of an amplifier is by means of the so-called
Rollet factor, which is usually expressed in terms of the scattering parameters as
follows:

_ 1= |Sul* =[S + AP

K
2512591

(4.20)
Where:

A — 511822 - 512521 (421)

Since our device is characterized in terms of the Y parameters, we need to recall
the relationship between the two formalisms, which is simply:

1-Y
= 4.22
5 1+Y ( )
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The amplifier is unconditionally stable if K < 1: by looking at Fig. 4.15 it is
possible to notice how the condition is always achieved: however the increasing
trend of the Rollet factor near the peak suggests that it probably would rise above
the unit if all the high-frequency effects were considered in the model.

We can conclude that, by means of the Rollet factor, it is possible to establish that
the proposed amplifier is unconditionally stable before the resonance peak, which
is the actual range of interest of our device.
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Figure 4.15: Frequency behaviour superposed with the Rollet factor: it is possible

to see that the amplifier is definitely stable up to the Terahertz regime.

4.3.3 Competitive technologies

The actual state of the art solution for cryogenic amplification mostly consist of
High-electron-mobility transistors (HEMT): as suggested by its name, the enhanced
electron mobility is the key feature of this kind of transistors. The working principle
relies on the formation of a 2DEG, which requires a heterostructure in order to from
(a junction between a wide and narrow bandgap materials). Usually the selected
materials are III-V compounds such as GaAs, AlGaAs, InP and so on. When the
electrons arrive at the interface, they move from the wide bandgap material to
the narrow one because of their tendency to occupy the lower energy states. A
standard schematic of a HEMT is reported in Fig. 4.16.
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Figure 4.16: Schematic of a standard HEMT. Taken from [38].

The layer labeled as 6-Si is a doped sheet of Silicon, which is introduced to
act as donors for the heterostructure, thus improving the electron density in the
channel. Because the motion of the electrons in the channel is restricted to a
quasi 2D plane, confined by two potential barriers, these electrons constitute the
so-called two dimensional electron gas. The most important properties of the
2DEG are the number of electrons per unit area, referred to as sheet density,
and the electronic mobility which is considerably higher than the one of standard
electrons. The principle of operation follows the behavior of a field-effect transistor:
an applied positive drain-source voltage is responsible for the lateral electric field
which drives electron flow from the source to the drain. When a negative gate-source
voltage is applied, the normal electric field due to the gate penetrates into the
semiconductor and depletes the 2DEG underneath the gate contact, thus decreasing
the drain-source current.

Gate /_

Two dimensional electron gas
(2-DEG)

Figure 4.17: Graphical representation of the band diagram of a HEMT. Taken
from [39].
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HEMT are particularly indicated for cryogenic applications since they exhibits
considerably high gain with low power consumption and consequently they can be
placed near the emitting device (e.g. a qubit), at the coldest cryostat stage. This
allows for a further reduction of parasitic capacitances and reduces the impact of
environmental and thermal noise. In Fig. 4.18 is reported the frequency behaviour
of an InP HEMT at different bias.

—_
L | =
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Figure 4.18: Measured results for an InP HEMT, at 14.8 K at different bias.
From top to bottom: gain at bias point 1 (BP1), BP2, BP3, BP4, noise at BP4,
BP3, BP2, and BP1. Corresponding bias points are shown in Tab. 4.3. Taken
from [40].

BP1 | BP2 | BP3 | BP4
Vos V] | 115 | 05 | 03 | 0.1
Ppc mW] | 115 | 3.0 | 1.0 | 0.1

Table 4.3: Bias points of the HEMT.
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In order to have a clear comparison between the performances reported in Tab. 4.3
and the one of the proposed device, we evaluated the drain-source voltage and the
DC power required to match the performance of BP1. The obtained results are
reported in Tab. 4.4.

‘ VDS [HlV] ‘ PDC [IUW] ‘
WSA| 10 | 3 |

Table 4.4: Drain-source voltage and power supply needed by the WSA to match
the performances of BP1.

By comparing the two results we can appreciate how the WSM cryogenic amplifier is
supposed to work significantly better than the HEMT counterpart since it requires
a significantly lower power supply and it is able to exhibit comparable gain for a
wider set of frequencies.

