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Summary

The Reaction-Convection-Diffusion equation is a second order elliptic partial differential
equation that can be used to model many different physical phenomena. A method to
solve this class of problems is the Virtual Element Method (VEM).

In this thesis we focus on two dimensional problems defined on polygonal meshes,
considering both the stationary and evolutive case. The aim of this thesis is to analyze
and implement the stabilization methods Streamline Upwind Petrov-Galerkin (SUPG)
and Mass Lumping in the particular case of Virtual Element space of order k£ = 1.

Numerical results show the positive stabilization effect of SUPG and Mass Lumping
when the problem is characterized respectively by very large Péclet and very low Karlowitz
numbers. Moreover, an error analysis on an easy stationary problem shows that the
stabilization methods preserve the rate of convergence of VEM. Finally, a simulation of
a realistic geophysical evolutive problem is carried out to show the performance of the
method on a domain characterized by a high geometrical complexity.
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Chapter 1

Introduction

Many physical phenomena are mathematically described through partial differential equa-
tions, and one of the most used methods to solve numerically these problems is the Finite
Element Method (FEM). This method requires the generation of a mesh to discretize the
space where the problem is defined. A good approximation of the solution depends on the
quality of the mesh, whose generation could be computationally expensive when certain
geometrical constraints must be satisfied.

A physical application where the meshing process becomes very costly is the simula-
tion of single phase flows in porous media with an embedded Discrete Fracture Network
(DFN). Indeed, these fractures, represented as two-dimensional objects, are usually gen-
erated stochastically, and it is common to meet very narrow angles between them. The
problem lies in the fact that the quality of a FEM mesh is related to the angles of the
discretization of the space, in particular, small angles should be avoided in order to have a
good approximation of the solution. To overcome this problem, in recent years the FEM
has been generalized in methods such as the Virtual Element Method (VEM), which re-
laxes some geometrical constraints and allows the use of a general polygonal or polyhedral
mesh.

In this thesis we will focus on the solution of a second order elliptic equation in a two-
dimensional domain by means of the VEM of order k£ = 1. We will consider, in particular,
the Reaction-Convection-Diffusion equation, which can be used to describe a scalar field
such as the temperature or the concentration of a pollutant in the fractures of the above
mentioned DFN. In this work we will take into account both the stationary and evolutive
problems.

As the name suggests, the equation that we are considering presents the three terms
of reaction, convection and diffusion. Each of them can be predominant over the others.
We are in particular interested in the situations of convection-dominated and reaction-
dominated problems, which can be identified respectively from the values of the Péclet
and the Karlowitz numbers. In these cases the numerical solution could show oscillations
that are not present in the exact solution. Their source does not lie in the model, but
it is of a numerical nature instead. This problem can be fixed through a stabilization
Streamline Upwind Petrov Galerkin (SUPG) in the convection-dominated case and with
Mass Lumping in the reaction-dominated case.
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1 — Introduction

The work is organized as follows: after a description of the stationary and evolutive
Reaction-Convection-Diffusion problem in Section 2 and its variational formulation in 3,
in Section 4 it is presented the VEM of order k£ = 1 applied to this particular problem.
The core of the thesis lies in Section 6, where the stabilization methods SUPG and Mass
Lumping are introduced and analyzed, and their implementation in C4++ is discussed. To
compare their behavior to the non-stabilized numerical method, in Section 7.2 we consider
a simple DFN composed by two fractures, where we ran simulations on a stationary and
an evolutive problem depending on three different parameters: a reaction coefficient, a
transmissivity coefficient and a diffusion coefficient. We show the results of numerical
simulations carried out for different combinations of the parameters, in order to isolate
the cases of convection-dominated and reaction-dominated problems. In so doing, it is
possible to determine when it is appropriate to apply a certain stabilization method.
Besides, in this section we show through an a posteriori error analysis that the order
of convergence of non-stabilized VEM is preserved also when applying SUPG and Mass
Lumping. Finally, a realistic geophysical simulation on a large scale DFN is presented in
Section 7.3 to show the applicability of the method on a practical problem characterized
by a high geometrical complexity.
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Chapter 2

Reaction-Convection-Diffusion
Equation

In several scientific fields, such as chemistry, fluid dynamics and biology, the behavior
of some scalar physical quantities can be modeled through the Reaction-Convection-
Difffusion equation

oL
B—Z—V-(GVUH—V'(ﬁu)%—Uu:f
The scalar physical quantity u : [0,7] x © — R? can describe, for example, the
temperature field of a fluid at a certain point x € 2 of the space, at a certain time
t € [0,T]. Each term in the equation refers to a particular aspect of the behavior of the
field.
ou

e The evolutive term 5t models the evolution in time of the scalar field.

o The diffusive term —V - (eVu) describes the spread of the examined quantity in the
medium with a diffusivity given by the smooth function € : Q — R, with e(x) > ¢, >
0, Vx €.

o The convective term V - (fu) represents the advection of the scalar quantity in the
domain Q due to the smooth convective field of the medium: 8 : Q — R?. In many
applications, for example when we are modeling a physical quantity in a fluid flow,
the vector field 3 is divergence-free (the flow is incompressible). Mathematically
V- 5 =0, therefore V- (fu) = (V- B)u+ - Vu= - Vu.

o The reaction term ou models the local production of the considered physical quantity.
For example, if we are analyzing the concentration of a pollutant in a fluid, chemical
reactions can occur and they can induce a change in space and time of the quantity.
We consider ¢ as a smooth function o : 2 — R.

e The forcing term f : € — R provides energy to the system. It represents, for
example, the dispensation of heat to a fluid.

11



2 — Reaction-Convection-Diffusion Equation

When the term % is not considered, then the partial differential equation takes the
form

—V - (eVu)+ V- (fu)+ou=f

It represents a stationary problem and the solution does not depend on time. This equation
is coupled with boundary conditions, which can be of three different types:

 Dirichlet boundary conditions: the values of the solution are imposed on the Dirichlet
boundary I'p C 92
u=gp, I'p

e Neumann boundary conditions: on the portion of the boundary I'y C 92 it is fixed
the out-flux of the quantity u

ou r
€— =gn, on
on 9N N
» Robin boundary conditions on I'g C 92, which are a weighted combination of the
previous two.

In order to guarantee a well-posedness of the problem, boundary conditions (also of
different types) have to be imposed on the whole boundary 9f2, meaning that I'p UT y U
I'r =09, and FDQFNZ(Z), FDQFR:@, and 'y NTg = 0.

When, instead, also the temporal term is taken into consideration, then the problem
is said to be evolutive. If we study the problem in the temporal interval [0, 7], boundary
conditions must be specified Vt € [0, 7], and also an initial conditions has to be imposed:

u(0,x) = up(z), z €

The solution of the Reaction-Convection-Diffusion equation could be a complex prob-
lem, and in many cases it is also unknown how to solve it analytically. Therefore, numerical
methods have been developed in order to compute an approximate solution of the partial
differential equation.

12



Chapter 3

Variational Formulation

3.1 Stationary Problem

One way to solve numerically partial differential equations is to convert the differential
problem into a system of linear algebraic equations, which is a mathematical problem
that we know how to solve efficiently. We can perform this conversion by means of the
variational formulation of the differential problem.

We firstly choose a functional space V' in which we want to find a solution v € V
to our problem. If we consider the stationary Reaction-Convection-Diffusion problem
with homogeneous Dirichlet boundary conditions in a bounded, convex, polygonal domain
QO CR%

V- (—e(@)Vu+ B(z)u) + o(z)u = f(z) inQ

u=0 on 0f)
then a natural choice for V' is the functional space Hg(€2). To obtain the weak formulation
of the problem, we multiply both sides of the equation with a generic test function v €
HZ () and integrate on the domain Q.

By integrating by parts and considering the homogeneous boundary conditions, we get
the variational formulation of the problem:

Find u € H(Q) such that
Bu,v) = (f,0) Yo HY(®)

where (-, ) represents the L?(2) scalar product and

B(u,v) := a(u,v) 4+ b(u,v) + c(u,v) (3.1)
with:
a(u,v) == /QeVu - Vudz (3.2)
b(u,v) == f/Qu(ﬂ -Vou)dx (3.3)
c(u,v) == /Qauvda: (3.4)

13



3 — Variational Formulation

By assuming

- fEeHT(Q),

o Nlullo < Clfll-1e;
o |lullzo < Cllfllog

for a constant C' > 0 independent of f, then the bilinear form B(-,) is continuous and
coercive, thus the existence and uniqueness of the solution u € H}(Q) is guaranteed
(da Veiga et al. [2014]).

If the problem is not characterized by homogeneous Dirichlet boundary conditions, we
can transform the problem into an equivalent one, which shows homogeneous Dirichlet
boundary conditions and can be, therefore, solved as described before.

In the case of inhomogeneous Dirichlet boundary conditions, the problem is character-
ized by

u=gp onlp
with gp € Hz(T'p).
We define Ry, € H'(Q) as the function in H'(Q) such that yr,(Ry,) = gp and

Yoonrs (Rgp) = 0, where voq : H(Q) — H%(OQ) represents the trace operator.
If we let
u=uy+ Ry, (3.5)

We can convert the problem to

V- (—eVu+ pu)+ou=f, inQ
up =0, on 99

that can be rearranged as

V- (=eVug + fug) + oug = f — V- (—eVRy, + BRy,) — 0Ry,, in
ug = 0, on 0%

If it is possible to find a function R4, with these properties, then we can solve the problem
in ug, which is characterized by homogeneous Dirichlet boundary conditions, and it has
the following variational formulation:

Find up € H () such that
Bluo,v) = (,0) ~ B(Rypv) Yo € HY(S)

After solving this problem, we reconstruct the solution to the original problem recalling
(3.5).

