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Summary
In the past decades structural robustness has become an important issue among
civil engineering studies, in the light of what has happened in terms of accidental
events like the World Trade Center terrorist attack (New York, 11th September
2001).
Normally, buildings are designed to withstand to normal actions, whose types
and intensities are defined according to the building’s importance. Nevertheless,
when an action is unlike to occur, or when it occurs whit a larger intensity than in
normal scenarios, the building cannot resist to this event and a collapse is likely to
initiate. When the facility is able to avoid disproportionate collapse, if a local
damage occurs after an accidental event, the structure is judged robust from a
structural point of view.
In this work of thesis, a probabilistic approach is applied to evaluate the
robustness of a reinforced concrete building, since a reliability evaluation of the
problem can be useful in the contest of robustness analysis, in order to take into
account the uncertainties affecting structural performance.
The frame under analysis is located in a highly seismic area of Italy, in L’Aquila
city. Previous works of thesis have demonstrated that the structure, as it has been
designed according to code rules, is not adequate, from a robustness point of view,
to resist to an accidental event, like an explosion or an impact, which causes the
removal of the central column. This means that different approaches with respect
to the ones prescribed by code rules should be followed to enhance structural
robustness.
The starting point of this thesis is the same frame previously described, with
the structural details that have been judged the most appropriate from a robustness
point of view. A probabilistic approach has been applied, by sampling materials and
loads parameters with a Latin Hypercube Sampling (LHS), one-hundred times.

A FEM software, called ATENA 2D, has been used. The main analyses that
have been performed, for all the one-hundred scenarios, are of two types: a
pushdown analysis and a reliability analysis. The former was necessary to compute
the dynamic amplification coefficients, to be applied to the loads in the second type
of analysis, after the column is removed. The latter is needed for the reliability
evaluation of the structural robustness.
These dynamic amplification coefficients, different for all the one-hundred
scenarios, have been evaluated using an approach proposed by Izzuddin et al. [1],
which consists on performing a pushdown analysis, obtaining the capacity curve
and computing the dynamic displacement. This corresponds to the intersection
point between the internal energy and external work curves. If the equilibrium is
not found (i.e. if the curves do not intersect), the structure reaches collapse, which
has happened for almost the 50% of the cases.
After that, the reliability analysis was performed for all the one-hundred
scenarios, so that it was possible to verify the method proposed by Izzuddin; all the
scenarios where the equilibrium was not found did not effectively reach
convergence criteria in the probabilistic analysis, which confirmed the initial
results.
In the end, the strains at different points of the frame have been monitored, both
for the concrete and the reinforcement parts, so to evaluate the local probability of
failure. This has resulted in a global reliability evaluation.
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Preface
Recent events have demonstrated how it is unsafe to assume that structures
designed for normal conditions can withstand abnormal or accidental load
conditions. During the past decades, especially because of social and political
factors, it has been observed an increase of the events that might initiate failures. In
this context it seems necessary to study the robustness of the structures, in terms of
capability to find alternative stress paths in order to redistribute the applied loads
and to avoid disproportionate collapse.
A situation which deserves deeper analyses is the particular case of the sudden
column loss, as a consequence of abnormal events or excessive loads. Indeed, this
phenomenon can initiate a chain reaction of structural element failures, eventually
resulting in partial or full collapse.
In the context of the evaluation of the robustness of a structure, reliability
analysis can represent a very good tool. The reliability is defined as the capability
of a structure to fulfil the specified requirements, during the designed working life.
To do so, a probabilistic analysis can be conducted, in order to perform an
evaluation of the local probability of failure that can be, in further analyses,
transferred to the global scale.
For the scope of this thesis, a probabilistic analysis has been conducted on a
reinforced concrete building designed according to seismic criteria. Previous
studies on the same structure have demonstrated that capacity design is not able to
guarantee enough robustness, thus different choices on the structural design have
been suggested, especially for what concern the longitudinal reinforcement. The
frame, as it has been suggested to be designed according to these studies, is the
starting point of this work of thesis.
The Chapter 1 concerns the basic notions related to the structural robustness,
according to the CNR, titled as “Istruzioni per la valutazione della robustezza delle
costruzioni”. In particular, the definition of the term structural robustness according
1

to many code rules are presented. Then, the concepts of accidental events and risk
scenarios are emphasized, and attention is paid on the strategies of risk reduction.
Finally, robustness design and probabilistic evaluation, only for reinforced concrete
structure, concludes the chapter.
The Chapter 2 deals with other basic notions, this time about structural
reliability, with references on the fib Model Code 2010[2] and JCSS Probabilistic
Model Code[3]. Again, the starting point is the definition of the term reliability and
its importance on the structural engineering field. Then, the discussion continues
with the limit states analysis, sources of uncertainties and their classifications and
level of approximation methods (LoA methods). Methods of reliability analysis are
analysed, with particular emphasis on the reliability target and, finally, safety
format considerations conclude the dissertation.
The Chapter 3 is about the design procedure for the building under analysis. In
particular, capacity design prescriptions are followed, since the building is located
in a high seismicity area, i.e. L’Aquila city in Italy. After a discussion about material
characteristics and durability aspects (i.e. exposure class, structural class and
concrete cover), the actions definition and quantification follow. Then, structural
verification and dimensioning according to SLS and ULS are presented, with
particular description of reinforcement detailing, both longitudinal and transversal.
Finally, the actual detailing used for the case study, according to robustness design,
are summed up.
The Chapter 4 is about the software description, i.e. ATENA 2D, which allows
to perform Static Non-linear Finite Element Analysis (i.e. Static NLFEA). The
description is divided into two phases: pre-processing and post-processing. In the
former, basics about material, geometry, load and support modelling are given;
additionally, the types of solution parameters for the non-linear analysis are
described. In the latter, the output and graph tools are defined, with particular
attention on the crack and bars yielding visualization.
The Chapter 5 deals with the core of this work of thesis: i.e. reliability analysis
to evaluate the robustness of the structure under study. At first, the sampling
description of the basic material and load variables is given, according to the Latin
Hypercube Sampling (LHS). Then, the basics of the Finite Element Model are
2

defined in terms of material, geometry and mesh characteristics. Then, the three
main analyses will be presented: Model with column (i.e. Analysis 1), Pushdown
Analysis (i.e. Analysis 2) and Reliability analysis (i.e. Analysis 3), where each of
them is a Static NLFEA, with the difference that the second and third ones are
conducted on the model without the central column (i.e. the column that is suddenly
removed according to the robustness analysis). Finally, the local and global
probability of failure are evaluated, by elaborating the outputs of the Analysis 3 in
terms of principal total strains. This has allowed to compute the reliability of the
structure.

3

1 Structural Robustness
Before introducing the analysis done for this work of thesis, it is important to
define in an exhaustive way the concept of robustness. This is the purpose of the
following chapter, where first a definition of robustness is introduced, then
accidental actions and risk scenarios are analysed; risk reduction strategies follow,
together with the concepts of not proportional collapse and progressive collapse and
finally robustness design is treated. All the information presented in this chapter are
based on what is written in the DT 214 of 2018[4], titled as “Istruzioni per la
valutazione della robustezza delle costruzioni”, which is a document drawn up by
the CNR (National Council of the Researches).

1.1 Definition of Robustness
When a structure is designed, certain types of actions and combinations are
used according to what is prescribed by the code rules. These actions are the
permanent, the variable and the seismic loads. The aim is always to reach a certain
level of safety which depends on the importance of the structure and is function of
the consequences that a certain damage can cause. Moreover, code rules prescribe
that structures should have enough robustness. It is in this contest that the
robustness of a structure with respect to an exceptional action is defined as the
capability of avoiding disproportionate damage, that should not be excessive with
respect to the exceptional action that has caused this damage. The term exceptional
means that that action has not been considered in the design or, if considered, it is
with a lower intensity.

1.1.1 Code rules
In this section, the main code rules that define robustness are presented.
The § 2.1 of EN 1990: Eurocode - Basis of structural design [5], is about the
fundamental requirements that a design should guarantee: a structure shall be
designed and executed in such a way that it will not be damaged by events such as
explosion, impact and consequences of human errors to an extent disproportionate
4

to the original cause. in order to avoid potential damage, it shall be appropriately
chosen one or more of the following prescriptions:
-

avoid, eliminate or reduce the hazard to which a structure can be exposed

-

select a structural form that has low sensitivity to the hazard

-

select a structural design that can resist to an accidental removal of an
element

-

avoid structural schemes that can suddenly collapse

-

provide the structural members with appropriate tying elements

The EN 1991-1-7 Eurocode – Actions on structures: accidental actions from
impact and explosions [6] at § 3.2, defines the way to consider the accidental
actions depending on some criteria such as: measures taken for preventing or
reducing the severity of the action, probability of occurrence, consequences of
failure, public perception and level of acceptable risk. Moreover, it suggests
measures to be taken to mitigate the risk related to accidental actions, recognizing
one of them in ensuring enough robustness by § 3.2(3c):
-

designing some “key components” to increase the probability of survive of
the structure after the occurrence of an accidental action

-

designing structural details using material and elements with enough levels
of ductility

-

realizing sufficient redundancy meaning that actions caused by the
accidental event should be transferred to alternative load paths.

EN 1992-2: 2005 Eurocode 2: Design of concrete structures – Part2: Concrete
bridges - Design and detailing rules [7] at § 5.10.1(106) and 6.1(109) suggests
design rules for increasing the robustness in case of corrosion of precompression
cables or stranded wires.
In Italy the NTC 2008 [8], at § 2.1, gave a definition of the robustness against
accidental actions as an additional performance requirement that a structure must
guarantee, in addition to the safety with respect to ultimate limit states and
serviceability limit states. Moreover NTC 2008 indicated that the robustness of a
structure could be verified by a global analysis adding to the usual actions, nominal
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ones oriented by two horizontal and orthogonal directions, having intensity equal
to 1% of the gravitational loads.
The new NTC of the 2018 [9], at § 2.2.5, adds to the previous different design
strategies to guarantee enough robustness, as function of the use of the structure,
such as:
-

use load combinations adding accidental loads to the other design actions

-

prevent the effects of the accidental actions or reduce their intensity

-

use a structural form and type as less sensitive as possible to the accidental
actions

-

use a structural form and type that can resist to the local damage caused by
the accidental action

-

adopt redundant, robust and ductile structures as much as possible

-

use monitoring systems, active or passive

Finally, fib Model Code 2010 [2],at § 3.3.1.3, states that robustness plays a key
role for the capability of a structure to maintain its functionality during situations
in which accidental actions are present or in consequence of human errors. It
emphasizes the importance of ensuring robustness for the preservation of human
life, protection of human properties and environment, preservation of operations.