Future work includes experimental realization of an amplifier demonstrator, which

will be able to confirm the results obtained in simulations: this will be strongly
reliant on the access to epitaxial deposition of Weyl semimetal layers.
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4.4 Perspectives and theoretical work

An experimental realization of the proposed device is yet to be achieved; nev-
ertheless, also from the theoretical point of view there is room to improve both
the understanding of the Weyl physics and the device model. A key aspect that
has been already discussed, is the MR model of Weyl semimetal. At the present
moment there is only a practical understanding of the MR behaviour of WSMs and
consequently it is difficult to predict how the electronic transport mechanisms are
changed for example when the device is scaled down (MR is a scattering-related
mechanism, so what happens when the electronic mean free path is bigger than
the device active length?).

4.4.1 Magnetoresistance modeling

The discovery of several material systems belonging to topological semimetals
that exhibit extremely large magnetoresistance (up to two orders of magnitude
higher than the magnetoresistance observed in metallic thin films [17]) has raised a
fundamental question; whether this exceptional MR can be explained by classical
magnetoresistance theories without considering the topological aspects or not. In
fact, at the core of such exceptional magnetoresistance there is the peculiar band
structure of three-dimensional topological semimetals that yields conducting surface
states. Understanding the physical origin of this MR is crucial since in general, the
study of electrical resistance is tightly related to the electronic transport mecha-
nism. In this section it will be described the empirical model used in this work for
characterizing the MR behaviour of the proposed WSA.

The material that is proposed in the WSA device is WP,, which is a type-II WSM:
this choice is motivated by the fact that, in these materials, the nearest Weyl points
are of the same chirality, thus inducing robust surface states with exceptionally high
mobility [16]. The zero-field resistivity of WPy is reported to exhibit a quasi-linear
trend at high temperatures, where the electron-phonon scattering contribution is
dominant. The low-temperature behaviour is more difficult to characterize since
the transition to the saturation regime is narrower than what happens in classic
metals (Fig. 4.19).
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Figure 4.19: Low temperature resistivity of WP, at zero magnetic field, with
different fitting curves. The best fit (blue solid line) takes into account three main
mechanisms: electron-electron scattering, electron-phonon scattering and phonon
drag®. Taken from [16].

By applying a magnetic field, the motion of electrons inside metals is obvi-
ously changed and consequently is the resistivity. In WP, we observe a huge
magnetoresistance, despite a very high conductivity (Fig. 4.20).

3Phonon drag refers to an increase in the effective mass of electrons due to their interactions
with the crystal lattice.
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Figure 4.20: Comparison of MR and conductivity of some well-known metals and
semimetals. The values of WPy and MoP5 are evaluated at T'=2 K and B=9T.
Taken from [16].

Notice how the Weyl semimetals WP, and MoPs exhibit both a large conductiv-
ity and an extremely high magnetoresistance, which is unusual in standard metals.

The field dependence of the MR can be empirically expressed as reported in Eq.
4.2: this equation is used in order to fit the results obtained in [16] and to obtain
the value of o which was used in the calculations (the power dependence of the
resistivity on the applied field is reported to be quasi parabolic: in this work we
set m = 1.8).
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Figure 4.21: Fitted behaviour (blue line) of the experimental curve measured in
[16]. The two results agree very well. The value of o which was used to obtain the
fit is 41.14 em?/V s.

The fitted behaviour is the one at T' = 2 K, which seems a reasonable choice
for the working temperature of the proposed device. Obviously, at different values
of T, the MR behaviour is changed and therefore we would need different values of a.

In conclusion, also from the theoretical point of view, Weyl semimetal are still
an open challenge. The model used for the simulations reported so far is able to
provide exceptional results that motivate the pursuit of an actual realization of
a Weyl semimetal amplifier, which can represent an ideal solution for quantum
computers and in general for all kinds of cryogenic applications.
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Chapter 5

Conclusions

The device simulations performed in this work have elucidated the potential of
Weyl semimetals for novel electron devices.

In particular, the exotic trajectory exhibited by electrons in a WSM when subjected
to crossed electric and magnetic field opens up the possibility for the realization of a
new experimental setup for the detection of quantum oscillations. The possibility of
having a simple and reliable method of identifying WSM phases in new materials is
crucial in developing the understanding of these materials and offers the possibility
of having a wider range of materials with different properties to be exploited for
practical realizations. Moreover, further advances in the theoretical understanding
of WSM transport phenomena can lead to the actual design of a high-frequency
oscillator (up to the Terahertz regime), which promise to show high stability and
field-dependent frequency control, together with the possibility of working well
both at cryogenic and room temperature.