In the case of Neumann conditions

ou
€5~ = gNn, on F]\/
on

14



3.2 — Evolutive Problem

when we integrate by parts to get the variational formulation of the problem, we obtain
new terms due to the boundary condition:

B(u,v) = (f,v) + (g5, 705 (V))ry Vv € Hj(Q)

Similarly, Robin boundary conditions are performed.

{Find u € H}(Q) such that

3.2 Evolutive Problem

In a similar way we can approach the evolutive problem of Reaction-Convection-Diffusion,
whose equation is given by

ou

E—V-(eVu)%—V'(ﬁu)—i—au:f

Also in this case, we can reformulate a problem with generic boundary conditions (ho-
mogeneous or inhomogeneous Dirichlet, Neumann or Robin boundary conditions) in a
problem with homogeneous Dirichlet conditions. Therefore, we can reduce our analysis
to the problem:

9u V- (eVu) + V- (Bu) + ou = f, on [0,T] x Q
up(t,z) =0, on [0,T] x 909
u(0,z) = up(x), on Q

Given the homogeneous Dirichlet boundary conditions, we can look for solutions in the
space L2([0,T], H}(9)). Besides, for the problem to be well-defined, we assume

f, (27; e 2 ([0, 7], ()

We can solve the problem through the Crank-Nicolson method - a finite difference method
that shows a second-order convergence in time.

Following this method, we firstly discretize the temporal domain [0, 7] into N intervals of
size At = % Thus, each time step is given by tp, = kAt, k=0,...,N. We denote with
uF and f* respectively the solution and the forcing term at time step t,. We discretize
the evolutive term as

uF Lk
At
and we average the spatial terms and the forcing term in the time steps ¢, and tj;:

uktl ok
A
+ 1 ((—V (eVuF) + V- (BuF) + auk) + (—V (€VutY) + V- (Bt + Uuk+1)) _

2 =
— 1 k k+1
=5 (741

15



3 — Variational Formulation

We can now multiply the equation by a generic test function v € HZ(£2) and integrate on
the spatial domain 2. Considering the homogeneous Dirichlet boundary conditions, we
integrate by parts and we obtain the variational formulation of the evolutive problem:

(3.6)

{Find ue L?([0,T], H§(Q)) such that

Wt L L(B(uR,0) 4 Bkt v)) = L ((f5,0) + (f5T0), Vo € HY(Q)

To solve this problem numerically, we will consider the initial condition ug and recursively
we will determine u**! given u¥. It is therefore useful to rearrange (3.6) as

Find v € L* ([0, 7], H}(2)) such that
(uF 1 0) + SEB(uF, v) = (uF, v) — SEB(uF,v) + &L ((fF,0) + (1 0)), Yo e HY(Q)
(3.7)

16



Chapter 4

Virtual Element Method

4.1 Virtual Element Space

The Virtual Element Method is an improvement to the Finite Element Method, and it
is slightly more expensive than FEM, because basis functions are not known analytically
and it is required to solve local problems in order to compute their local polynomial
projections. Nevertheless, VEM shows the advantage of requiring a polygonal tessellation
Ty of the domain Q C R? with polygons characterized in general by a different number
of edges from each other. As a consequence, the process of mesh generation is simplified
and it requires a lower computational cost.

More specifically, in the VEM we approximate the solution in the VEM space, that
will be defined later. These functions will not be computed exactly, nevertheless we are
interested in knowing the exact values of the bilinear forms when one of their entries is a
polynomial. Therefore, we will make extensive use of projections of VEM functions onto
the space of piecewise polynomials of order k.

As described in da Veiga et al. [2014], the elements E € T}, in the VEM have to satisfy
the following conditions:

o« VE € Ty, E has to be star-shaped with respect to a disk of radius pghg, where hg
is the diameter of the element E, and it has to exist a pg > 0 such that pg > pg > 0,
VE €T,

o VE €Ty, Ve € &, g has to satisfy |e| > pphp, where &,  represents the set of edges
of element £

Besides, the tessellation T, of the DFEN has to be a global conforming polygonal mesh,
meaning that edges of elements have to match exactly in correspondence of traces (Berrone
et al. [2019]).

17



4 — Virtual Element Method

On each element E € T;, we define the local VEM space of order k € N as

VE ={v e HY(E): Av € Py(E),
vle € Pr(e) Ve € &np,
v e C°OE),
(v,p)p = (Y 5(v),p) Vp € PL\Py_s}

where ITY , : H'(E) — Py(E) is the H'(E) orthogonal projection operator, which satisfies:

(VIR 5(v), Vp)E = (Vo, VD)5 Vp € Py(E), (4.1)
(Y (v),Dor = (v,1)om if k=1, (4.2)
(Y e(0), e = (v,1)p it k> 1

P,(E) and Py (e) are the space of polynomials of order k defined respectively on element
E and on each edge ¢, and P \Px_o(E) is the set of polynomials p € P(E) that are L?(E)
orthogonal to Py_o(F).

It will also be useful the definition of the L?-projection operator Hg’ g on the space Py (E).
It acts on functions v € V), as follows:

(I} p.p)e = (v,p)E, Vpr € Py

The VEM space V¥ is finite dimensional, so we can find a finite basis {p;} for it and
every function v € VF can be identified through its degrees of freedom {v;}, that are the
scalar values such that v = >, v;p;. Therefore, if we are looking for an approximation
up, € VF of a certain function u € H{, our objective is to find the scalar values (up); that
determine uy, as a function of Vj,.

In Section 5 we will describe an implementation of VEM of order k£ = 1. In this case the
functions v € VF are identified by N¥ degrees of freedom represented by the values of v
at the N¥ vertices of element E.

As basis functions of the space VF of order k = 1 we can consider the Lagrangian basis
{cpi}i]\j, which satisfies o;(z;) = d;5, where x;, j = 1,..., N¥ denote the vertices of
polygon E.

The global virtual element space is then defined as

Ve={ve H}Q): v|gecVF VE€T)
(da Veiga et al. [2014]).

4.2 Discrete Problem

To discretize the second order elliptic equation by the VEM, we restrict the problem on one
element E of the tessellation 7, at a time. We will denote with a®(-,-), bZ(-,-), ¢F(-,-)
the restriction of the bilinear forms a(-,-), b(-,-), c(-,-) defined in (3.2) - (3.4) to the
generic element E.

18



4.2 — Discrete Problem

The discretization requires the introduction of a stabilizing term S¥ - a symmetric
bilinear form on Vf X V}? , such that

aa® (vp, vp) < SF(vp,vn) < a*al (v, vp), Yo, € VE, Yo, =0

with ay, @ parameters independent of h and satisfying 0 < a, < o. In words, the sym-
metric bilinear form S¥ scales like a”(-,-) on the kernel of IIY on VF. This stabilization
will guarantee the coercicity and continuity of af (-, -).
The simplest choice for S (u, v), that we will use in our implementation of VEM in C++
in 5, is the scalar product of the vectors of degrees of freedom of functions u and v. Thus,
in the case k = 1 that we are considering, we define S¥ (u, v) as the scalar product between
the values of v and v in the vertices of element E (Berrone and Borio [2020]).

Now Vu,v € VF we can define the discretized bilinear forms and forcing term on
element E as follows:

af (u,0) = [ Ty V) - (0 pTo)de + SE(U =TT (1 = I p) (44

(0 == [ (01, (310 o) (4.5
Fuv) = [ o pu)(I, po)da (1.6
()= [ FOI po)de (@7

As we did in (3.1), we define
B,’?(u, v) = af(u, v) + b{f(u, v) + cf(u, v) (4.8)

We can extend the discretized bilinear forms and forcing term to the whole domain 2, by
summing all the contributes on each element E € Ty:

ap(u,v) == Zaf(u, v)

by (u,v) := Zb{f(u, v)
E

cn(u,v) == Zcf(u,v)
E

(fn,v) := Z(fhW)E

E

and similarly

Bi(u,v) == an(u,v) + by(u,v) + cp(u,v) =Y By (u,v)
E

The bilinear forms bF and ¢ are well defined Vu,v € H'(E), as well as by, and ¢, are
on HZ(Q). However, this is not the case for a?, because of the stabilizing term S (-, -).
Indeed, the latter is defined only on the space VF.
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4 — Virtual Element Method

These definitions allow to define the discrete stationary problem as:

{Find up, € Vy, such that
Bp(un, vn) = (frn,vn) Yon € Vp

(da Veiga et al. [2014]).

In the evolutive case, as described in Section 3.2, we apply the Crank-Nicolson method.
Using the previous discretized bilinear forms and forcing term, at each time step g, k =
1,..., N we find the discrete version of (3.7):

Find u’Xglh € V), such that
(ui b o) + S B(ux g, vn) = (4.10)
= (u¥,0) = §EB(ul,pon) + 55 ((FF,00) + (FFF0n)) s Yon € W

4.3 Error Estimates

The VEM provides an approximate solution to the problem we are considering. It is
important to understand how good is this approximation. A way to perform it, consists
in finding an upper bound of the approximation error ||u — || in a suitable norm || - ||
(being u and wy, the exact and numerical solutions respectively). This bound usually
depends on the discretization parameters: h for the discretization in space (which could
be defined as h := maxge7;, hg, with hg := diam(E)) and At when discretizing in time.
In particular, we look for a relation of this kind:

|u — up| < C(h* + At®)

for constants C' > 0 and a, b independent of the parameters h and At.