1.2 Modelling and Intensity of accidental actions
When dealing with the structural robustness evaluation, risk scenarios can be
due to a single action, caused by a natural accidental event or by human being, or
to a combination of actions. In any case, these actions are different to the ones taken
into account in the limit states or because they are of the same type but with higher
intensity (being associated to a very low occurrence probability) or because they
are types of actions not defined by code rules.
The main problem remains the way of defining these actions and identifying
the way of resisting to them. A starting point is for sure to classify accidental
actions, as the CNR suggests.
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1.2.1 Classification of the accidental actions
For an engineer it is important to identify and then quantify the types of
accidental actions to which a structure can be subjected. These actions can have
natural or anthropic origin, so the possible hazards connected to them can be
classified in:
-

Category 1: related to hazards caused by natural phenomena (for example
earthquakes, meteorological events or landslides) or hazards generated by
unintentional human actions such as explosion or fire, when not intentional

-

Category 2: constituted by intentional human actions like acts of vandalism
or terrorist attacks

-

Category 3: connected to hazards caused by conceptual/design/execution
errors related to the structure

In order to model these types of actions, taking into account the possible
interaction between the event and the structure, we can have:
-

distributed loads of accidental entities, such as overpressure caused by
explosions, pressures due to fluid motion (like air motion when tornado
come or water when talking about flooding or snow in case of avalanche)

-

impact loads, for example vehicle crushes, vessels, aircraft

-

accelerations imposed to the structure, like seismic actions

-

imposed deformations/ induced displacements like the ones caused by
foundation failure due to a landslide, reduction of the mechanical strength
of materials caused by a fire or displacements caused by an earthquake

-

conceptual/design/execution errors

Another way to classify accidental actions is by looking at their temporal
distribution. Thus, one can distinguish between:
-

static load

-

dynamic load

-

impulsive load
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To apply one or another model, it is important to know that the same type of
action can be static or dynamic as function of the main vibration periods which
characterizes the structure itself.
Modelling of accidental actions

1.2.2 Modelling of the accidental actions
Once that the actions have been classified, it is then necessary to identify the
way to model these loads, so to describe their intensity, their effects of the structure,
quantify the risk and the mitigation measures to be taken. These models depend on
the considered category.
For what concerns the Category 1 (hazards having natural origin or involuntary
human origin), to have a realistic scenario and so to better evaluate the
consequences on a structure it is necessary to:
1. define a model which describes the occurrence frequency of the event. For
those events caused by human actions, it is not always so easy to define a
model of the occurrences
2. identify a model that describes the future effects
3. define a model which describe the intensity of the action and its model of
application (load pressure, impulsive load, ...)
4. suggest a model which describes the effects of the eventual mitigation
procedures and hazard reduction
Regarding hazards being part of Category 2 (vandalism or terroristic acts) it is
not possible to define an occurrence model because the past events are not
significative from a probabilistic point of view. Moreover, it is not easy to identify
the intensity of the actions because, being dependent on human behaviours, they
can be always different and various. The only exception is the case of vandalism
acts by means of explosive bombs, because in this case it is possible to model the
wave pressure equivalent to the quantity of TNT that has been used.
Finally, hazards of Category 3 (conceptual/design/execution errors) cannot be
treated from a statistical point of view but it is possible to prevent them with quality
control processes both during design and construction phases.
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1.2.2.1 Phenomena caused by seismic action
Earthquake: the type of seismic action taken into account by code rules are the
far field earthquakes, when the distance between the epicentre and the structure is
long enough to consider attenuation laws to model the earth acceleration induced
by the earthquake. When the earthquake is near fault, the response spectrum model
suggested by code rules cannot be applied anymore because, being an action
characterized by long period impulses, the structure does not oscillate with its
vibration period. Moreover, near fault actions can also involve vertical acceleration
which are not considered when adopting the usual design requirements.
Tsunami: this phenomenon is caused by underwater motions of the crust or
landslides which involve material motion over the sea. These phenomena involve
the propagation of very high waves that can reach coasts and cause flooding. The
highest tsunami wave that has been registered in Italy is of 5 m for the south Italy
and Sicily and 1,5 m for the Sardinia island. These types of actions can be modelled
as: impact pressures caused by the fluid, impact loads caused by rocks and
buoyancy loads.
1.2.2.2 Natural gravitational phenomena
Landslide with transportation of loose material: it is caused by the loss of
stability and/or cohesion of a soil or fractured rock mass. This phenomenon starts
because of the presence of water. The impact load of a landslide like this if function
of the density of the loose mass involved 𝜌 and of the velocity of the mass in
correspondence of the construction 𝑣 with the following law (Bugnion et al.,
2012[10]):
(1.1)

𝑝 = 𝐶𝜌𝑣

where C is a coefficient which considers that the flow is deviated by the
construction and it is evaluated using this formula:
𝐶 = 9𝑣

.

(𝑔ℎ)

.

(1.2)

where 𝑔 is the gravity acceleration and ℎ is the depth of the moving mass.
Debris flow: similar to the previous because involves the motion of loose
material due to the water action. These phenomena involve material having very
9

low plasticity index (PI<5%) and high velocities (0.05-20 m/s). This action can be
modelled in two ways: or by means of a hydrostatic pressure with a triangular
distribution function of the elevation or using a hydrodynamic approach. The latter
is described by the following law (Suda et al.,2009[11]):
𝑝 = 4.5𝜌𝑣

.

(𝑔ℎ)

.

(1.3)

where 𝜌 and 𝑣 are the density and velocity of the loose mass involved, 𝑔 is the
gravity acceleration and ℎ is the depth of the flow.
Other types of phenomena that involve gravitational motion are rock
avalanches (impact loads whose intensities are evaluated by equating the potential
energy and the kinetic one, usually it is assumed an impact energy of 500 kJ), snow
avalanches (distinguished into sliding, powdery and mist avalanches and whose
intensity is evaluated with the (1.1) and volcanic eruptions (modelled with a lateral
uniform pressure when effusive phenomena or impact load when explosive
eruption).
1.2.2.3 Foundation settlements
Subsidence: it can involve partial or total displacement of the soil where the
foundation of a structure is inserted. It can cause cracks that can be more or less
severe or problems to the facilities.
Modification of the water level: it can be caused by the nature (because of
seasonal effects) or by human actions. When the level arises, water overpressures
are present and so reduction of effective stresses can be induced on the foundations.
When the level decreases, the foundation can settle down and cause a damage into
the structure. As function of the rigid rotation induced to the structure, the level of
damage can be described.
Flooding: caused by the nature (very intense precipitation) or by human actions
(hydraulic constructions) and modelled with hydrostatic or hydrodynamic
pressures, function of the elevation of the submerged area and the velocity of the
flow. Sometimes, impact forces can be applied when the flooding transports bodies
of huge masses.
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1.2.2.4 Meteorological phenomena
Tornado and storms: the main problem related to these phenomena are not only
the very high pressures caused by the wind but also the motion of objects that can
become potential impact forces against the construction.
1.2.2.5 Detonations
Detonation on an open space: they cause the release of energy and glowing
gases, with the creation of a spherical front wave, having a surface that is called
shock wave. When this shock wave beats the surface of the structure, located at a
certain distance, there is a quasi-instantaneous increase of pressure called 𝑃 . Then,
the pressure decreases in an exponential way becoming, at a certain instant, lower
than the atmospheric pressure. This instant defines two phases: before it there is the
positive phase, when the majority of the damages occur, after this time the negative
phase occurs.

Figure 1.1: Temporal behaviour of the front wave (CNR-DT 214/2018)

1.2.2.6 Impacts
There are two ways to analyse these actions: with a dynamic or with a static
equivalent approach. These loads depend on the stiffness of the elements involved
(impacting and impacted bodies).
Motor vehicles: they can involve both buildings and infrastructures. There are
tables (Eurocode 1 EN 1991-1-7 CEN 2006[12]) that indicate the value of the
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impact load to be considered as function of the traffic category and the position of
the structure with respect to the road.
Vessels: it regards structures located close to channels or harbours. Tables exist
that show the impact force (lateral and frontal) as function of the class of the vessel
and they depend on the type of environment involved (if maritime or fluvial area).
Aircrafts: these analyses depend on the height of the building, that should be in
general larger than the mean height of the area. There are some specific guidelines
to consider this phenomenon, for example the USNRC 2018 (Nuclear Regulation
Commission)[13] or the EN 1991-1-7 CEN 2006[12].

1.3 Risk of disproportionate collapse
The definition “disproportionate collapse” is referred to a collapse whose
characteristics are extreme, in terms of extent, with respect to the event that has
caused the damage. This definition is often confused with the “progressive
collapse”, that happens when a local damage involves progressively the majority or
the whole structure (like a domino effect). While the former collapse looks mainly
at the extent of the damage, the latter is a specific definition of the way of
collapsing.
When dealing with robustness analysis, it is of paramount importance to
identify the level of acceptance of the risk connected to a certain event, stated that
a zeroing of the risk is not possible to be achieved.

1.3.1 The concept of risk
When a structure is subjected to a certain accidental action, it becomes
immediate to evaluate the risk associated to that action, being related to the
possibility that that hazard could become harmful. The risk is defined as:
𝑅 = 𝑃(∗)𝑉(∗)𝐸

(1.4)

where 𝑃 is the hazard (probability that a certain event, with a certain intensity,
happens in a certain period of time and area) , 𝑉 is vulnerability (inclination of a
system to be subjected to the consequences of a certain event) and 𝐸 is the exposure
(measure of the value of people and properties related to the system).
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From this definition, it is easy to understand the difficulties to quantify the risk
and the related level of acceptance, because its perception can be different
depending on the actors involved. For example, community believes perceives the
risk associated to an air crush larger than a car accident, even if the latter are more
frequent and so, from a statistical viewpoint, are riskiest.
Being the collapse of a structure usually a very rare event, it is adopted a level
of risk defined de minimis, behind which regulatory requirements are not necessary.
This value is assumed around 10

𝑝𝑒𝑟 𝑦𝑒𝑎𝑟 (Pate-Cornell, 1994[14]).

1.3.2 Probabilistic risk analysis
A rational approach to evaluate the risk is the PRA (Probabilistic Risk
Analysis), which is based on the quantification and it leads to adopt mitigation
measures for reducing the damages.
Referring to the particular case of disproportionate collapse, the probability of
collapse 𝑃[𝐶] is defined by the following equation:
𝑃[𝐶] = 𝑃[𝐶|𝑆𝐿] ∙ 𝑃[𝑆𝐿|𝐻] ∙ 𝑃[𝐻]

(1.5)

where:
-

𝑃[𝐶] is the annual probability of collapse, due to the event H;

-

𝑃[𝐻] is the occurrence probability of the event 𝐻, assumed equal to the
mean annual occurrence 𝜆 ;

-

𝑃[𝑆𝐿|𝐻] represents the conditional probability of local damage (SL) on the
structure, given 𝐻;

-

𝑃[𝐶|𝑆𝐿] represents the conditional probability of disproportionate collapse
(𝐶), given the local damage on the structure (SL);

In order to prevent the phenomenon of disproportionate collapse, it is possible
to:
-

prevent the occurrence of accidental events, so reducing 𝑃[𝐻] or 𝜆 ;

-

prevent local damages that can trigger the collapse, so reducing 𝑃[𝑆𝐿|𝐻];

-

prevent the structural collapse working on the structural design, so reducing
𝑃[𝐶|𝐿𝑆].
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The first option (reduction of 𝑃[𝐻] ), is the only independent from the structural
design strategies and can be reduced by looking at the possible accidental events.
The second option (reduction of 𝑃[𝑆𝐿|𝐻]) is dependent on the design strategy
adopted for the local resistance and can be often not the cheapest one. The third
option is the most consolidate in the field of mitigation robustness measures to be
taken because it is the only term on which the engineers can work on. Its evaluation
will be discussed in the following chapters.