The proposed amplifier is in simulations able to operate with an extreme reduction
of DC power, upwards to 100 times lower than standard HEMT technology, with
comparable power gain, thanks to the negligible gate resistance provided by the
superconductive gating and the enabling features of the magnetoresistive coupling
offered by Weyl semimetals.

In general, the obtained results indicate that Weyl semimetals are highly promising

for applications in cryogenic electronics, particularly those with highly strained
power budgets such as quantum computing.
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Appendix A

Derivation of the Weyl
equation

The Weyl equation can be intended as a subset of the Dirac equation, which
describes massless particles with half-integer spin (fermions). The Dirac equation
can be obtained as a relativistic expansion of the Schrodinger equation, thus
substituting the standard energy relationship (Eq. A.1) with the relativistic one
(Eq. A.2).

p
E=-" Al
Sy (A1)
E?* = m?c* + ¢*p? (A.2)

By substituting Eq. A.2 in the Schrodinger equation one ends up with the so-
called Klein-Gordon equation (Eq. A.3) which is indeed a relativistic Schrodinger
equation, but unfortunately it does not include the particle spin.

—h%?ﬁ = m2c — AU (A.3)

In order to come up with a description that suits better the particles with spin,
like electrons, Dirac proposed a sort of squared root of Eq. A.2; thus obtaining:

E = mc® + ca;p, (A.4)
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Derivation of the Weyl equation

Where «; and f are 4x4 matrices (Dirac matrices) that satisfy the following
commutation relationships:

Oéjﬂ + BOJJ' =0
;05 + a0 = 0 (A5)

a§:62:1

The a; matrices can be expressed in terms of Pauli matrices as follows:

Similarly:
1 0

By substituting Eq. A.4 in the Schrodinger equation, with some proper re-
arrangements, one ends up with the final Dirac equation:

(ihy" 0, — me)p =0 (A.8)

The last step required to obtain the Weyl equation is setting the mass to be equal to
zero: notice that in this case the v matrices! that were 4x4 in the Dirac formulation
reduce to the Pauli matrices (2x2).

Here it is the Weyl equation:

91 = 0 (A.9)

In Eq. A8, p=0,1,2,3, with v° = 8 and 7/ = Ba;.
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Appendix B

Shot noise suppression in
ballistic 1D devices

In 1918, Schottky reported that in an ideal vacuum tube (the ancestors of transis-
tors) there were only two types of noise in the electrical current. The first type of
noise is known as Johnson-Nyquist noise, or simply thermal noise. This kind of
electronic noise is generated by the thermal agitation of the charge carriers inside an
electrical conductor at equilibrium, which happens regardless of any applied voltage.
The second type of noise is called shot noise and originates from the discrete nature
of electric charge. If the electron transmission through a conductive system is
fully uncorrelated, the shot noise can be modeled by a Poisson distribution. In
nanosystems, shot noise can be suppressed as a result of correlations in the electron
transmission imposed by the Pauli principle. In this appendix, it is reported a
general expression of the power spectrum of noise, from which it is possible to show
that, assuming the ballisticity of the considered system, the only source of noise is
thermal noise.

In its general form, the noise power spectral density can be expressed as:
P(w) =2 / dt €=U (AI(t + to) AL (L)) (B.1)

Where AI(t) represents the time-dependent fluctuations in the current at a given
voltage and temperature. The brackets notation indicates an ensemble average
over the initial time ¢;.
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Shot noise suppression in ballistic 1D devices

If we plug in Eq. B.1 the well-known Landauer formula! for the quantized conduc-
tance, it is possible, with some manipulation, to obtain the following generalized
expression:

2 N
P) =Ly [QkBT T2 1 T,(1 - Tn)choth(QZZT)] (B.2)
n=1

If there is complete transmission, i.e. the transmission probabilites T,, are equal to
1, the electrons are fully correlated and Eq. B.2 reduces to:

2N
Pw) = 47TE > 2kpTT, (B.3)

n=1

Since the Landauer conductance can be expressed as:

2 X
G=2r— Z T, (B.4)
h n=1
We recover the classical expression of thermal noise, which is in fact:
4kgT
Py, = Jg (B.5)

!'The Landauer formula states that the conductance of a nanoscale material is given by the
sum of all the transmission probabilities that an electron has when propagating with an energy
equal to the chemical potential.
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