We will say that the method is of order a in space and b in time.

In the stationary problem, since we are dealing with sufficiently regular functions that
lie in H'(Q), then a natural choice for the approximation error is the H!'-norm of the
difference between exact and approximate solution:

1
lu—wunlls = (Il = unlld + [ Vu = V)

where || - ||o denotes the L% norm on €.
As proved in da Veiga et al. [2014], for h sufficiently small there exists a unique solution
up, € Vi, to the discrete problem 4.9, and if u € H*T1(Q) and f € H*(Q), uy, satisfies

[ = unlly < CR([Jullst1 + |£15) (4.11)

for 0 < s < k, for a constant C' > 0 independent of discretization parameter h, but in
general depending on the parameters of the problem : €, 5, 0.

As before, k represents the order of the VEM space. If we let & = 1, then the error
estimate (4.11) becomes:

lw = unlly < Ch([|ullz + [ f]1) (4.12)
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4.3 — Error Estimates

When we are solving the evolutive problem, instead, we are looking for a function that
approximates the exact solution u € L%([0,T], H}(Q2)). In this case the error is a com-
bination of the errors due to the discretization in time and the discretization in space.
If we are using the Crank-Nicolson method, which is second order in time, we have the
following a priori error estimate:

H’LL — uAt,hHLZ([O,T],Hé(Q)) < ClAtQ + Csh (4.13)
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Chapter 5
Implementation in C+4+

To perform the VEM, we implemented a code in C++, following the object oriented pro-
gramming principles.

5.1 Definition of the Problem

In the main. cpp file, after importing a DFN,

exitCode = DFNCustomImporter::Import(dfnTag, network);

we create a mesh of cells on it

DFNMinimalMesher mesher;
mesher .SetDFN (&network) ;
mesher .CreateMesh () ;

Then, we define and solve the primal problem that physically corresponds to the hy-
draulic head. It is characterized by the equation

-V (KVu)=f

Thus, it is required to import the data about the parameter of transmissivity K and the
source term f on each fracture of the DFN. These are defined as vectors of
GenericPhysicalParameter*. This class presents several subclasses, basing on the be-
havior of the parameters that we are dealing with:

« if the parameter is constant on the whole fracture, we define it as an object of the
subclass ConstantPhysicalParameter;

o if its values are constant on each cell of the fracture, we can use the subclass
PiecewiseConstantPhysicalParameter;
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5 — Implementation in C++

« if, instead, the parameter is defined as a function, we work with the subclass
VariablePhysicalParameter, where we set the pointer to the function that defines
the parameter on the fracture.

Similarly, for boundary conditions we created the class GenericBoundaryCondition, that
admits the subclasses ConstantBoundaryCondition (for which we define a constant value
of boundary condition on the whole border) and VariableBoundaryCondition (that re-
quires the specification of a function pointer that expresses pointwise the value of the
boundary condition). These classes can be used for all kinds of boundary conditions: bas-
ing on the value of a marker, we distinguish the case of Dirichlet and Neumann conditions.
After defining the parameters, we declare the problem as an object of class
EigenDFNVemEllipticProblem, and by means of setter functions we set DFN, parame-
ters, source function and boundary conditions.

5.2 Resolution of the problem

In the function EigenDFNVemEllipticProblem: :Initialize(), we initialize the prob-
lem. In particular, we define the discrete equation

EigenDiscreteEquation_IterativeSolver* discreteEquation = new
EigenDiscreteEquation_IterativeSolver ();

and the assembler that will build the system of linear equations

assembler = new EigenDFNAssembler ();

For both objects we set a pointer to the global matrix and the right hand side that
define the linear system associated to the problem, along with the matrix for the Dirichlet
boundary conditions:

e the matrix is defined as an Eigen: : SparseMatrix<double> and its size is Ny, X Nyo
(where with Ng,¢ we denote the number of degrees of freedom, meaning the number
of nodes where no Dirichlet boundary conditions are imposed);

o the right hand side is a vector of double of size Ng,f

« the Dirichlet matrix is an Eigen: : SparseMatrix<double> of size Ngof X Nd%f, where
NE s denotes the number of nodes where Dirichlet conditions are specified.

The problem is solved in the function

Output::ExitCodes DFNVemEllipticProblem::Solve ()
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5.2 — Resolution of the problem

The resolution happens in two main steps. Firstly the system of linear equations is
assembled through the assembler we defined before:

assembler ->AssembleDiscreteSystem() ;

Secondly, the system of equations is solved iteratively:

system->Solve () ;

In particular, when the matrix of the system is symmetric - as in the hydraulic head prob-
lem - the iterative method that is used is the Conjugate Gradient method. Whereas, when
more generally the system is non-symmetric - like in the Reaction-Convection-Diffusion
problem - the Bi-Conjugate Gradient method is performed.

The solution of the linear system of equations will be a vector which components represent
the approximated value of the unknown function in the nodes of the mesh.

5.2.1 Discrete Linear System Assembler

The algorithm in the function AssembleDiscreteSystem() aims to build the discrete
system of equations: the global matrix is built after the computation of

vector< Triplet<double> > tripletlList;

as well as the Dirichlet matrix from

vector< Triplet<double> > tripletListDirichlet;

The values of these objects, along with the right-hand-side and the Dirichlet values in
the Dirichlet nodes of the mesh, are computed locally by considering an element (cell) of
the mesh at a time. In particular, we perform a loop on each fracture of the DFN, and
for each fracture we run another loop on the cells of the mesh:

for (unsigned int fracPosition = 0; fracPosition < network.
NumberDomains () ; fracPosition++)
{
const Fracture& fracture = dynamic_cast<const Fracture&>(
network.DomainByPosition(fracPosition));
const GenericMesh& mesh = fracture.Mesh();
for (unsigned int e = 0; e < mesh.NumberOfCells(); e++)
{
const GenericCell& cell = *mesh.Cell(e);
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5 — Implementation in C++

On each element we define a local matrix, a local right-hand-side and a local vector of
Dirichlet conditions:

MatrixXd cellStiffness;
VectorXd cellRightHandSide;
VectorXd cellDirichletTermValues;

If the cell is active, then we compute the values of these matrices and vectors through
the function of the equation on the considered fracture:

equationPointer [fracPosition]->BuildLocalSystem(cell,
cellStiffness, cellRightHandSide, cellDirichletTermValues)

’

After this computation, that will be described later, these local quantities are plugged
into the global objects. We consider ordered pairs of vertices of the cell, and we took
their global indices inside the mesh. We denote this two values as globalDof_i and
globalDof_j.

To distinguish Dirichlet degrees of freedom, we decided to let the indices of Dirichlet nodes
to be negative. So

if (globalDof_i >= 0)

and

if (globalDof_j >= 0)

we plug the computed value of the stiffness matrix into the tripletList:

tripletList.push_back(Triplet<double>(globalDof_ i,
globalDof_j, cellStiffness(i,j)));

Instead,

if (globalDof_i >= 0)

and

if (globalDof_j < 0)
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5.2 — Resolution of the problem

then we are dealing with a Dirichlet condition in node j, therefore we let

tripletListDirichlet [posDirichlet++] = Triplet<double>(
globalDof_i, -globalDof_ j-1, cellStiffness(i,j));

and we set the Dirichlet value

solutionDirichlet [-globalDof_j-1] = cellDirichletTermValues (]
)

The right-hand-side is determined as
rightHandSide [globalDof_i] += cellRightHandSide (i) ;

when globalDof_i>=0, that corresponds to the case when we have no Dirichlet condition
on node 1i.

5.2.2 Computation of the Local System

As anticipated before, the local values are computed in the function

Output::ExitCodes VemEllipticEquation::BuildLocalSystem (
const GenericCell& Gcell, MatrixXd& cellMatrix, VectorXd&
cellRightHandSide, VectorXd& cellDirichletTermValues)

Here through the line of code

vemValues.ComputeVemProjectors (cell);

we compute the Vandermonde matrix and the matrices that perform the projections.
Their computation follows the optimized implementation described in Berrone and Borio
[2020].

Vandermonde Matrices

The Vandermonde matrix of element E for the VEM of order 1 is a matrix V¥ € RN"*3,

Its entries (i, j) are given by m;(z;), i =1,...,N¥, j =123, where m; are the scaled
monomials taken as basis for the local polynomial space Py (FE):
x—x
E
— YE
ms(z,y) =7 - ) (5.3)
E
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5 — Implementation in C++

Here we denoted by (g, yg) the centroid of the element and by hpg its diameter.
We will also use the Vandermonde matrix of order 0, which has size N¥ x 1 and all its
entries are 1 (indeed, as basis of Py(E) we can take the set {m}, with m(z,y) = 1), and

the Vandermonde matrices of derivatives of monomials Vi, VlEy e RV"x3,
The latter are defined as
Vi = V"D, Vi, = Vi Dy,
where
1 1
. 0 47 0 . 00 5
Dy,=10 0 0], Dy,={0 0 0
0 0 O 00 0

Useful to our computations are also the projectors 1Y, TIJ and TIJV.