1.3.3 Risk analysis based on scenarios
When evaluating the annual occurrence probability of an event (𝑃[𝐻]), a
sufficient quantity of data is necessary, so to have a reliable measure. When special
events occur, such as terroristic attacks, the occurrence frequency is not easy to be
computed, so it is necessary to use a different approach, a deterministic one, defined
as risk analysis based on a scenario S. The equation becomes:
𝑃[𝐶|𝑆] = 𝑃[𝐶|𝑆𝐿] ∙ 𝑃[𝑆𝐿|𝐻]

(1.6)

1.4 Risk reduction strategies
To reduce the risk connected to a certain scenario many actions should be taken:
first, define the risk scenario, then stabilize the performance requirements that the
structure have to maintain in the occurrence of that specific scenario, thus calculate
the failure probability and finally evaluate the consequences of the failure (in terms
of non-satisfaction of the requirements).
There are two types of performance requirements: the general ones, valid for
any kind of structure and connected to human life losses and environmental
damages and the specific ones, related to the use class of the structures and
dependent on the economic losses.

1.4.1 Classification of design approaches
There are three kinds of classification, elaborated in the ASCE/SAI 7-05
standards [15]:
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-

General approach used: prescriptive design approach or performance-based
approach

-

Method used for the design of the structural system: direct or indirect
method

-

Risk scenario: specific or generic.

Usually, indirect design methods are used in the prescriptive approaches
because they guide more or less all the choices in terms of elements of the structural
systems such as columns and beams layout, minimum resistance of the connections
or minimum dimensions of the elements. Of course, the advantage is that they are
very simple to be applied, but on the contrary the engineer is not free to choose
different solutions. On the other hand, the direct method allows the engineer to
personally select the strategy in order to avoid local damages or, eventually, the
occurrence of a disproportionate collapse in their presence.
In the following, the second classification will be discussed in more detail.
1.4.1.1 Direct design methods
This approach consists on directly evaluate the resistance capacity of the
structure and adopt measures in order to avoid the disproportionate collapse. There
are two kinds of methods:
-

Local resistance method, which consists on increase the resistance of key
elements (whose collapse might cause a disproportionate collapse against
accidental actions)

-

Alternative load path method, that means that the structure is able to transfer
the loads even if there is a local damage. This approach is usually done by
removing a structural element (e.g. a supporting column on a building or a
cable in a guyed bridge) and evaluate the behaviour of the structure after the
removal.

1.4.1.2 Indirect design method
The goal is to reach an alternative equilibrium configuration through catenary
action, which means the development of large deformation so that loads are mainly
taken by vertical components of axial forces that develop in the beams, these
components are indeed the catenary forces. Of course, to be this phenomenon
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efficient, the structural element should have enough ductility. This aspect is clearly
explained in the Figure 1.2:

Figure 1.2: Formation of catenary action in a damaged building (http://wwwpersonal.umich.edu/~eltawil/catenary-action.html)

In order to reach this goal, the engineer should design three-dimensional tie
systems such as: corner, peripheral and internal ties in the two orthogonal slab
directions, horizontal ties between columns or walls and vertical ties. These
mechanisms are shown in Figure 1.3:

Figure 1.3: Tie forces (DoD 2016 [16])
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1.4.2 Summary of the possible strategies
To reduce the risk connected to the accidental event, it is possible to adopt nonstructural measures for the control of the accidental action or structural measures to
evaluate the local damage and its evolution. The Figure 1.4 shows the procedure to
be adopted in order to reduce the risk, using the approaches described in this subchapter:

Figure 1.4: Methods for designing collapse-resistant structures (Haberland and Starossek 2009
[17])

1.5 Design for robustness
1.5.1 Conceptual design
There are many expedients that an engineer can use to reduce the risk associated
to a disproportionate collapse: redundancy, ties, ductility, uniform distribution of
structural elements, enough resistance against shearing actions and capability of
resisting to changes in direction of the actions.
There are three methods to be adopted in conceptual design to increase
structural robustness: local resistance method, alternative load path and
compartmentalization.
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1.5.1.1 Local resistance method
It consists on avoiding the failure of key elements (those which can cause a
disproportionate collapse if subjected to a local damage), which means to reduce
the probability 𝑃[𝑆𝐿|𝐻] of equation (1.5).
This method is usually adopted with those structures where an alternative path
of the applied load is difficult to be achieved, thus where there is lack of
redundancy. This happens for buildings with transfer columns, where the loss of a
continuous column is probable to cause a disproportionate collapse (see Figure 1.5).

Figure 1.5: Frame structure with transfer columns (Kokot and Solomos, 2012 [18])

To apply the local resistance method, one can design individually the only key
element or consider other structural elements to increase the resistance of the key
element. The latter is the usually adopted when working with existing structures.
Moreover, the method is often based on the preliminary identification and
quantification of the accidental action (in this case the analysis is non-linear and
dynamic) but can also be applied even if the accidental action is generic (in this
case the method is non-linear and static). Even if in both cases the method is
considered a direct one, when the local resistance is reached with prescriptive
construction details and not with explicit calculations, the method is indirect.
1.5.1.2 Alternative load path
The idea is to avoid a disproportionate collapse when a local damage occurs,
which means to redistribute the loads in alternative paths. This method holds even
if the accidental events are not preliminary identified but using generic scenarios.
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The approach consists on removing a structural element and verify the
robustness adopting static or dynamic non-linear analysis. This is the case of a
direct approach.
When an indirect approach is used, this method is called catenary effect, and it
consists on using three-dimensional ties so to increase continuity, ductility and
alternative load paths.
1.5.1.3 Compartmentalization
The approach aims at avoiding the domino effect in case of a local damage by
isolating the collapsed part of the structure. The idea is to create a compartment
where the edges are “strong elements” that avoid the extension of the collapse of
the “weak elements” or create a compartment where the weak elements are
disconnected from the rest of the structure when collapse.

1.5.2 Structural modelling
The evaluation of the structural robustness is a very complex procedure due to
the number of variables involved and the uncertainties connected to them. From
this point of view, an important role is played by the modelling assumed to evaluate
the materials’ behaviour:
Constitutive linear-elastic models: they are the simplest ones, so the easiest to
be applied, especially in a preliminary phase, when a first evaluation of the critical
points is needed. Inadequate for complex phenomena like disproportionate collapse,
because, due to the high strain values, non-linearities are involved.
Constitutive non-linear models, dependent/independent from the application
speed of the load: these models can be used when dealing with disproportionate
collapse, because they can describe the non-elastic behaviour that occurs when high
strains are involved, and plasticization cannot be neglected. In addition, with these
models it is possible to consider the increase of the resistance due to the
instantaneous application of the load (e.g. for explosions or vehicle impacts), by
taking into account the application speed of the force.
Local/global models: in order to have a better control of the outputs, both global
and local models are used. The formers are considered to evaluate general
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behaviours like stress analysis or displacements in the whole structure. The seconds
are necessary when studying critical points like connections, application points of
the load, discontinuities etc.

1.5.3 Types of analysis
Dynamics effects are involved when there is an instantaneous transition
between the original and the deformed configuration. These effects can be
considered in different ways, depending on the type of analysis:
Static linear analysis: this approach can be used even when dynamic effects are
involved, by amplified the effects with a dynamic amplification coefficient. Of
course, this approach is a simplified one, and cannot be used when dealing with
geometrical and/or materials non-linearities, catenary effect, redistribution of
stresses.
Static non-linear analysis: the catenary effects and geometrical non-linearities
can be considered with this approach. In any case, it is important to accurately
evaluate the modelling of materials behaviour and the non-linearities associated to
the connections. In the end, as previously mentioned, dynamic effects can be
considered by using dynamic amplification coefficients.
Dynamic linear analysis: this approach allows to evaluate the dynamic effects
connected to the occurrence of a local/global damage but does not lead to a good
evaluation of the non-linearities.
Dynamic non-linear analysis: this is the most accurate analysis because it
adopts three-dimensional, non-linear models and considers high deformations and
transitional effects. On the other hand, not all the calculation programs can
implement this approach. Moreover, only expert engineers can use and control this
analysis, because of the complexity involved.

1.5.4 Design for reinforced concrete structures cast in place
Reinforced concrete structures show many advantages against accidental
actions: they are easy to be designed with structural redundancy, sections can show
high ductility under bending actions, instability is controlled thank to the large
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columns cross-section, the large masses of the structure can resist against particular
events such as explosions. On the other hand, the large masses do not help when
the engineer wants to adopt an alternative load path approach because high forces
are involved. Moreover, fragile mechanisms (e.g. shear, torsion, anchoring) should
be avoided because they can prevent ductile behaviours, thus capacity design like
the one adopted in earthquake engineering should be considered.
1.5.4.1 Membrane effects in RC structures
Whit the concept of membrane effect it is intended the born of axial stresses in
beam elements, or radial and tangential stresses in plates, when large deformations
occur, with the consequence of an increase in resistance. This benefit can be
obtained not only in presence of an accidental action, like a column removal (Figure
1.6b), but also when loads are applied, having larger modulus with respect to those
planned during the design phase (Figure 1.6a).

Figure 1.6: Membrane stresses (CNR-DT 214 2018)

The Figure 1.7 shows the dependency of the applied load (uniform distributed
load 𝑞) with respect to the displacement 𝑓, for both cases. The response of the
structure, when no membrane effects neither non-linearities are evaluated is very
different with respect to the curve when these effects are considered. This
demonstrates that membrane effects and geometrical non-linearities accomplish a
growth in the structural resistance.
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Figure 1.7: Load-displacement curve (CNR-DT 214 2018)

In reinforced concrete structures, compressive membrane effects born when
fissures occur, while traction membrane stresses are related to the plasticization
phenomena.
When span length is not too long, compressive membrane stresses are relevant
even for low strain values, while for large spans the contribution of the previous is
negligible and traction membrane effects become significant in the evaluation of
the resistance.
In addition, while traction membrane effects do not depend on the concrete
strains but on the reinforcement ultimate strains, the compressive effects are
function of the initial conditions of the concrete (i.e. creep, shrinkage, previous
deformations).
1.5.4.2 Structural behaviour in case of column removal
The structural behaviour of a reinforced concrete structure subjected to a
column removal, can be described by means of an experimental evidence on a twodimensional frame (Figure 1.8).
A vertical displacement is imposed on the point P1, located where the column
has been removed, and it can be monitored as function of the reaction on the point
P1 (Figure 1.9) and the horizontal displacement in point P2 (Figure 1.10).
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Figure 1.8: Two-dimensional reinforced concrete frame (Lew et al. [19])

Figure 1.9: Diagram of imposed displacement-reaction (CNR-DT 214 2018)

Figure 1.10: Diagram of imposed displacement-horizontal displacement (CNR-DT 214 2018)
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The structural behaviour can be explained by looking at three different phases:
-

Line OA (flexural behaviour): it depends on the bending behaviour of the
beam and lasts with the formation of plastic hinges at the connection points
between beam and column (negative plastic moment in correspondence of
the lateral columns and positive plastic moment at the central column). The
point P2 is displaced towards the external part (negative value) because of
the fissurization and consequent elongation of the beam. In addition, the
beam is compressed because of the stiffness of the columns that opposes the
beam elongation.