Projector I1Y

The projector II} is the H'-orthogonal projection defined by:
(VILY (v), Vp)g = (Vv, Vp)g, Vp € P1(E)
(I (v),1)ar = (v,1)or

If we are considering the scaled monomials (5.1) - (5.3) as basis for P;1(F) and the
Lagrangian basis for V¥, then the vector (dofp, () (IIYv)); of degrees of freedom of I} v
with respect to P(FE) satisfies:

3
> (Vmy, Vi) p(dofp, () (ITY (v))); = (Vv, Vi), V5 =1,2,3
j=1

In matrix form, this is equivalent to

G¥1Y = BY
where
o Hlv € R3><NE.
- oEN\T 1,0F
. gE—qgp (W)W
1 1+ < 0

with 0 € R**3 and B
(GT)ij = (Vmi, Vi) g

and it is performed matricially through
GE = (VE)TWEVE, + (V) WEV,

being W¥ the diagonal matrix whose diagonal elements are the quadrature weights
relative to the vertices of element F;
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5.2 — Resolution of the problem

0
with 0 € R2%3 and

. pF B? . ((waE)T>

(BE) = (w?®), 5

Jaﬁ(l‘j), jzl,,NE

given by 3
(BP)iy = (V) WP + (Vi) Wy ®
with W, and W, defined as the diagonal matrices whose elements are the values of

the quadrature weights along x and y, obtained by weighting them according to the
x and y components of the vectors normal to the edges of element E.

In the code this is performed through

MatrixXd cellG = vanderInternalDerivatives [0].transpose()*
cellInternalWeights.asDiagonal () *vanderInternalDerivatives
[0] + vanderInternalDerivatives[1].transpose ()*
cellInternalWeights.asDiagonal () *vanderInternalDerivatives
[1], cellB(numMonomials, numDofs);

cellB.leftCols (numBoundaryDofs) = vanderBoundaryDerivatives
[0].transpose () *cellBoundaryWeightsNormal [0].asDiagonal ()
+ vanderBoundaryDerivatives [1].transpose () *
cellBoundaryWeightsNormal [1].asDiagonal () ;

MatrixXd cellD(numDofs, numMonomials) ;

cellD.topRows (numBoundaryDofs) = vanderBoundary;

cellB.row (0)

cellBoundaryWeights;

cellG.row (0) vanderBoundary.transpose () *cellBoundaryWeights

3

Now we can compute 11} as:

piNabla = cellG.partialPivLu().solve(cellB);

Projector 119

The L?(E)-projection IIJ : Vs — Py(E) is defined through
(115(vs5), p) & = (vs,p)E, Vp € Po(E),Yvs € Vs
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This is matricially equivalent to
Iy = (H*Ey)*CF

where in general (HE);; = (mi,mj)g, 4,5 =1,...,Nx (No = 1, Ny = 3) is the mass
matrix of monomials and it is computed through HE = (V;E)TWPVF whereas

Cy = ((Hf)1,123)11Y

This latter relation comes from the property of Vs: (0;,1)r = (IIY (¢;),1) &
In C++ this is implemented in the following lines of code:

MatrixXd cellH = vanderInternal.transpose()*
cellInternalWeights.asDiagonal () *vanderInternal;

cellC.bottomRows (n_kml-numInternalDofs) = cellH.block(
numInternalDofs ,0,n kml-numInternalDofs ,numMonomials) *

piNabla;

const LLT<MatrixXd>& H_kml LU = <cellH.topLeftCorner (n_kml,
n_kml) .11t () ;

projectors["pikml 0"][0] = H_kml LU.solve(cellC);

Note that, in the code, km1 corresponds to 0.

Projector 15V

Lastly, the projections of the derivatives Hga%, Hga% : Vs — Py(F) are such that
Ovs Ovs
Iy — == Vp € Po(E
( Oax7p>E (axap)E7 P 0( )

87}5 81)5
0= = _—

N
0 oy

We will denote

The matrices Hg’z, Hg’y e RUXNT, corresponding to the projections of the z and y
derivatives, are given by

e = (HY) VB, W= (HY)ES,

where
e} 0 0 0
gy = (VEEYIW2E - Eg, = (V5w
This can be implemented in C++ as
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5.2 — Resolution of the problem

MatrixXd cellEx(n_kml ,numDofs);

cellEx.leftCols (numBoundaryDofs) = vanderBoundary.leftCols(
n_kml).transpose()*cellBoundaryWeightsNormal [0].asDiagonal
05

MatrixXd cellEy(n_kml ,numDofs) ;

cellEy.leftCols (numBoundaryDofs) = vanderBoundary.leftCols(

n_kml) .transpose()*cellBoundaryWeightsNormal [1].asDiagonal
O

vector<MatrixXd>& piGradkmlxyz = projectors["piGradkmlxyz"];

piGradkmixyz [0] H kml LU.solve(cellEx);

piGradkmlxyz [1] H kml LU.solve(cellEy);

In BuildLocalSystem we define

for (unsigned int i = 0; i < dimensionValue; i++)
vanderpiGradkmlxyz [i] = Vander_kmlx*vemValues.
PiGradkmlxyz (i) ;

and

MatrixXd vanderPikml O = Vander kmil*vemValues.Pikml 0(Q);

Diffusion term

Now it is possible to compute the diffusion term, recalling (4.4):
a¥ (u,v) == / e(T9_ V) - (1Y _, Vo)de + SE((I — 1Y )u, (I — TIY )v)
E

We first let

vector<VectorXd> weightsTimesDiffusion(diffusionTerm.size());
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whose components are defined as the product between the weights of the vertices of E
and the diffusion term evaluated in these points.
Afterwards, we add the component of the diffusion term to the local matrix of the cell:

cellMatrix += vanderpiGradkmlxyz[i].transpose()*
weightsTimesDiffusion [0].asDiagonal () *vanderpiGradkmixyz[i

1;

To perform the stabilization S¥((I — I )u, (I — I )v):

MatrixXd IminusPinabla = vemValues.PiNabla vemdofs () ;
IminusPinabla.diagonal().array() -= 1.0;

cellMatrix += maxDiffTerm*pow(cell.Diameter(),dimensionValue

-2)*IminusPinabla.transpose () *IminusPinabla;

In the previous code, maxDiffTerm denotes the maximum value of the diffusion term in
the vertices of E. Besides, in the case we are considering, dimensionValue is 2.

Right-hand-side

To compute the right-hand-side, we have to evaluate the forcing term in the vertices of
the element, and then we use the projection I19, recalling (4.7):

VectorXd forcingTermValues;

vemValues.EvaluatePhysicalParameterInQuadraturePoints (*
forcingTerm, forcingTermValues);

cellRightHandSide = vanderPikml O.transpose ()*
cellInternalWeights.asDiagonal () *forcingTermValues;

Boundary Conditions

Dirichlet conditions are defined in

vemValues.ComputeDirichlet (cell, *dirichletConditions,
cellDirichletTermValues) ;
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5.2 — Resolution of the problem

where the Dirichlet conditions, when present, are evaluated in the vertices of element E.
Neumann boundary conditions, instead, provide a contribute to the right-hand-side. In
fact, they are originated after the integration by part in the variational formulation, and
they bring to the term

gNTTy (v)dl
I'n

as discussed in Chapter 3.
In the code, this is performed in

VectorXd neumannTermValues;

if (vemValues.ComputeNeumann (cell, *neumannConditions,
neumannTermValues))

cellRightHandSide.segment (0,numBoundaryDofs) +=
neumannTermValues;

Robin boundary conditions are executed instead in

MatrixXd robinMatrix;

if (vemValues.ComputeRobin(cell, *robinConditions, robinMatrix

))

cellMatrix.block (0,0, numBoundaryDofs ,numBoundaryDofs)
+= robinMatrix;

5.2.3 Reaction-Convection-Diffusion problem

Through the previous algorithm it is possible to solve the diffusive problem for the hy-
draulic head. From its solution uy we can define the Darcy velocity of the flow as

B=—KVuy (5.4)

To compute the Darcy velocity 8, we created a specific class, DarcyVelocity, in which
by means of the projectors we perform

const MatrixXd VanderO0 = MatrixXd::Ones(points.size(), 1);

MatrixXd VanderPiGradO

VanderO* (*PiGradO) ;

results = -transmiss (0)*VanderPiGradOx*xcellDofs;
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In the Reaction-Convection-Diffusion problem, the Darcy velocity represents the convec-
tive term. The other two terms of reaction and diffusion are defined through the definition
of the parameters of diffusion € and reaction o. Also in this case, as for the hydraulic
head problem, they can be defined as GenericPhysicalParameter and can be constant,
piecewise constant or variable.

Thus, the Reaction-Convection-Diffusion problem is defined in the main.cpp file as the
problem for the hydraulic head:

EigenDFNVemEllipticProblem problem;

and the parameters are set in the same way as for the transmissivity terms in the primal
problem.
Similarly, the problem is initialized through

problem.Initialize () ;

where the equations and the assembler are defined, and it is solved in

problem.Solve () ;

In addition to the previous algorithm, here we have to compute also the contribution of
the transport and the reaction terms, that are defined by (4.5) and (4.6).

and their contribution to the local matrix is implemented in VemEllipticEquation: :
BuildLocalSystem by

for(unsigned int i=0; i<dimensionValue; i++)
{
cellMatrix += vanderPikml O.transpose () *
cellInternalWeights.cwiseProduct (transportTermValues.col (i
)) .asDiagonal () *vanderpiGradkmlxyz [i];

and

MatrixXd reactionMatrix = vanderPikml O.transpose () *(
cellInternalWeights.cwiseProduct (reactionTermValues)).
asDiagonal () *vanderPikml _O;

cellMatrix += reactionMatrix;

where transportTermValues and reactionTermValues contain respectively the evalua-
tion of the Darcy velocity and the reaction term in the vertices of the cell.
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5.2 — Resolution of the problem

Evolutive Problem

The evolutive Reaction-Convection-Diffusion problem is implemented as a modification
of the stationary problem. It is defined through a specific class
(EvolutiveProblemParameters) where, among the others, we have to initialize the same
parameters as in the stationary case. We point out that the parameters, the source term
and the boundary conditions are defined as before as objects of class
GenericPhysicalParameter and GenericBoundaryCondition, but in order to specify
the time dependance of these terms, we defined the subclasses
TimeDependentPhysicalParameter and TimeDependentBoundaryCondition.

In addition to these parameters, we have to specify the number of time steps
(numTimeSteps), the size of the discretization in time At (timeStepSize) and the initial
conditions.

In our implementation we are performing the Crank-Nicolson method. Starting with
a given initial condition ug, we can compute iteratively the approximate values of the
solution u**1 in the degrees of freedom at time step tj41, k =0,... numTimeSteps - 1
as the solution of a linear system where the right-hand-side depends on the known forcing
term and on the approximate solution at the previous time step k, as described in (4.10).

The bilinear form B(-,-) is built similarly as before and it brings to the definition of
the RCDMatrix.

If we suppose that the parameters are independent of time, then the RCDMatrix that
we build is the same Vk = 0, ... numTimeSteps - 1.

In addition to the code for the stationary problem, here we have to implement the
L?-scalar product

(uixth 0n)
that corresponds to the application of a massMatrix (that before we denoted as H{) to
the vectors of degrees of freedom at time k+ 1. Also this matrix does not depend on time.
Therefore, in the function

\lstinline{EigenDFNVemEvolutiveProblem::Solve ()}

we are going to solve a linear system of equations characterized always by the same global
matrix

globalMatrix = massMatrix + timeStepSize/2 * (RCDMatrix);

All the components of globalMatrix are computed in function

EigenDFNAssemblerEvolutiveProblem:: AssembleMassRCDMatrices () ;

created on purpose for the evolutive problem. Specifically, in this function the problem is
divided in local problems on each cell of the mesh, exactly as in the stationary case, and
in function
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EigenDFNVemEvolutiveEquation::BuildMassRCDMatrices (const
GenericCell& Gcell, MatrixXd& cellMassMatrix, MatrixXd&
cellRCDMatrix)

we determine the cellRCDMatrix in the same way as for the cellMatrix in function
VemEllipticEquation: :BuildLocalSystem.
cellMassMatrix is set as

cellMassMatrix = vanderPikml_ O.transpose ()*
cellInternalWeights.asDiagonal () *vanderPikml O;

and it also needs to be stabilized:

MatrixXd IminusPinabla = vemValues.PiNabla_vemdofs () ;
IminusPinabla.diagonal().array() -= 1.0;

cellMassMatrix += pow(cell.Diameter(),dimensionValue) *
IminusPinabla.transpose () *IminusPinabla;

Whereas these matrices are independent of the time step, at each tx,1 we have to
determine the right-hand-side of the evolutive problem. This happens in
EigenDFNAssemblerEvolutiveProblem: :AssembleRightHandSide (). To compute it, we
need the solution at previous time step t; (eigenPreviousSolution), the forcing term
evaluated in the degrees of freedom at time step ¢ (eigenPreviousForcingTerm), and
the vectors of Dirichlet conditions both at ¢ and t;1; (eigenCurrentSolutionDirichlet
and eigenPreviousSolutionDirichlet). The terms corresponding to the previous time
step have already been computed and are saved as instances of the object of class
DFNAssembler. The "current' terms, instead, must be computed. As for the computation
of the other matrices and vectors, we set a local problem on each cell of the mesh. In

Output::ExitCodes EigenDFNVemEvolutiveEquation::
BuildForcingTerm (const GenericCell& Gcell, VectorXd&
cellForcingTerm, VectorXd& cellDirichletTermValues, const
double& currentTime)

we compute the forcing term as

MatrixXd vanderPikml O = Vander kmlx*xvemValues.Pikml 0();

vemValues.EvaluatePhysicalParameterInQuadraturePoints (*
forcingTerm, forcingTermValues);
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5.2 — Resolution of the problem

cellForcingTerm = vanderPikml O.transpose ()*
cellInternalWeights.asDiagonal ()*xforcingTermValues;

and the boundary conditions, where defined:

vemValues.ComputeDirichlet (cell, *dirichletConditions,
cellDirichletTermValues) ;

if (vemValues.ComputeNeumann (cell, *neumannConditions,
neumannTermValues))
cellForcingTerm.segment (0, numBoundaryDofs) +=
neumannTermValues;

The GenericPhysicalParameter and GenericBoundaryCondition are in this case of
subclasses TimeDependentPhysicalParameter and TimeDependentBoundaryCondition
respectively. Therefore, we have to set the time ¢ through the setter function
SetCurrentTime (currentTime) ;.

After determining all these terms, we can set the right-hand-side in
EigenDFNAssemblerEvolutiveProblem: : AssembleRightHandSide () as

eigenRightHandSide = (*globalMassMatrixPointer - timeStepSize
/(2.0) * (xglobalRCDMatrixPointer))*eigenPreviousSolution;

eigenRightHandSide += timeStepSize/(2.0) * (
eigenCurrentForcingTerm + eigenPreviousForcingTerm) ;

eigenCompleteRightHandSide -= (xdirichletMassMatrixPointer) *(
eigenCurrentSolutionDirichlet -
eigenPreviousSolutionDirichlet);

eigenCompleteRightHandSide -= (xdirichletRCDMatrixPointer) x*
timeStepSize/(2.0) * (eigenCurrentSolutionDirichlet +
eigenPreviousSolutionDirichlet);

Finally, the problem at time step tjy; is solved in EigenDFNVemEvolutiveProblem: :
Solve() through

system->Solve () ;

After running this algorithm, we get the vectors of values of the approximate solution u”

in the nodes of the mesh at each time step .
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Chapter 6

Stabilization Methods

6.1 SUPG

When we try to solve a Reaction-Convection-Diffusion problem by the VEM in presence
of a diffusion term —V - (eVu) of several orders of magnitude smaller than the convective
term V - (fu), then oscillations of the numerical solutions may occur. These oscillations
do not have a physical meaning and their source is of a numerical nature, rather than
being associated to an error in the model.

The occurrence of this anomalous behavior can be related to the Péclet number of the
elements & € Ty, that in the VEM of order k = 1 is defined as:

Peg = Puh
6€E

(6.1)

where

Be = sup || B(z)||r2
zel

= inf
v = ek

hg = diam(FE)

Spurious oscillations occur for high values of Per and to prevent them we can use the
Streamline Upwind Petrov-Galerkin (SUPG) stabilization method.
In the context of VEM of order & = 1, SUPG is performed by defining the bilinear
form
Bsupg = a/('v') +b('7') +C('a') (62)

where b(-, ) and ¢(+,-) are defined as in (3.3) and (3.4), and &'(+, ) is given by:

a(u,v) =a(u,v)+ > 78 /E(B -Vu)(p - Vou)dz

EeTs
with a(-,-) defined as in (3.2) and 75 := Q’LTEE min{ Pep,1}.
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Besides, we define

Fsypa(v) + ) TE/ f(B-Vv)d (6.3)

E€Th

The discrete counterpart of (6.2) and (6.3) are the discrete bilinear form Bsypagp @ Vi X
Vi, — R and the discrete right-hand-side Fsypgp @ Vi — R defined as:

Bsupan(u,v) == ap(u,v) + by (u, v) + cp(u,v)
where
a¥ (u,v) I:/EE(HSVU) (V) da+
(¢ + 7oBE)S" (I = Y )u, (I — TIY )v)+
7o [ (3 TVa)(8 - 1§V 0)da
E
with € = sup,cp€e(x),
bE (u,v) = —/ (Iw) (B - TI§Vv)dx
E
P (u,v) ::/ o () (TTHv) da

ap(u,v) == Zah u,v)
v) ::be (u,v)

E
)= _ ek (u,v)

E

and
FE s / fTvdz + 75 / £(8 - T2V0)

Fsypan(v ZFSUPGh( )

In Benedetto et al. [2016] it is proven that the order of convergence of VEM is preserved
also when introducing the SUPG stabilization. Indeed, assuming sufficient regularity of
the data functions, the following relation holds:

e = unll < Ch(ffullz + [1f]11)

for a constant C' > 0 depending on the parameters of the problem € and 5 and independent
of the meshsize h, and the norm |||-|| defined as:

ol = {IVevell + 3 mals- Vo) ve e Hy(@

EeTh,

This norm is equivalent to the H'-seminorm | - |;, which is a norm on the subspace
HE(Q) € HY(Q). Therefore, the order of convergence of VEM of order k = 1 with the
introduction of SUPG stabilization remains the same as the non-stabilized method. In
particular the error is linear with respect to the meshsize h.
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6.1.1 Implementation in C+4+

SUPG stabilization can be implemented adding the stabilization terms to the cel1lMatrix
computed in

OQutput::ExitCodes VemEllipticEquation::BuildLocalSystem(const
GenericCell& Gcell, MatrixXd& cellMatrix, VectorXd&
cellRightHandSide, VectorXd& cellDirichletTermValues)

in the case of stationary problem, and to cel1RCDMatrix in

Output::ExitCodes EigenDFNVemEvolutiveEquation::
BuildMassRCDMatrices (const GenericCell& Gcell, MatrixXd&
cellMassMatrix, MatrixXd& cellRCDMatrix)

in the evolutive case.
In both situations we have to compute the cell Péclet number and determine the value
of T

Pe = mk*supTransportTerm*cell.Diameter ()/(2.0%
infDiffusionTerm) ;
if (Pe<1)
tau = mk*cell.Measure()/(4.0xinfDiffusionTerm) ;

else

tau = cell.Diameter () /(2.0*xsupTransportTerm);

being mk = %,infDiffusionTerm‘ﬂuanﬂnhnunlvahuaofthe diffusion parameter ¢ and

supTransportTerm the maximum value of the Darcy Velocity in the vertices of the ele-
ment.