-

Line AB (softening): characterized by a softening phase and so reduction of
the reaction of point P1. The horizontal displacement starts being less
negative. Also, the compression action is reduced.

-

Line BC (catenary effect): the reaction increases again with the increasing
of the vertical displacement in point P1. The horizontal displacement
becomes positive (so the external columns move towards the inner part) and
the beam is in tension. This is due to a combination of the tensional
membrane effects and the catenary effect due to the reinforcement bars.

It is important to underline that if the reinforcement does not continue over the
external columns, the softening is not possible and only flexural behaviour of the
beam takes the load. This implies that the process is interrupted in point A, with the
collapse of the structure.
1.5.4.3 Design in case of column removal
By means of a simplified approach, it is possible to compute the maximum
resistant load in the flexural phase 𝑃
the catenary behaviour 𝑃

,

,

(point A) and the one corresponding to

(point C), when a column is removed (all the

symbols used in the formulas can be understood by looking at Figure 1.11 ).
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Figure 1.11: Symbols and conventions moments and rotations in the plastic hinges (CNR-DT 214
2018)

The maximum resistant load in the flexural phase can be evaluated as
following:

𝑃
where 𝑀

and 𝑀

,

=

2(𝑀

+𝑀 )
𝐿

(1.7)

are the plastic moment of the beam in correspondence of the

connections with the column and they can be approximately computed as:
𝑀

= 0.9𝐴 𝑓 𝑑

(1.8)

𝑀

= 0.9𝐴 𝑓 𝑑

(1.9)

where 𝐴 and 𝐴 are the reinforcements areas of the beam in correspondence of the
joint beam-column, respectively for positive and negative moment, 𝑑 is the
effective height of the beam, 𝑓 is the yielding strength of the reinforcement,
computed according to the coefficient suggested by code rules in case of accidental
actions.
For what regards the catenary effect shown in point A of Figure 1.9, we do
have:
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𝑃

𝛿
=2 𝐴
𝐿

,

𝑓 = 2𝜃 𝐴

,

,

(1.10)

𝑓

where 𝛿 and 𝜃 are respectively the displacement and rotational capacities of the
point where the column is removed, 𝐴

is the reinforcement, continuous over

,

the length 2𝐿 of the beam and 𝑓 is the ultimate strength of the reinforcement,
computed according to the coefficient suggested by code rules in case of accidental
actions. For the evaluation of the rotational capacity and the displacement caused
by the removal of the column, it is necessary to refer to experimental data.
It is important to underline that the catenary effect is beneficial only if the load
that develops can be retained by the portion of the structure that is not directly
interested by the damage. So, attention should be payed to the critical columns like
the corner or perimetral ones. Finally, the catenary effect is beneficial only if it
determines an effective growth of the resistant load, so if 𝑃

,

≥𝑃

,

.

1.6 Probabilistic and semi-probabilistic quantification of
the robustness
Considering the state of art, code rules and standards do not consider an enough
amount of actions or events, that can represent a threat for the safety and
performance of a structural system. This has posed the need to consider risks that
in the past was not considered or evaluated using a deemed-to-satisfy approach, i.e.
a sort of checklist of the event rather than real structural computation design.
A key consideration is that many events can be more or less harmful as function
of the target risk that is considered; to make an example, an explosion can have a
low hazard and so a low effect on the risk evaluation if the target probability of
collapse 𝑃(𝐶) is of 10
10

per year, but it can have a larger influence if the target is

per year.
Moreover, the risk evaluation based on a time scale of 1 year can have different

consequences on the exposures if the time scale is of 50 years or 100 years. This
has posed the need to evaluate in the design procedures only the events that cause
a probability of collapse which overcome a certain target level, defined de minimis.
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The evaluation of the conditional probabilities presented in equation (1.5), can
be evaluated through a Probabilistic Risk Analysis (PRA), which, in case of
structural systems, can be seen as a Structural Reliability Analysis. According to it,
the failure is reached when the demand S (intended as the effects generated by the
actions) exceeds the resistance R. The failure probability can be thus be expressed
by:
𝑃 =

𝐹 (𝑥) ∙ 𝑓 (𝑥) 𝑑𝑥

(1.11)

where 𝐹 (𝑥) is the cumulative distribution function of the resistance and 𝑓 (𝑥) is
the probability density function of the demand. More details on the computation of
the failure probability follow on the next chapter.
Referring to a generic structure, in order to perform a performance-based design
or assessment, it is necessary to establish a-priori the target risk that can be
accepted. When dealing with the specific event of a collapse whose consequences
can determine lives losses, it is possible to define the following target:
(1.12)

𝑃(𝐶) ≤ 𝑝
where 𝑝

is the de minimis risk, usually comprised between 10

and 10 ,

according to Pate-Cornell [14].
For the specific case of alternative load path design method, the probability of
collapse as defined in equation (1.5) is reduced to the quantification of 𝑃(𝐶|𝑆𝐿)
and can be evaluated according to the convolution integral of Equation (1.11).
Thus, according the expression (1.12), the probability of collapse, conditioned
to a local damage, can be expressed as:
𝑃(𝐶|𝑆𝐿) ≤ 𝑝 /𝜆
Assuming the hazard probability 𝜆

(1.13)

equal to 10 /𝑦𝑟 and 10 /𝑦𝑟, the

performance requirement expressed in (1.13) for the probability of collapse, given
a local damage, is of the order of 10 ⁄𝑦𝑟 − 10 /𝑦𝑟. This means that the
reliability index 𝛽 - more details will follow about its computation – is of the order
of 1.5. This value is significantly lower with respect to the one assumed for the
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ultimate state of new structures, normal use conditions, that is equal to 3.8,
corresponding to a probability of failure of 10 /𝑦𝑒𝑎𝑟 .
To conclude, referring to a de minimis risk, which regards an event whose
occurrence probability per year is lower than 10 /𝑦𝑟, this probability become of
the order of 5 ∙ 10 /50𝑦𝑟, considering a building with nominal life of 50 years.
Thus, since the reliability index for a building of class 2, whit a nominal life of 50
years, is equal to 3.8, and corresponds to a 𝑃(𝐶) of 7.3 ∙ 10 /50𝑦𝑟, the 𝑃(𝐶|𝑆𝐿),
according to the de minimis target, should be lower than 6.9 ∙ 10 /50𝑦𝑟.
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2 Structural Reliability
This chapter is an attempt to define the second key aspect of this work of thesis,
which is the structural reliability. Probabilistic approach has been used to evaluate
the reliability of the structure in terms of 𝛽 index.
In the following, a brief introduction on the basics is given, in terms of
definitions, limit state analysis, uncertainties and their classification and level of
approximations. Then, methods of reliability analysis are discussed, and target
reliability indices are followingly presented. Finally, safety format considerations
conclude this chapter.
Many of the information given in this chapter are elaborated from
Implementation of Eurocodes – Handbook 1 and 2 [20][21], Advances in reliability
methods for reinforced concrete structures (D. Gino, 2019) [22], Probability,
Reliability and Statistical Methods in Engineering Design (A. Haldar, S.
Mahadevan, 2000) [23]. The reference code rules are JCSS Probabilistic Model
Code [3] and ib Model Code 2010 [2].

2.1 Definition of reliability
The importance of structural reliability can be understood in the light of the
concept that uncertainties, regarding structural performance, can never be entirely
eliminated and have to be considered in any structural design. In general, all the
parameters adopted in engineering have some degree of uncertainty and should be
considered as random variables. For example, by loading until failure a certain
number of “identical” specimens of a steel bar, the load capacity of the bar is
computed as the mean of the failure loadings, thus it is a random variable. In view
of this context, satisfactory performance cannot be absolutely guaranteed, while
probabilistic assurance of performance, referred to as reliability, can be given [23].
Many are the definitions of the term “reliability”:
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-

in ISO 2394 [24], it is described as “the ability of a structure or structural
member to fulfil the specified requirements, during the working life, for
which it has been designed”

-

EN 1990 [5], Section 2, it is recommended to design and build a structure
with appropriate degree of reliability and in economic way, such that, during
its intended life, it will: sustain all actions likely to occur and respect
serviceability conditions

It is important to notice that behind the previous definitions, other relevant
concepts are hidden such as:
-

performance requirements, related to the structural failure

-

time period, connected to the service life

-

reliability level, mutual with respect to the probability of failure 𝑃

-

conditions of use, limiting input uncertainties

It is important to underline that the term reliability cannot be interpreted in an
absolute way, as if the structure has to be judged or reliable or not reliable. People
can believe that if a structure is reliable, a failure is not possible to occur. Contrary,
a reliable structure may collapse, meaning that there is always a failure probability,
even small or negligible. Thus, failures are always considered to occur, being part
of the reality; it is the occurrence of the phenomena to be quantified and limited,
through economic, human safety and structural considerations.
To verify all the aspect of structural reliability, as described in section 2 of EC2,
in terms of basic requirements, it is first necessary to define limit states design and
uncertainties related to it.

2.2 Basic principles
Basic topics are introduced in the following, in order to lay the foundations for
reliability analysis procedure. These are: limit state design, level-of-approximation
approaches and uncertainties.
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2.2.1 Limit state design
As already mentioned, according to EN1990 [5], structural reliability is
connected to the ability of a structure to maintain certain performance requirements
during its service life. Performance requirements are mainly related to structural
resistance, ductility, durability and robustness. The service life is intended as the
design working life if talking about new structures and residual service life if it is
the case of existing ones.
Related to these concepts, limit states are defined, according to EN1990 [5], as
“states beyond which the performance requirements are no longer satisfied”. They
can be related to persistent situations during the working life of the facility or to
transient because regarding the execution of the structure or because of unintended
uses or extreme events.
Two are the basic limit states:
-

ultimate limit states (ULS) are states associated to collapse or close to
structural failure in general. These states concern the safety of people and/or
the safety of the structure. They include: loss of equilibrium of the structure
or any part of it, considered as a rigid body (i.e. EQU in EN 1990); failure
by excessive deformation, transformation into a mechanism, rupture, loss of
stability of the structure or any part of it, including supports and foundations
(i.e. STR or GEO in EN 1990); failure by fatigue or time-dependent effects.