Both to cellMatrix for the stationary and to cel1RCDMatrix for the evolutive problem,
we add

tau*vanderpiGradkmlxyz [i] . transpose()*cellInternalWeights.
cwiseProduct (transportTermValues.col(i)).cwiseProduct (
transportTermValues.col(j)).asDiagonal () *
vanderpiGradkmixyz [j];

Besides, we add a new term in the stabilization matrix

MatrixXd IminusPinabla = vemValues.PiNabla vemdofs () ;
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6 — Stabilization Methods

IminusPinabla.diagonal().array() -= 1.0;

cellMatrix += tau*pow(supTransportTerm,2)*IminusPinabla.
transpose () *IminusPinabla;

6.2 Mass Lumping

Similarly, oscillations can occur in the numerical solution of the partial differential equa-
tion when the reactive term o(z)u is dominant with respect to the diffusion term
—V - (eVu). In this case, a stabilization method that can be performed is the Mass Lump-
ing technique. It consists in the diagonalization of the mass matrix. Indeed, the reaction
term depends only on the punctual behavior of the solution, and it is independent of the
reciprocal position of the points of the mesh. That is why non-diagonal terms, which are
introduced through the discretization of the variational problem, have no sense.

In particular, in the Mass Lumping stabilization the mass matrix is substituted with
the diagonal matrix, whose elements are the sum of the elements of the respective row in
the original mass matrix.

6.2.1 Implementation in C++
Mass Lumping stabilization is performed in

Output::ExitCodes VemEllipticEquation::BuildLocalSystem(const
GenericCell& Gcell, MatrixXd& cellMatrix, VectorXd&
cellRightHandSide, VectorXd& cellDirichletTermValues)

and in

Output::ExitCodes EigenDFNVemEvolutiveEquation::
BuildMassRCDMatrices (const GenericCell& Gcell, MatrixXd&
cellMassMatrix, MatrixXd& cellRCDMatrix)

as

reactionMatrix.diagonal().array() = reactionMatrix.rowwise().
sum () ;

VectorXd tmp = reactionMatrix.diagonal () ;

reactionMatrix = tmp.asDiagonal();

in the case of very high values of the inverse of the Karlowitz number
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double invKa = supReactionTermx*cell.Measure()/(6.0%
infDiffusionTerm) ;

In the code we applied Mass Lumping stabilization when invKa > 8.0.
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Chapter 7

Numerical Simulation

7.1 Description of the Problem

To test the previous mathematical methods, we consider a specific physical problem: we
simulate a single phase flow in a porous medium, as a rock matrix, in presence of an
embedded network of fractures, the so-called Discrete Fracture Network (DFN). This
problem regards many practical applications, such as geological storage of pollutants (e.g.
CO»), aquifers monitoring, nuclear waste disposal and other geothermal or environmental
issues.

The DFN is composed by fractures, which are regions of the rock that present a drastic
change in the properties of the porous medium, and they are characterized by one of the
three dimensions (the thickness) of several orders of magnitude smaller than the other
two dimensions. Therefore, fractures are geometrically represented as two-dimensional
objects.

In realistic applications, DFNs could comprise a huge number of fractures, with sizes
ranging from small to very large scales. Since the setting of the problem is affected by
a large uncertainty in both the hydrogeological parameters and the geometrical configu-
ration, usually DFNs are generated stochastically, and as a consequence a multitude of
numerical simulations is required.

In particular, we focus the attention on impervious rock matrices, assuming the absence
of longitudinal flows in the traces, which are the segments generated by the intersection
of two fractures. Moreover, we consider highly conductive fractures, which have a crucial
influence on the fluid behavior, since they can induce preferential flow paths.

More generally, the evolutive problem on the DFN is described by the following partial
differential equation in time and spatial domain:

a *
6ipca—1:* — e, V' - (AV*U) 4+ e;pcf* - VU™ + hu* = hu,
We can get a dimensionless equation through the following change of variables
e ut =Uu

e v¥=Lx, y*=1Ly, z'=1Lz
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o " =Tt= Lt

e« h*=Hh
.5 Bﬁ ﬁ*_ KVH

where U, L, B,T, H are the characteristic units of temperature, length, velocity, time and
hydraulic head respectively.
The dimensionless problem takes the form:
ou
i — V- (eVu)+ 8- Vu+ou = ou,
In a realistic application U ~ 1K, L ~ 10?°m, H ~ 103m, and the parameters of this
model represent

e ¢; ~2-1073 ¥/A;m: thickness of the fracture, being i the index of the fracture and
A; (in m?) the fracture area

o prv 103%: water density

e ¢ =4186-=: specific heat of water

k:gK

e A=0. 6 : thermal conductivity of water

o K; ~ 107V A; kg . fracture transmissivity, with the parameter a being @ = 7 in
our apphcatlon

K;VH

€5 ’

o [*: average Darcy velocity in the fracture section. Since f* = Bf and 8* = —

then B ~ 0= QFH = 10°". As a consequence, T = £ ~ 10273

. heat transfer coefficient, which is en empiric coefficient such that the
flux of heat ¢ entering the fracture is ¢ = A(Urock — Ufracture). We suppose the rock
as having an infinite thermal capacity, so that its temperature is considered constant
and therefore it is a heat sink.

_ _A a—10
* €= 7B 418610 the diffusivity in the fracture
oa—2
. 0=HL 10 - the reaction coefficient

Bpce;  2-4186 WA,

It is clear that in such flows in DFNs the characteristic unit of Darcy velocity field B
may result of many orders of magnitude higher than the diffusivity €, which is reflected in
high Péclet numbers. In this framework, we say that the problem is convection-dominated,
and when we try to solve it numerically through VEM, we could get a numerical solution
which may present oscillations that do not have a physical source, therefore they do not
represent the solution.

Similarly, oscillations may occur when the problem is reaction-dominated, meaning
that the reaction phenomena governed by the parameter o, dominate over the diffusion
effects regulated through e (this is the case of very low Karlowitz numbers).

In order to avoid these numerical instabilities, we apply stabilization methods to VEM.
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7.2 Simulation and Error Analysis on a simple DFN

7.2.1 Stationary Problem

The numerical simulations that follow aim to solve the Reaction-Convection-Diffusion
equation on a bounded convex polygonal domain £ C R? with boundary 0. The strong
formulation of the stationary problems given by:

—cAu+p-Vu+ou=f, in Q

with the addition of boundary conditions on 9€), which could be Dirichlet, Neumann or
Robin conditions as discussed previously.

In the physical context of DFNs, the unknown function u represents a scalar field such
as the temperature or the concentration of a pollutant on each fracture.

In these problems, the diffusivity € : 2 — R and the reaction term o : Q@ — R are a
smooth functions with e(z) > ¢y > 0, Va € Q, and they model respectively the diffusivity
and the reaction term in the considered fracture.

The field # : Q — R? is a smooth vector-valued function and represents the Darcy
velocity, i.e. the convective field on the fracture. It is defined after the solution of the
primal problem of the hydraulic head u : & — R. In particular, 5 = —KVu, where K is
the transmissivity of the fracture.

The DFN where we run the numerical simulation is composed by two intersecting
rectangular fractures, as shown in Figure 7.1.

solution

Figure 7.1: Discrete Fracture Network

We can map each fracture on R? so that the vertices are:
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« (0,1),(—=1,1),(=1,-1),(0,—1) for the first fracture
e (1,1),(—1,1),(—1,-1),(1,—1) for the second fracture

The primal problem on the hydraulic head u is defined as:

-V - (KVu)=0 1in Q;
u = up, on 0€);

where K = 1 and €; represents the first fracture for ¢ = 1, and the second one for ¢ = 2,
and up is the homogeneous Dirichlet boundary condition.

On both fractures, the parameters are set so that the solution of the hydraulic head u
is the function

u(z,y) = (y* —1) — (2* = 1)

defined respectively on €2 and €2s.

As a consequence, homogeneous Dirichlet up, = u|gg, and up, = ulgq, conditions are
set respectively on the boundaries 9€2; and 0€),.
The function u satisfies the requirement of no longitudinal flow in the trace. Indeed,

=2y = 0.
y=0 y=0

For our numerical simulation, we set the forcing term f : 2 — R so that the solution
on both domains §2; and €25 is the same solution of the primal problem for the hydraulic
head. Therefore, f = —eAu + fVu + ou. Since u is a polynomial function of degree 2,

then Au = 0; from the definition § = —KVu, we get

in both fractures the trace is parametrized as (z,0),x € [—1,0] and g—;‘

BVu = —KVu-Vu=—K|Vul3

In conclusion, f = —K||Vul|3 + ou.

Moreover, in order to have the same solution u also for the problem of our numerical
simulation, we set the same up defined above as boundary conditions.

From the definition of Darcy velocity § = —KVu and letting K = 1, we get § =
(—%, —g—;‘) = (2z, —2y).