-

serviceability limit states (SLS) are states beyond which specified criteria
such as structure’s use or function are no longer valid. They include:
deformation or deflection which impede the appearance of the structure, the
comfort of people or the functionality of the structure or that cause
unacceptable damage to finishes or non-structural elements; vibrations
which affect the comfort of users or limit the functional performance of the
structure; damage that hinder the appearance, durability and functioning of
the structure.
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2.2.2 Levels-of-Approximation approach
When designing structural members, approximations of reality are necessarily
made. The level of accuracy of these approximations defines the level-ofapproximation (LoA). The LoA approach consists on “a design strategy where the
accuracy on the estimate of a structural member (behaviour or strength) can be, if
necessary, progressively refined through a better estimate of the physical
parameters involved in the design equations” (fib Model Code 2010 [2]).
The main idea behind this approach is that the behaviour or strength of a
structural member is defined by a set of parameters, correlated through a certain
number of design equations. These parameters can be physical properties (e.g. crack
width), mechanical properties (e.g. steel yielding strength) or geometrical (e.g.
height of a beam cross-section). The accuracy involved to estimate these parameters
is refined in each new LoA adopted, while the time devoted to the analysis increases
more and more. This concept is explained in the following figure (Figure 2.1), taken
from fib MC 2010.

Figure 2.1: Accuracy on the estimate of the actual behaviour versus time devoted to the analysis
for various LoA (fib MC 2010)

In general, four LoA are defined and the choice of one of them depends on the
type of analysis performed, on the context (i.e. preliminary of detailed analysis) and
on the degree of advantages that can be reached or not if a larger LoA is selected.
The differences between levels are followingly described:
-

LoA I: it is usually adopted for preliminary design because it is simple and
low time consuming. It consists on simple and safe hypothesis about
physical parameters adopted in the design equations. When using the first
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LoA, any other higher levels are not needed if the structure shows enough
strength under the assumptions of LoA I.
-

LoA II and LoA III: they represent the evolution of LoA I, reached by means
of analytical procedures. The internal forces and other geometrical and
mechanical parameters are evaluated according to simplified analytical
formulas. These levels can be adopted for design of new structures as well
as for assessment of existing ones.

-

LoA IV: it allows to have the best estimates of the physical parameters
and/or design equations thank to numerical procedures. The disadvantage
of this approach is that it is very time consuming, thus it is suggested to use
it only for specific needs. For example, for executive design of new structure
when it is a very complex one or for assessment of existing structures when
criticisms are present. In fact, when significant savings are needed to avoid
or limit strengthening of the structures, the LoA are very powerful
approaches.

2.2.3 Uncertainties classification
In all stages of execution and use, construction works are made of a series of
systems that suffer from a variety of uncertainties. These differ depending on many
aspects such as the nature of the structure itself, environmental conditions and
applied actions. In general, it is possible to distinguish between two sources of
uncertainties:

noncognitive

sources

(qualitative)

and

cognitive

sources

(quantitative).
Noncognitive sources can be divided into three types:
-

inherent uncertainty, defined as the intrinsic randomness in all physical
observations (e.g. actions, material properties and geometric data); meaning
that if a measure is repeated many times for the same physical quantity it
does not lead to the same value, due to many fluctuations in the
environment, procedure, human errors, instrument and so on. To overcome
this uncertainty, it is possible to collect a huge number of samples in order
to increase the reliance of the quantity. However, no infinite measures can
be taken, thus this aspect is unavoidable
33

-

statistical uncertainty, meaning that it is not possible to have precise
information about the variability of the physical quantity due to a limited
size of data. Therefore, quantitative measures of confidence are added to
reliability evaluation

-

modelling uncertainty intended as the approximation made when trying to
represent system’s behaviour with models. An example is represented by
finite element models, where the attempt is to use idealized mathematical
relationships and numerical procedures to represent structural behaviours.
Unfortunately, important differences can occur between the structural
model and the real behaviour. Statistical description of modelling error can
be included as an additional variable in the reliability analysis

An example can be used to better explain these three types of uncertainty: if
wind load has to be estimated, an inherent uncertainty is given by the wind speed,
since it is possible to record different wind speed data, but these are inherently
random. Moreover, the statistical uncertainty can be evaluated by looking at past
observations. However, it is necessary to convert the statistical information about
wind speed, in wind pressure, using Bernoulli’s theorem, thus adding another
uncertainty (i.e. modelling uncertainty).
Cognitive sources are related to the vagueness of the problem, due to the
attempt of abstracting the reality. These may come from:
-

definitions of certain parameters such as: structural performance, quality,
deterioration, skill and experience of workers and engineers, environmental
impact of projects, conditions of existing structures

-

definition of interrelationships among parameters of the problems

As already mentioned, while inherent variability cannot be eliminated, being
an intrinsic property of parameters, the other sources of uncertainty may be reduced,
by testing, measurements, procedures and predictive models. This difference leads
to the distinction between aleatory uncertainties, regarding the randomness of the
variables that is an intrinsic property, and epistemic uncertainties, related to the lack
of knowledge in the definition of the structural model. In general terms, the inherent
variability of material properties and actions are considered as aleatory sources,
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while measurement and human errors, statistical uncertainty and model uncertainty
are epistemic ones.
2.2.3.1 Aleatory uncertainties for resistance models
Properties of materials represent an important class of variables which
influence the structural reliability. In design calculations, materials properties are
represented by characteristic values, which are nothing but fractiles of appropriate
distributions.
In the following, a probabilistic modelling of resistance models in reinforced
concrete structure is given by JCSS Probabilistic Model Code [3].
Concrete
The reference property of concrete is the compressive strength 𝑓 of standard
test specimens (cylinder of 300 mm height and 150 mm diameters), tested according
to standard conditions and at age of 28 days. This variable is assumed to be
distributed as a lognormal distribution, with:
-

expected value equal to the mean value 𝑓 , obtained by testing results or
by code prescription

-

coefficient of variation 𝑉 equal to 0.15

The other variables such as concrete tensile strength 𝑓 , Modulus of Elasticity
𝐸 , fracture energy 𝐺 , peak strain at concrete compressive strength and ultimate
strain are can be evaluated indirectly, as function of the concrete compressive
strength. Expressions given by code rules EC2 [7] are available, otherwise it is
possible to use other probabilistic models given by JCSS [3].
Reinforcement
The reference properties of structural steel are the yield strength 𝑓 , the ultimate
tensile strength 𝑓 , the modulus of elasticity 𝐸 and the ultimate strain 𝜀 . For sake
of simplicity, only the distribution concerning the yield strength will be given. This
variable is assumed to be distributed as a lognormal distribution, with:
-

expected value equal to the mean value 𝑓 , obtained by testing results or
by code prescription
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-

coefficient of variation 𝑉 equal to 0.05

2.2.3.2 Epistemic uncertainties for resistance models
It is important to take into account not only the aleatory uncertainties of
material models but also the epistemic ones. In fact, when trying to represent a
material behaviour by means of a model, could it be physical, semi-empirical or
empirical, there is always an uncertainty due to simplified assumptions in their
definitions or disregarding of some parameters that could have been important.
To quantify epistemic model uncertainties related to resistance, the JCSS
Probabilistic Model Code [3] has proposed a procedure that is explained in the
following. First of all, it is necessary to consider that:
-

the database of experimental observations has to give all the parameters for
the realization of the tests and the computation of the resistance

-

the range of parameters included in the set of experimental results gives the
limits of the resistance model

-

statistical inference for the observed sample has to be computed in order to
test the goodness-of-fit (i.e. most likely probabilistic distribution and its
parameters)
It is possible to represent model uncertainties through the following

expression:
𝑅(𝑋, 𝑌) ≈ 𝜗 ⋅ 𝑅

(𝑋)

(2.1)

where:
-

𝑅(𝑋, 𝑌) is the actual response of a structure in general

-

𝜗 is the model uncertainty random variable, due to factors affecting test

-

𝑅

-

X is a vector of basic variables considered in the resistance model

-

Y is a vector of variables that are not considered in the model but may affect

(𝑋) is the response (or the resistance) estimated by the model

the resistance mechanism (e.g. variables for which their influence is still not
completely clear or widely assessed).
It is important to notice that 𝑌 variables are considered in the right-hand side
part of equation by means of 𝜗 variable. In particular, the model uncertainty random
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variable 𝜗 can be estimated by computing a vector of experimental observation and
another vector of model response, performing the following ratio:
𝜗 = 𝑅 (𝑋, 𝑌)/ 𝑅

(𝑋)

(2.2)

By means of (2.2), 𝜗 represents the j-th value of the model uncertainty random
variable of the selected experimental database.
In the end, by means of statistical inference, it is possible to define the
probabilistic distribution and related parameters to represent the model uncertainty.
According to the JCSS Probabilistic Model Code [3], the model uncertainty
random variable 𝜗 is distributed as a lognormal distribution.

2.3 Problem formulation for structural reliability
In quantitative sense reliability may be seen as the complement of the
probability failure 𝑃 . An exhaustive determination of failure significance, read in
terms of performance requirements (i.e. limit states), is thus necessary to be
discussed. After that, the reliability index can be presented, as function of the failure
probability.

2.3.1 Probability of failure
In the following, failure is intended in a general sense, indicating “any
undesired state of a structure (e.g. collapse or excessive deformation) which is
unambiguously given by structural conditions” [21].
Structural behaviour can be described by a set of variables 𝑋 =
[𝑋 , 𝑋 , . . . , 𝑋 , . . . , 𝑋 ]. These variables can represent actions, mechanical
properties, geometrical data and model uncertainties.
Another quantity to be defined is the limit state function of a structure (could
be ultimate, serviceability, durability or fatigue), also called performance function,
usually expressed via an implicit form like:
𝑍(𝑋) = 0
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(2.3)

Being the limit state function the value at which 𝑍(𝑋) equals zero, it has to be
defined in such a way that for positive values (i.e. for 𝑍(𝑋) ≥ 0 ), the state is
favourable or safe, while for negative values (i.e. for 𝑍(𝑋) < 0 ), the state is
identified unfavourable or failure state Figure 2.2.

Figure 2.2: Limit state domain with 2 random variables 𝑋 and 𝑋

According to this, the probability of failure associated to the aforementioned
limit states, can be expressed as:
𝑃 = 𝑃{𝑍(𝑋) < 0}

(2.4)

Depending on the time-dependency of the basic variable 𝑋 the expression of
the probability of failure can be more complicated. In particular, if the basic
variables 𝑋 = [𝑋 , 𝑋 , . . . , 𝑋 , . . . , 𝑋 ] are described by time independent joint
probability density function 𝑓 (𝑥), the probability function is reduced to an integral:
𝑃 =

𝑓 (𝑥)𝑑𝑥

(2.5)

More complicated procedures have to be used if the basic variables are timedependent, but this is out of the scope of this dissertation.
Conversely, the probability of survival 𝑃 , can be defined as:
𝑃 =1−𝑃

(2.6)

Another aspect to be mentioned is that the probability of failure 𝑃 is usually
estimated considering a specific reference period that commonly is the design or
38

residual service life, depending if dealing with respectively new or existing
structures.

2.3.2 Reliability index
Reliability index is defined as the negative value of a standardized normal value
corresponding to the probability of failure 𝑃 . The mathematical expression is thus
the following:
(2.7)

𝛽 = −Φ (𝑃 )
where the quantity Φ

represents the inverse standardized normal distribution

function.
This expression stresses the fact that 𝑃 and 𝛽 are mutual representation of the
same aspect, that is the structural reliability.
The following table, that is table 1 of [21], represents the relationship between
the two quantities:
Table 2.1: Relationship between failure probability 𝑃 and reliability index 𝛽

𝑃
𝛽

10
1.3

10
2.3

10
3.1

10
3.7

10
4.2

10
4.7

10
5.2

As it is possible to notice, the larger is the reliability index 𝛽, the more reliable
is the structure, thus the lower is the failure probability 𝑃 and the less probable is
to exceed a specified limit state.