The purpose of the simulation is to understand when it is appropriate to use the sta-
bilizations SUPG and Mass Lumping. For this purpose, we set € and ¢ as constant func-
tions and we varied their values in order to isolate the cases of convection- and reaction-
domination.

Numerical Results

As discussed in Section 6, the need for a SUPG stabilization can be related to the Péclet

s

number, which is defined on each element E as Pe = %:?, where Sgup = sup,cp ||5(x)]|2

and €, = infyep e(x). Similarly, Mass Lumping stabilization is linked to the inverse of

Osuph

2
the Karlowitz number: Ka=! = Gerny where 04, = sup,cp o ().
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7.2 — Simulation and Error Analysis on a simple DFN

We ran the simulations on the same mesh, characterized by rectangular elements. The
behavior of Péclet numbers and inverse of Karlowitz numbers for the different values of €
and o can be derived from the following tables.

Table 7.1: Péclet numbers statistics

€ 1 1073 106 107
min Pe  1.570360e-03 1.570360e+00 1.570360e+03 1570360
avg Pe  1.993662e-02 1.993662e+01 1.993662e+04 1.993662e+07
max Pe 4.153510e-02 4.153510e+01 4.153510e+04 41535100

Table 7.2: Inverse of Karlowitz numbers statistics - o = 103

€ 1 1073 106 107
min Ka~! 3.255210e-01  3.255210e+02 325521 325521000
avg Ka™' 4.330881e-01 4.330881e+02 4.330881e+05 4.330881e+08
max Ka~! 6.510420e-01 6.510420e+ 02 651042 651042000

Table 7.3: Inverse of Karlowitz numbers statistics - 0 =1

€ 1 1073 106 1079
min Ka~ 1 3.255210e-04 3.255210e-01 3.255210e+02 325521
avg Ka=! 4.330881e-04 4.330881e-01 4.330881e+02 4.330881e+05
max Ka~! 6.510420e-04 6.510420e-01 6.510420e+02 651042

Table 7.4: Inverse of Karlowitz numbers statistics - o = 1073

€ 1 1073 10-¢ 107
min Ka~! 3.255210e-07 3.255210e-04 3.255210e-01 3.255210e+02
avg Ka=! 4.330881e-07 4.330881e-04 4.330881e-01 4.330881e+02
max Ka~! 6.510420e-07 6.510420e-04 6.510420e-01 6.510420e+02
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Table 7.5: Inverse of Karlowitz numbers statistics - o = 1076

€ 1 1073 106 107

min Ka~! 3.255210e-10 3.255210e-07 3.255210e-04 3.255210e-01
avg Ka=! 4.330881e-10 4.330881e-07 4.330881e-04 4.330881e-01
max Ka~! 6.510420e-10 6.510420e-07 6.510420e-04 6.510420e-01

When we let the reaction coefficient ¢ = 0, then by definition of Karlowitz number

Ka1=0

SUPG stabilization

To isolate the convection-dominated case, we firstly considered ¢ = 0 and we ran simula-
tions for values e = 1,1072,1075, 107, both using the standard VEM, and the VEM with
the introduction of the stabilization SUPG term. The results show that the considered
stabilization is needed starting from Péclet numbers of order 103, which correspond to
values € < 107%. Indeed, without a stabilization the numerical solution shows oscillations
that are not present in the exact solution. These oscillations are prevented when the

stabilized method is applied.

The following figures show the graphs of the solutions on each of the two fractures of

the DFN, corresponding to problems with different parameters ¢ and o.
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Figure 7.2: Solution of the stationary problem on Fracture 1 - ¢ = 1,0 = 0, Pe ~ 1073
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Figure 7.3: Solution of the stationary problem on Fracture 1 - e = 1073,0 = 0, Pe ~ 1
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Figure 7.4: Solution of the stationary problem on Fracture 1 - ¢ = 1075, 0 = 0, Pe ~ 103
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Figure 7.5: Solution of the stationary problem on Fracture 1 - ¢ = 10,0 = 0, Pe ~ 10°
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Figure 7.6: Solution of the stationary problem on Fracture 2 - e =1,0 = 0, Pe ~ 1073
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Figure 7.7: Solution of the stationary problem on Fracture 2 - e = 1073, 0 = 0, Pe ~ 1
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Figure 7.8: Solution of the stationary problem on Fracture 2 - € = 1075, 0 = 0, Pe ~ 103
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Figure 7.9: Solution of the stationary problem on Fracture 2 - € = 107, 0 = 0, Pe ~ 10°
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Mass Lumping stabilization

Mass Lumping stabilization is required for reaction-dominated problems, which are char-
acterized by high values of the inverse of Karlowitz number. In our simulations we consid-
ered values of o = 107%,1073, 1, 10%. We applied non-stabilized VEM, VEM with SUPG
stabilization and VEM with SUPG and Mass Lumping stabilizations. It resulted that
Mass Lumping has no effective influence on the numerical solution when considering val-
ues 0 < 1, indeed, the numerical solution with SUPG and Mass Lumping has the same
behavior as the solution with only SUPG stabilization involved. Instead, when considering
o = 10, SUPG is no longer sufficient to get a satisfactory numerical solution: for values
€ < 1, oscillations occur. If we apply Mass Lumping stabilization, the numerical solution
is not particularly smooth, but the mentioned oscillations are significatively reduced.

Besides, it is worth noticing that for values € < 1076, the standard VEM is not even
able to find a solution, as we get NaN values.
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Figure 7.10: Solution of the stationary problem on Fracture 1 - € = 1,0 = 103, Pe ~

1072, Ka= ' ~ 1071
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Figure 7.11: Solution of the stationary problem on Fracture 1 - ¢ = 1073,0 = 103, Pe ~
10, Ka=! ~ 102
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Figure 7.12: Solution of the stationary problem on Fracture 1 - € = 1075, o = 103, Pe ~
104, Ka=' ~ 10°
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Figure 7.13: Solution of the stationary problem on Fracture 1 - € = 107%,0 = 103, Pe ~
107, Ka=! ~ 108
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Figure 7.14: Solution of the stationary problem on Fracture 2 - € = 1,0 = 103, Pe ~
1072, Ka= ' ~ 1071
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Figure 7.15: Solution of the stationary problem on Fracture 2 - € = 1073, = 103, Pe ~
10, Ka=! ~ 102

solution
3
1
o
solution
solution

0. X
K K
-1.66+00 -1.66+00

(a) No Stabilization (b) SUPG (¢) Mass Lumping

58



7.2 — Simulation and Error Analysis on a simple DFN

Figure 7.16: Solution of the stationary problem on Fracture 2 - ¢ = 107%,0 = 103, Pe ~
104, Ka=' ~ 10°
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Figure 7.17: Solution of the stationary problem on Fracture 2 - € = 107%,0 = 103, Pe ~

107, Ka=! ~ 108
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Error Analysis

As discussed in Section 4.3, an H'(Q) a priori error estimate for the VEM of order k = 1
is given by
[ = unlly < Ch([lullz + [f11) (7.1)

To check if this rate of convergence is preserved also when applying the stabilization
methods SUPG and Mass Lumping, we refined the mesh multiple times (thus we increased
the number of degrees of freedom Nyof) and we plotted the H L_errors versus Ny, 7. As the
following figures show, it is preserved the rate of convergence of VEM of % with respect
to the number of degrees of freedom, that scales as %

From the figures it is also evident that for small values of €, the stabilized methods
(yellow and blue curves) are required to compute a satisfactory approximation of the
solution of the partial differential problem. Indeed, the non stabilized VEM (red curve)
leads to significant errors. For example, in Figure 7.19 we see that the error is even
increasing when doubling the order of magnitude of Ng,r. The a priori error estimate for
non-stabilized VEM is supposed to be evident for very high values of Ny .
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Error H 1

Figure 7.18: Stationary problem H!-error
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Figure 7.19: Stationary problem
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Figure 7.20: Stationary problem H!-error versus Naog -e=1,0= 106
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Figure 7.21: Stationary problem H'-error versus Ngop - € = 10750 = 1076
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7.2.2 Evolutive Problem

The evolutive problem or Reaction-Convection-Diffusion is governed by the equation

0
8—7:—6Au+B-Vu+au:f, [0,7] x Q
We ran simulations on the same DFN considered in the stationary problem. We set

the parameters so that the exact solution of the problem is
u(t,u) = t3u(z), (t,z) €[0,T] x Q

where u(z) is the solution of the stationary problem. Therefore, we set f = 3t2u + 3 f;,
being fs = —eAu + fVu + ou the forcing term of the stationary problem.

Numerical Results

We ran several simulations, considering different constant values for the parameters of
diffusivity € and reaction term o, in order to isolate convection-dominant and reaction-
dominant cases, and thus to understand when it is convenient to apply stabilization tech-
niques.

We ran three simulations with the different stabilizations considered, where we set a
time step size of At = 0.01 and N = 100 time steps. Thus, we simulated the scalar
field in the DFN from ¢t = 0 to ¢t = 1. From the following figures, it is clear that when
the problem is convection-dominated (for example for values € = 107%) the method with
SUPG provides a numerical solution which is smoother than the solution obtained with
the non stabilized VEM, so it is worth to apply SUPG. Instead, when € = 1 the problem is
not convection-dominated and SUPG does not seem to provide a better numerical solution
with respect to the application of the standard VEM.
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Figure 7.22: Solution of the evolutive problem on Fracture 1 -ty =67, = 1,0 =1, Pe ~

1072, Ka= ' ~ 1074

solution
solution

solution
K

e
e

(¢) Mass Lumping

(b) SUPG

(a) No Stabilization

Figure 7.23: Solution of the evolutive problem on Fracture 1 - t; = 67,¢ = 1075, 0 =

1,Pe ~ 10*, Ka™! ~ 102
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Figure 7.24: Solution of the evolutive problem on Fracture 1 - t, = 67,¢ = 1,0

1075, Pe ~ 1072, Ka=' ~ 10710
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Figure 7.25: Solution of the evolutive problem on Fracture 1 - ¢
1076, Pe ~ 10*, Ka=' ~ 107
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Figure 7.26: Solution of the evolutive problem on Fracture 2 - t;, =67, = 1,0 =1, Pe ~
1072, Ka= ' ~ 1074
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Figure 7.27: Solution of the evolutive problem on Fracture 2 - t; = 67,¢ = 1075, 0 =
1,Pe ~ 10*, Ka™! ~ 102
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Figure 7.28: Solution of the evolutive problem on Fracture 2 - t, = 67,¢ = 1,0

1075, Pe ~ 1072, Ka=' ~ 10710
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Figure 7.29: Solution of the evolutive problem on Fracture 2 - t;, =
1076, Pe ~ 10*, Ka=' ~ 107
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Figure 7.30: Solution of the evolutive problem on Fracture 1 - ¢ = 100,e = 1,0 = 1, Pe ~
1072, Ka= ' ~ 1074
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Figure 7.31: Solution of the evolutive problem on Fracture 1 - t;, = 100,e = 107%,0 =

1, Pe ~ 10*, Ka™! ~ 102
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Figure 7.32: Solution of the evolutive problem on Fracture 1 - ¢, = 100,e = 1,0
1075, Pe ~ 1072, Ka=' ~ 10710
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Figure 7.33: Solution of the evolutive problem on Fracture 1 - ¢, = 100,e = 107, o
1076, Pe ~ 10*, Ka=' ~ 107
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Figure 7.34: Solution of the evolutive problem on Fracture 2 - t, = 100,e = 1,0 = 1, Pe ~

1072, Ka= ' ~ 1074
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Figure 7.35: Solution of the evolutive problem on Fracture 2 - t;, = 100,e = 107%, 0

1, Pe ~ 10*, Ka™! ~ 102

solution

solution

solution

[ 06
1.0e+00

(c) Mass Lumping

(a) No Stabilization (b) SUPG

70



7.2 — Simulation and Error Analysis on a simple DFN

1075, Pe ~ 1072, Ka=' ~ 10710
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Figure 7.37: Solution of the evolutive problem on Fracture 2 - t;, = 100, ¢

1076, Pe ~ 10*, Ka=' ~ 107
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Error Analysis

As for the stationary problem, we analyzed the behavior of the H'-norm of the difference
between the numerical and the exact solution of the evolutive problem. Whereas in the
stationary case we only varied the number of degrees of freedom of the mesh, here we also
changed the discretization time step size, and related the H'-error to it.

For the discretization in time, we considered values of At = 0.05,0.1,0.2,0.4, that
correspond to numbers of time steps N = 200, 100, 50, 25 respectively, if we want to
compute the solution up to a time value t = 1.

To discretize the spatial domain, we refined the mesh multiple times and we solved the
numerical problem for values of numbers of degrees of freedom N,y = 105, 546, 2576, 11738.

We solved the problem for the different combinations of the two types of discretization,
and computed the H'-error of the exact and numerical solution at the last time step, that
in each case corresponds to a value £ = 1. At this value of ¢, all numerical problems aim
to approximate the same exact solution

U(t: 1>'T7y) = (y2_1) - (z2_1)

These errors are plotted in the following figures. Each figure corresponds to a particular
method (VEM, VEM with SUPG, VEM with SUPG and Mass Lumping).

In the error-plots relative to a value of the diffusion term ¢ = 1 (Figures 7.38, 7.40
and 7.42), we observe that when the mesh is coarse, i.e. for Ngoy = 105, the error due
to the discretization in space dominates and we cannot detect the convergence in time.
Indeed, the error does not seem to decrease, even for high values of number of time steps.
Likewise, when we set At = 0.4, corresponding to N = 25, the numerical solution does not
converge when increasing Ng,r, because the discretization in time prevails in the error.

On the contrary, for high values of Ny, ¢, for example Ng,; = 11738, the error converges
in time, and, in the same way, when the number of time steps is high (N = 200), the error
in space seems to converge.

When we decrease the order of magnitude of the diffusion term e, letting e = 1073, we
find out that a stabilization technique is needed in order to get a satisfactory numerical
solution. Indeed, as Figure 7.39 shows, the non-stabilized version of the VEM does not
show a convergence behavior for the values of Ngor and number of time steps /N that we
considered. In fact, we should refine further the mesh and the discretization of the time
interval in order to perceive the convergence of the method.

Instead, if we apply SUPG stabilization or both SUPG and Mass Lumping, we can see
that the H'-error of the solution at time ¢ = 1 converges when increasing Ny, and the
number N of time steps. Nevertheless, the the meshes we used for the simulations are
still too coarse to detect the polynomial convergence in time of the numerical solution.
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Figure 7.38: Evolutive problem H!-error of solution at ¢t = 1 versus Ngoy and N time
steps - No Stabilization - e = 1,0 =1
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Figure 7.39: Evolutive problem H'-error of solution at ¢ = 1 versus Ngoy and N time
steps - No Stabilization - ¢ = 1073, 0 = 1
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Figure 7.40: Evolutive problem H'-error of solution at ¢ = 1 versus Ngoy and N time
steps - SUPG -e=1,0=1
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Figure 7.41: Evolutive problem H'-error of solution at ¢ = 1 versus Ny and N time
steps - SUPG - e=10"3,0 =1
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Figure 7.42: Evolutive problem H'-error of solution at ¢ = 1 versus Ngoy and N time
steps - SUPG and Mass Lumping - e = 1,0 =1
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Figure 7.43: Evolutive problem H'-error of solution at ¢ = 1 versus Ny and N time
steps - SUPG and Mass Lumping - e = 1073, 0 = 1
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7.3 Realistic Geophysical Simulation

Stabilization methods become particularly important when dealing with realistic prob-
lems, which are usually characterized by mesh with high numbers of degrees of freedom.
Besides, in problems like the computation of flows in fractured porous media, we could
first need to solve a primal problem on a physical quantity such as the hydraulic head,
and from the solution of this first problem, we could determine the convective field (the
so-called Darcy velocity). Since in general we do not know the hydraulic head field (it
is indeed the unknown function of the primal problem), then we find uncertainty on the
convective field, which could dominate on the diffusivity of the media. In order to pre-
vent numerical instabilities due to a convection-domination, we could apply the SUPG
stabilization to the VEM.

To show the applicability of SUPG, we ran a simulation on a realistic DFN, which
is generated stochastically. It represents the fracture network in an underground rock
matrix, and two wells.

We firstly solved the primal problem to find the hydraulic head field in the DFN. This
stationary problem is defined by the equation

-V - (KVu) =0

with Dirichlet conditions on the endings of the two wells: u = 0.13 on the first and © = 0
on the second.

In the simulation for the evolution of the temperature field in the fracture network,
we considered an initial condition where all the rock matrix is at the same temperature
(T = 50°C'). The evolutive problem is defined by

@—eAu+ﬁ-Vu+Uu:f
ot
Here the diffusivity has a constant value € = %%610_5.
B is Darcy velocity, defined as usual as § = —KVuy, with ug the solution of the
hydraulic head.
The reaction coefficient ¢ is o = 1072 in the wells, and mc elsewhere, being ¢ the

convective transfer coefficient (in our simulations ¢ = 0.1).

Finally, we considered a source term f given by f = o - Ty, where Ty = 50°C' is the
initial temperature of the rock matrix.

We ran a simulation for a nondimensionalized time interval of length 1. Recalling that
t* = Tt, with T ~ 103 and a = 7 in our simulations, then this time interval corresponds
to a realistic value of the order of magnitude of the hour, that is a reasonable time scale
for geophysical phenomena.

In this time interval, we pump cold water in a well, in order to cool the underground
rock. Mathematically, we set a Dirichlet boundary condition on the edge where we pump
water with a temperature value of T = 15°C', and homogeneous Neumann border condi-
tions on all other edges of the DFN. The simulation shows that gradually the rock matrix
is cooled, starting from regions close to the well where we are pumping cold water. The
following figures show the results of this simulation at different time steps t.
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Chapter 8

Conclusions and Future
Developments

In this thesis we analyzed the second order elliptic problem of Reaction-Convection-
Diffusion, considering both the stationary and the evolutive versions. We derived the
variational formulation of this problem and applied the Virtual Element Method to solve
numerically the partial differential equation.

We also described the stabilization methods of Streamline Upwind Petrov Galerkin and
Mass Lumping, respectively in the cases of convection-dominated and reaction-dominated
problems. We also discussed the convergence of the methods with respect to the dis-
cretization parameters.

Then we described the implementation of this method in C++. The code was useful
to analyze the behavior of VEM, in its stabilized and non-stabilized versions. In partic-
ular, we assessed that the convergence of the non-stabilized VEM is preserved also when
applying the stabilization techniques.

Finally, we performed a simulation on a realistic geophysical problem, to show the
applicability of the VEM to problems characterized by a complex geometry.

These results lay out the groundwork for future developments. In particular, also the
VEM of order £ > 1 and in dimensions greater than 2 can be analyzed and implemented
in C++, along with the study of the behavior of SUPG and Mass Lumping stabilizations.
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