2.4 Classification of reliability methods
The evaluation of structural reliability requires a failure probability
computation; this can be done through advanced methods or using a simplified
approach. Of course, the latter is used when one wants to avoid too much
computational efforts. There are different levels of reliability analysis, whit the term
level identifying the extent of information about the analysed problem. Four basic
levels exist:

- Level III (probabilistic)
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- Level II (probabilistic)
- Level I (semi-probabilistic)
- Level 0 (deterministic)
Starting from the level III, the degree of probability theory implementation
decreases, as also the computational efforts.

2.4.1 Methods of Level III
This method allows to exactly compute the probability of failure, by solving
the integral of Equation (2.5). These methods are appropriate for structures that are
of major economic importance. Different strategies can be used:
-

analytical solutions

-

numerical integration

-

Monte Carlo’s simulation

The analytical solutions can hold for few and very simple cases. This is because
the solution depends on the variables vector, all must be independent and normally
distributed, while on the limit state region, it must be defined by hyper-planes. Thus,
it cannot be considered as a general solution.
The numerical integration can be considered an exact solution in the sense that
it is possible to reach the desired precision. The simple trapezoidal rule of
integration gives very good results if there are not too many variables (4 or 5), but
the complexity of integration increases exponentially with the number of variables.
Thus, it is useful only when a small number of variables are involved.
In the end, for complex system, the most suitable method is the Monte Carlo’s
simulation, based on a random sampling of the variables and carrying a long
number of artificial experiments. To avoid those difficulties explained before (e.g.
not-independent variables, big number of variables involved), variance reduction
and importance methods are used.
In the following, two examples will be shown:
-

the first, illustrating an application of analytical solutions to a problem with
two independent variables
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-

the second, presenting the Monte Carlo’s method, together with reduced
sampling techniques (i.e. importance sampling and Latin Hypercube
sampling).

2.4.1.1 Reliability analysis with two independent variables: analytical
method
In the following, a problem composed by two independent random variables
having any distribution is presented: the action effect 𝐸, having density function
𝑓 (𝑒) and the resistance 𝑅, having density function 𝑓 (𝑟). The limit state function
can be expressed as:
𝑍 = 𝑔(𝑅, 𝐸) = 𝑅 − 𝐸

(2.8)

Thus, the probability of failure, according to Eq. (2.5), can be analytically
solved as:
𝑃 =

𝑓

(𝑟, 𝑒)𝑑𝑟𝑑𝑒 =

,

𝑓 (𝑟) ⋅ 𝑓 (𝑒)𝑑𝑟𝑑𝑒

(2.9)

The solution of Eq. (2.9), can be obtained in two ways:
∞

𝑃[(𝑅 < 𝑒) ∩ (𝑒 ≤ 𝐸 ≤ 𝑒 + 𝑑𝑒) ] 𝑑𝑒

𝑃 =

(2.10)

∞
∞

𝐹 (𝑒) ⋅ 𝑓 (𝑒)𝑑𝑒

=
∞
∞

𝑃[(𝑟 ≤ 𝑅 ≤ 𝑟 + 𝑑𝑟) ∩ (𝐸 > 𝑟) ] 𝑑𝑟

𝑃 =

(2.11)

∞
∞

𝑓 (𝑟) ⋅ [1 − 𝐹 (𝑟)]𝑑𝑟

=
∞

If the basic random functions 𝑅 and 𝐸 are function of other random variables,
such that 𝑅 = 𝑔 (𝑅 , 𝑅 , … , 𝑅 ) and 𝐸 = 𝑔 (𝐸 , 𝐸 , … , 𝐸 ), the expression
become multiple integrals, difficult to be solved analytically. Thus, Monte Carlo’s
method or numerical integration are the only possible solutions.
However, if the random variables 𝑅 and 𝐸 are both normally or lognormally
distributed, the analytical expression becomes much simpler, as followingly
explained.
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Supposing to have 𝑅 and 𝐸 normally distributed, whit mean values 𝜇 , 𝜇 and
variances 𝜎 , 𝜎 , respectively, then the limit state function 𝑍 = 𝑅 − 𝐸, expressed
in Eq. (2.8), is normally distributed as well, whit mean value 𝜇 = 𝜇 − 𝜇 and
variance

𝜎 =𝜎 + 𝜎 .

Thus, the failure probability 𝑃 is expressed as:

𝑃 = 𝑃[𝑍 < 0] = 𝛷 −

𝜇
𝜎

= 𝛷[−𝛽]

(2.12)

where, as already mentioned, 𝛷 is the cumulative standard normal distribution
and 𝛽 is the reliability index.
If 𝑅 and 𝐸 are both lognormally distributed, the solution can be obtained as
well, by applying the logarithm to the variables and following the same procedure
as before.
2.4.1.2 Monte Carlo’s method and sampling techniques
The name Monte Carlo itself has no meaning, except that it was used first by
von Neumann during the II World War as a code word for nuclear weapons work,
in a laboratory of New Mexico. Most commonly, the name Monte Carlo is
associated with a place where gamblers take risks. Nowadays, this method is
applied to evaluate the risk or reliability associated to complicated engineering
systems (Haldar and Mahadevan [23]).
The Monte Carlo simulation technique is composed by the following
procedure, based on six essential elements:
1) Define all the random variables involved
2) Define the probabilistic characteristics of all the random variables in terms
of probabilistic distribution and corresponding parameters (i.e. perform the
statistical inference)
3) Generate the values of these random variables
4) Perform numerical experimentation, which means to evaluate the problem
deterministically for each set of realizations of all the random variables
5) Extract probabilistic information from these N realizations
6) Determine the accuracy and efficiency of the simulation
42

In the following, this method will be applied in the specific case of computing
the failure probability 𝑃 . Firs of all, according to Eq. (2.5), the probability of failure
can be expressed as:
∞

𝑃 =

𝐼[𝑔(𝑋 )]𝑓 (𝑥 )𝑑𝑥 𝑖 = 1,2, … 𝑁

𝑓 (𝑥 )𝑑𝑥 =
(

(2.13)

∞

)

where 𝐼[𝑔(𝑋 )] is the indicator function defined as:
𝐼[𝑔(𝑋 )]

0 𝑖𝑓 𝑔(𝑋 ) ≥ 0
1 𝑖𝑓 𝑔(𝑋 ) < 0

𝑖 = 1,2, . . . , 𝑁

(2.14)

As already mentioned, in order to evaluate if the single realization of the
random variables 𝑋 belongs to the safe or to the failure region, it is necessary to
define the limit state function. The probability of failure can thus be estimated by
the number of samples that gives the structural failure (i.e. for which 𝑔(𝑋 ) < 0).
Thus, the estimated failure probability 𝑃 of a problem whit 𝑛 samples can be
written as:

𝑃 ≈𝑃 =

1
𝑛

𝐼[𝑔(𝑋 )]

𝑖 = 1,2, . . . , 𝑁; 𝑗 = 1,2, . . . , 𝑛

(2.15)

Finally, to evaluate the accuracy of the simulation as in point (6) of the
procedure, it is possible to compute the coefficient of variation of the solution as
function of the number of samples 𝑛. In particular, it is assumed that each
simulation cycle constitutes a Bernoulli trial, and the number of failures in 𝑁 trials
is assumed to follow a binomial distribution. Then, the coefficient of variation of
the 𝑃 at the jth sample is:

𝑉 =

(1 − 𝑃 )𝑃
𝑗

𝑗 = 1,2, . . . , 𝑛

𝑃

(2.16)

It is important to notice that as the number of samples approaches to infinite,
then the coefficient of variation goes to zero, meaning that the evaluation is
accurate.
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In general, the level of accuracy depends on the unknown probability of failure.
In many engineering problems, the probability of failure is smaller than 10

,

meaning that, on average, only 1 out of 100000 trials would fail. So, at least
100000 simulations are needed to estimate that probability, but, for a reliable
estimate, at least 10 times this minimum (i.e. 1 million simulations) is
recommended.
In the light of the effort that is needed to perform such a simulation, to reduce
the computational effort (i.e. to decrease the number of simulations), several
sampling techniques are used. Some of the commonly used sampling techniques
are:
-

systematic sampling

-

importance sampling

-

stratified sampling

-

Latin hypercube sampling

-

adaptive sampling

-

randomization sampling

-

conditional expectation

In the following, two of them will be described: importance sampling method
and Latin hypercube sampling method (LHS).
Importance sampling method
The main concept behind this method is to concentrate the distribution of
sampling points in the region that mainly contributes to the failure probability,
defined the region of most importance. This is to avoid the spreading of these points
evenly among the whole range of possible values of the basic variables. One way
to achieve this is given by Harbitz [25], illustrated in Figure 2.3, where the
simulation is given only outside the 𝛽-sphere, because no failure occurs inside that
sphere.
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Figure 2.3: Harbitz’s Importance Sampling Method

Called 𝑈 the standard normal space, where there is the largest contribution to
the failure probability, the 𝑃 can be evaluated as:
∞

(2.17)

𝐼[𝑔(𝑈 )]𝑓 (𝑢 )𝑑𝑈

𝑃 =
∞

∞

𝐼[𝑔(𝑈 )]

=
∞

𝑓 (𝑢 )
𝑓 (𝑢 )𝑑𝑈
𝑓 (𝑢 )

where 𝑓 (𝑢 ) is the jointed probability density function expressed in the standard
normal space and 𝑓 (𝑢 ) is the sampling density function. The best choice is to
adopt a sampling density function 𝑓 (𝑢 ) that is proportional to the jointed
probability density function 𝑓 (𝑢 ), that is 𝑓 (𝑢𝑖) α |𝑓 (𝑢𝑖)|.
The procedure to be adopted it thus the following:
1) generate a vector 𝑧

of random variables having standard normal

distribution
2) define the design point 𝑢∗ , which is the point on the limit surface of the
standard normal space having the lower distance from the origin. In formula
it is 𝑢 = 𝑢∗ + 𝛴 , where 𝛴 is generally represented by the unit matrix
3) calculate the 𝑓 (𝑢𝑖) and 𝑓 (𝑢𝑖) as:

𝑓 (𝑢 ) =

1

1
𝑒𝑥𝑝 − 𝑢 ⋅ 𝑢
2
(2𝜋)

45

𝑖 = 1,2, . . . , 𝑁

(2.18)

𝑓 (𝑢 ) =

1

1
𝑒𝑥𝑝 − (𝑢 − 𝑢∗ ) ⋅ 𝛴
2
(2𝜋) ⋅ 𝑑𝑒𝑡 𝛴

⋅ (𝑢 − 𝑢∗ )

(2.19)

4) Transform in the original space of basic variables and evaluate the limit
state function for the correspondent realization 𝑥 in order to determine the
value of 𝐼[𝑔(𝑢 )].
In the end, the estimation of the probability of failure 𝑃 with 𝑛 samples is:

𝑃 ≈𝑃 =

1
𝑛

𝐼[𝑔(𝑈 )]

𝑓 (𝑢 )
𝑓 (𝑢 )

(2.20)

𝑖 = 1,2, . . . , 𝑁; 𝑗 = 1,2, . . . , 𝑛

Latin hypercube method (LHS)
The LHS method is very efficient when performing a reliability analysis by
means of non-linear finite element method, as the case of this work of thesis. In
fact, this method allows to reduce the number of numerical simulations required in
order to characterize the probabilistic distribution of the structural resistance. In
fact, it can be demonstrated that when the coefficient of variation of basic variables
is lower or equal to 0.2, a number of 30-40 samples are sufficient in order to
determine mean, variance and probabilistic distribution of the investigated
structural resistance (Gino, 2019 [22]).
The basic concept behind LHS method is that the variables are sampled by their
probabilistic distribution and, successively, randomly combined. The sampling
algorithm ensures that each distribution function is sampled uniformly between the
interval of probabilities (0,1).
The procedure to adopt is the following:
1) for each variable 𝑋 the probability interval (0,1) is subdivided in 𝑛 nonoverlapping equiprobable sub-intervals (ℎ

,ℎ

)

2) in each one of the 𝑛 sub-intervals, one value between (ℎ

,ℎ

) is sampled

randomly from a uniform distribution and the corresponding value of the
basic variable 𝑋 is evaluated
3) a random permutation between the 𝑛 values sampled for each variable 𝑋 is
performed in order to randomly combine the outcomes. In this way, the 𝑛
input sets of basic variables to perform the simulations is defined.
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2.4.2 Methods of Level II
With these methods the reliability is evaluated using the information on first
and second moments of the random variables only. These are the first-order second
moment (FOSM) and advanced first-order second moment (AFOSM) methods.
First-order second moment method (FOSM)
This method is also called mean value first-order second-moment (MVFOSM)
method in literature. The name is derived from the fact that the evaluation of the
performance function (i.e. limit state function) is based on a first-order Taylor series
approximation, linearized at the mean values of the random variables, and also
because it uses only means and covariances (i.e. second-moment statistics) of the
random variables.
The original formulation by Cornell (1969) is based on the same problem with
two variables discussed on section 2.2.3.1. Considering 𝑅 and 𝑆 to be statistically
independent normally distributed random variables, also 𝑍 is normally distributed.
The probability of failure depends on the ration between mean value of 𝑍 and its
standard deviation, as follows:
𝛽=

𝜇
𝜇 −𝜇
=
𝜎
𝜎 +𝜎

(2.21)

Thus, the reliability index can be seen as the distance between the mean value
𝜇 from the failure condition, that is 𝑍 = 0, intended as the numbers of standard
deviation of the limit state function to reach the zero value. This concept is
graphically explained in Figure 2.4.
Significant errors can occur by using this method if the limit state function is
non-linear, because of the neglection of higher order terms can be a problem.
Moreover, the index 𝛽 seems not to be constant value under different but
mechanically equivalent formulations of the same performance function. The
advanced method tries to overcome the latter problem.
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Figure 2.4: Reliability index according to Cornell 1969

Advanced first-order second moment method (FOSM)
This method is also called Hasofer-Lind (H-L) method, taking its name from
the homonym researches who have proposed the methodology. It is applicable to
normal random variables.
The safety index 𝛽

is defined as the minimum distance from the origin of

axes in the reduced coordinate system 𝑿’ to the limit state surface:
𝛽

=

(𝑥′ ∗ )′(𝑥′ ∗ )

(2.22)

The minimum distance point is denoted as 𝑥′ ∗ in the reduced coordinate system
and 𝑥 ∗ in the original one, and it is called design point or checking point.
The Figure 2.5, taken from Haldar and Mahadevan [23], explains the concept.

48

Figure 2.5: Hasofer-Lind reliability index, with linear limit state function

The best option for the design point, in terms of consistency and invariance of
the solution for a different formulation of the limit state function, is the point
(𝑅 , 𝐸 ) closest to the mean 𝜇 , 𝜇 indicated in the previous figure. Thus, the
design point coordinates can be written as:
𝑅 = 𝜇 − 𝛼 𝛽𝜎

(2.23)

𝐸 = 𝜇 − 𝛼 𝛽𝜎

(2.24)

The coefficients 𝛼 and 𝛼 are called sensitivity factors of variables 𝐸 and 𝑅.
They can be seen as the direction cosines of the failure boundary, thus:

𝛼 = −𝜎
𝛼 = 𝜎
and 𝛼 + 𝛼

𝜎 +𝜎
𝜎 +𝜎

(2.25)
(2.26)

= 1.

Eurocodes suggest recommended values for sensitivity factors as follows:

𝛼 = −𝜎
𝛼 = 𝜎

𝜎 + 𝜎 = −0,7

(2.27)

𝜎 + 𝜎 = 0.8

(2.28)
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The validity of the previous assumption is in a limitation on the ratio between
the two standard deviations as follows: 0.16 < 𝜎 /𝜎 < 7.6. When this
requirement is not satisfied, since the previous assumptions (i.e. 𝛼 = −0.7 and
𝛼 = 0.8 ) are extremely on the safe side, it is possible to assume 𝛼 = −1 and
𝛼 = 1.
The design values 𝐸 and 𝑅 are thus defined as fractiles of normal distribution:
𝑃(𝐸 > 𝐸 ) = Φ(+𝛼 𝛽) = Φ(−0.7𝛽) ;

𝐸 = 𝜇 + 0.7𝛽𝜎

(2.29)

𝑃(𝑅 ≤ 𝑅 ) = Φ(−𝛼 𝛽) = Φ(−0.8𝛽) ;

𝑅 = 𝜇 − 0.8𝛽𝜎

(2.30)

where, as already mentioned, the symbol Φ stands for a standardized normal
distribution. For 𝛽 = 3.8, then the fractiles 𝑒 and 𝑟 correspond respectively to the
probabilities of 0.999 and 0.001.
Moreover, the previous values on the coefficients of sensitivity are valid for
dominant (or leading) random variables. When dealing with non-dominant (or
accompanying) random variables, the value of sensitivity factors is reduced by premultiplying for 0.4. In this case, the following holds:
𝑃(𝐸 > 𝐸 ) = Φ(+0.4𝛼 𝛽) = Φ(−0.28𝛽)

(2.31)

𝑃(𝑅 ≤ 𝑅 ) = Φ(−0.4𝛼 𝛽) = Φ(−0.32𝛽)

(2.32)

Again, for 𝛽 = 3.8, then the fractiles of the accompanying (or non-dominant)
variables correspond respectively to the probabilities of 0.9 and 0.1.
Finally, if the two 𝑅 and 𝐸 variables are lognormal distributed, the above
equations become:
𝑃(𝑙𝑛𝐸 > 𝑙𝑛𝐸 ) = Φ(𝛼 𝛽) = Φ(−0.7𝛽) ; 𝐸 = 𝜇 exp(0.7𝛽 𝜎 ⁄𝜇 )

(2.33)

𝑃(𝑙𝑛𝑅 ≤ 𝑙𝑛𝑅 ) = Φ(𝛼 𝛽) = Φ(−0.8𝛽); 𝑅 = 𝜇 exp(−0.8𝛽𝜎 ⁄𝜇 )

(2.34)

In conclusion, design values are the upper fractiles (for actions) or lower
fractiles (for resistance), which correspond to a certain probability of being
exceeded (actions) or not reached (resistance).
The methods of level II are the basis for calibration of methods of level I.
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2.4.3 Methods of Level I
This approach consists on representing the basic variables with their
characteristic value, which corresponds to a low quantile in case of resistance
distributions and to a high quantile in case of actions distributions.
The method consists on verifying whether the limit state is not exceeded when
all basic variables in the limit state equations are replaced by the so-called design
valued (identified with a letter d as a subscript). In the simple case of a limit state
function as the one of section 2.2.3.1, it is necessary to verify that:
(2.35)

𝑅 ≥𝐸
with 𝐸 and 𝑅 defined respectively as:
𝐸 = 𝐸(𝐹 , , 𝐹 , , … ; 𝑎
𝑅 =𝑅 𝑋

,

,𝑋

,

,...;𝑎

,

,𝑎

,

…;𝜗

,

,𝑎

,

,...;𝜗

,𝜗

,
,

,𝜗

)

,
,

(2.36)
(2.37)

where 𝐹 is an external action, 𝑋 is a material property, 𝑎 is a geometrical property,
and 𝜗, as already mentioned, is the model uncertainty.
Partial safety factors for material properties (i.e. 𝛾 ) and actions (i.e. 𝛾 ), in
general, are now introduced, as function of their characteristic values, as:
𝛾 = 𝑅 /𝑅 for resistances

(2.38)

𝛾 = 𝐸 ⁄𝐸 for load effects

(2.39)

The design values can be evaluated according to the previous method (i.e Level
II), in particular with Eq. (2.29) and (2.30), if normally distributed or Eq. (2.33) and
(2.34) if lognormally distributed. For what concerns the characteristic values, they
can be obtained in general as the 5% quantile of the probabilistic distribution of the
resistances, the 50% quantile of the probabilistic distribution of permanent actions
and the 95-98% quantile of the probabilistic distribution of variable actions.
The semi-probabilistic limit state approach according to EN1990 [5] is based
on this methodology, and it is used in practise for design and assessment of
structures.
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2.4.4 Methods of Level 0
These methods are pure deterministic ones. The basic verification is performed
based on the following equation:
𝑅

(2.40)

≥ 𝛾𝐸

The nominal values are in general used accounting for one global safety factor
𝛾 that is determined empirically.
This method does not allow to quantify the level of reliability within assessment
or design and may leads to underestimation of the structural safety without any
control about it.
The probability-based models previously described are definitely more reliable
than these types of approach, thus these are no longer adopted neither implemented.

2.5 Target reliability
The target reliability level is defined in fib Model Code 2010 [2] as “an
acceptable failure probability corresponding to a specified reference period, which
is required to assure the performance of a structure or structural component for
which it has been designed”.
Referring to the limit state approach, the maximum acceptable failure
probability is function of the limit state, meaning ultimate or serviceability, the
consequences of structural failure, the relative costs for safety measures and the
reference period.
In general, the following aspect need to be evaluated: human safety and
economical implication.
For what concerns the former, the total costs 𝐶

of a structure during its

working life can be evaluated as:
𝐶

=𝐶 +𝑃 𝐷

where 𝐶 are the initial costs to build the new structures 𝐶
existing one 𝐶

(2.41)
or to renovate the

and 𝑃 𝐷 is the expected failure costs related to the working
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life (i.e. design service life for new structures and residual service life for existing
ones).
In order to reach the optimum target level, it should be identified a value,
corresponding to the minimization of total costs 𝐶

and that should be lower to

the minimum requirements for human safety.
This is different if considering new or existing structures, as the Figure 2.6
shows:

Figure 2.6: Target value identification: differences for the design of new structures versus
upgrading of existing structures (fib Bulletin 80).

As it is possible to observe, the cost for upgrading of the existing structure are
higher than the costs to build the new ones. Thus, optimum target reliability indexes
for existing structures are lower if compared to the ones for new structures.
In Table 2.2, taken from fib MC 2010 [2], suggested values of target reliability
are presented, different between new and existing structures.
If the structure is in presence of multiple equally important failure, according
to fib MC 2010 [2], it should be designed for a larger level of reliability. Moreover,
the target levels presented in the table are intended for structures for which failure
is preceded by a certain level of warning (e.g. ductile failure modes). This way, it
is possible to take preventive measures so to limit the eventual consequences of
structural failure, in particular preventing human lives losses.
Brittle failure modes occurrences, meaning failure modes that are not warned
by the structure, should be avoided by means of design procedures and correct
detailing. Nevertheless, if a structural component is designed considering brittle
failure mode, the target reliability level should be larger.
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Table 2.2: Suggested range of target reliability from fib Model Code 2010 for new and existing
structures
Limit states

Target reliability index
β
New structures

Serviceability (SLE)
reversible
irreversible
irreversible
Ultimate (SLU)
Low consequences of failure

0.0
1.5
3.0

3.1
4.1
Medium consequences of failure
3.8
4.7
High consequences of failure
4.3
5.1
Existing structures
Serviceability (SLE)
1.5
Ultimate (SLU)
3.1 – 3.8*
3.4 – 4.1*
4.1 – 4.7*

Reference period

Service life
50 years
1 year
50 years
1 year
50 years
1 year
50 years
1 year
Residual service life
50 years
15 years
1 year

*depending from costs for safety measures and upgrading of the structure; more detailed information can be derived
from fib Bulletin 80.

2.6 Safety format
Safety format is the procedure that allow to perform the verification of a
structure with respect to a particular limit state. This verification consists on a
probability-based method and fib MC 2010 [2] proposes the following safety
formats:
-

Probabilistic safety format, also called fully probabilistic design method, is
a method that permits to quantify the reliability requirements in terms of
reliability index 𝛽 and reference period. This method is more suited for the
assessment of existing structures, in particular for the computation of
residual service life

-

Partial safety factor format, is a simplified verification concept, based on
past experiences and calibrated in such a way that general reliability
requirements are satisfied. Usually adopted for verifying structural design

-

Global resistance format, as the name foretells, it consists on a global
resistance verification with partial safety factors. It is suited for design based
on non-linear analysis, where numerical simulations are adopted to perform
the verification of limit states
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-

Deemed-to-satisfy approach, consists on a set of rules for dimensioning,
material and product selection and execution procedures, given in standard,
aiming at maintaining the target reliability lower than the relevant limit
state. Used for verifying service life design of new structures

-

Design by avoidance, applicable both for verification of traditional
structural design and design for service life, consists on avoiding or
reducing harmful effects (e.g. protecting the structure from certain loads
such as wind, wave loads, impacts and so on)

In the following, more details are given for the first three safety formats.

2.6.1 Probabilistic safety format
The probabilistic safety format consists on a probabilistic assessment of the
safety of the structure, by means of an estimation of the failure probability 𝑃 , or,
mutually, of the reliability index 𝛽.
The procedure is the same discussed in the previous section, where to estimate
the failure probability, the verification is:
𝑃 = 𝑃[𝑔(𝑋 ) ≤ 0] ≤ 𝑃 ,

𝑖 = 1,2, … , 𝑁

(2.42)

where 𝑔(𝑋 ) is the performance function (or limit state function), the 𝑔(𝑋 ) ≤ 0
represents the failure or unsafe condition and 𝑃 , are the target probability of
failure indexes, here reported in section 2.5, according to Table 2.2.
The relation between the reliability index 𝛽 and the failure probability 𝑃 is
reported in this chapter, in sub-section 2.3.2. Moreover, for the methodology to be
adopted for the evaluation of the basic variables 𝑋 as well as the failure probability
𝑃 it is suggested to look at the previous sections, in particular section 2.4.

2.6.2 Partial safety factor format
The idea behind this format is to separate the treatment of uncertainties from
various cases by means of design values assigned to variables. According to fib MC
2010, this consists on selecting the representative values of variables and the partial
safety factors so to meet reliability requirements in terms of 𝛽 index.
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Distinction should be made between basic and other variables. The formers are
actions (𝐹), material or product properties (𝑋), some geometrical quantities (𝑎),
variables which account for the model uncertainties (𝜗). For these, design values
include reliability margins. For the other variables, whose dispersion may be
neglected or is covered by a set of partial factors, their most likely values are
assumed.
The requirement consists on the following expression:
𝑔(𝐹 , 𝑋 , 𝑎 , 𝜗 , 𝐶) ≥ 0

(2.43)

with 𝐶 representing serviceability constraints.
2.6.2.1 Design values of basic variables
Design variables of basic values are expressed as following:
-

Design values of actions:
(2.44)

𝐹 =𝛾 𝐹
where 𝐹

is the representative value of actions and 𝛾 is a partial safety

factor
-

Design values of material or product property:
(2.45)

𝑓 = 𝑓 /𝛾
or if uncertainty in the design model is considered:
𝑓 = 𝑓 ⁄𝛾 = 𝑓 ⁄(𝛾 ∗ 𝛾 )

(2.46)

where 𝑓 is the characteristic value of the resistance, 𝛾 is a partial safety
factor for a material property, 𝛾

is a partial safety factor related to

uncertainty of resistance model plus geometric deviations if they are
included in the model, 𝛾 = 𝛾 ∗ 𝛾

is a partial safety factor for a material

property accounting for the model uncertainties
-

Design values of geometrical property are usually taken equal to their
design values 𝑎
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2.6.2.2 Determination of partial safety factors
Partial safety factors for basic variables are expressed as following:
-

Materials:

𝛾
where 𝛾

𝛾 =𝛾

𝛾

(2.47)

= 𝛾

𝛾

(2.48)

is a partial safety factor accounting for model uncertainty set

equal to 1.05 and 𝛾

is a partial safety factor accounting for geometrical

uncertainty equal to 1.05. Assuming normal distribution for material
uncertainties the value of 𝛾 is equal to 1.5 for concrete cylinder
compressive strength with a coefficient of variation equal to 0.15, while for
bar reinforcements 𝛾 is equal to 1.15 with a coefficient of variation equal
to 0.05. Finally, the related target of reliability is defined by 𝛽 = 3.8
according to Table 2.2.
-

Permanent actions (G) and variable loads (Q):
𝛾 =𝛾
where 𝛾

𝛾 and 𝛾 = 𝛾

𝛾

(2.49)

is a partial safety factor accounting for model uncertainty and set

equal to 1.05 while 𝛾 and 𝛾 are partial safety factors for permanent and
variable actions respectively, described in Section 2.4.3, Eq. (2.39).

2.6.3 Global resistance format
The uncertainties of the structural behaviour are integrated in a global design
resistance and can also be expressed by a global safety factor. Again, these values
should be selected in order to meet the requirements for the reliability index 𝛽.
The representative variable for the global resistance is the structural resistance
𝑅. The uncertainty is expressed by the following values of resistance:
-

𝑅 mean value of resistance

-

𝑅 characteristic value of resistance (corresponding to a probability of
failure of 5%)

-

𝑅 design value of resistance
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The value of action F is considered in the same way as in the partial safety
factor method, sub-section 2.6.2.
The safety condition is met when:
𝐹 ≤ 𝑅 , 𝑅 = 𝑅 /𝛾 ∗ 𝛾

(2.50)

where 𝐹 is the design external action defined according to the partial factor
format; 𝛾 ∗ is denoted as the global resistance safety factor, which accounts for
material aleatory uncertainties; 𝛾

represents the resistance model uncertainty

safety factor, which accounts for the resistance model uncertainty.
The value of the model uncertainty factor depends on the quality of formulation
of resistance model, recommended values are:
-

𝛾

= 1.0 for no uncertainties

-

𝛾

= 1.06 for low uncertainties

-

𝛾

= 1.1 for high uncertainties

It is important to underline the differences between global and partial safety
factors. The former refer to the global structural response evaluated by means of
mean values of material properties, instead, partial safety factors refer just to each
material property (i.e. concrete compressive strength, reinforcement yielding
strength) evaluated with its characteristic value for local verification of structural
members [22].
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3 RC building: design
characteristics
This work of thesis is about the evaluation of reliability for robustness of a real
building designed in seismic area. Previous works of thesis had already investigated
the robustness, but not in probabilistic way, of the same building and they are the
following: “Robustezza Strutturale di edifici intelaiati in calcestruzzo armato:
analisi parametrica e nuove proposte progettuali” by Fortunato Mauro [26] and
“Robustezza Strutturale di costruzioni multipiano in calcestruzzo armato: analisi
parametrica di telai 2D per mezzo di modelli globali e locali” by Luca Capri [27].
In the following, the building is described in terms of design characteristics
according to code rules (i.e. capacity design) and in the end, the frame, object of
this work of thesis, is presented, as a result of the conclusions made in previous
studies.

3.1 Introduction
The building under analysis is a reinforced concrete structure, with residential
use, located in L’Aquila city, in Abruzzo region of Italy. The elevation of the city
is of 714 meters above sea level and the zone is judged of class II from a seismic
point of view.
The references in terms of code rules are the following:
-

D.M. 17 Gennaio 2018: Aggiornamento delle “Norme tecniche per le
costruzioni” [9]

-

EN1990 Eurocode 0: Basis of structural design [5]

-

EN1992 Eurocode 2: Design of concrete structures [28]

-

EN1998 Eurocode 8: Design of structures for earthquake resistance [29]

-

EN206-1 Concrete - Part1: Specification, performance, production and
conformity [30]
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The building is a new one and the type of construction is “Costruzione con
livelli di prestazione ordinari”, which means construction with ordinary
performance levels.
Table 3.1: Minimum values for the Design Working Life 𝑉

Thus, referring to the table 2.4.I of the DM2018 [9], here reported in Table 3.1,
the design working life of the building is 𝑉 = 50 𝑦𝑟, because it is associated to a
construction type 2.
Moreover, the building is considered of Class of Use number II, defined at
§2.4.2 of DM2018 [9] meaning that it is a building whose use is associated to
normal crowding, not being dangerous for the environment and without essential
public and social functions.
For the Class of Use number II, the use coefficient 𝐶 is equal to 1.0, according
to table 2.4.II of the Italian code rules, here reported in Table 3.2:
Table 3.2: Use coefficient 𝐶

Referring to § 2.4.3 of DM2018 [9], the design period for the seismic action
is:
𝑉 = 𝑉 ∙ 𝐶 = 50 𝑦𝑟

(3.1)

3.2 Geometrical characteristics
The building is composed by four floors plus the roofing, characterized by an
inter-floor height of 3 meters and a span length of 5 meters; also, the influence depth
in the transversal direction is of 5 meters. Having the columns of the entire building
a cross-section of 60x60 centimetres, the effective span length is equal to 4.4meters.
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For what concerns the beams, their cross-section is 40x50 centimetres, so that the
effective inter-floor height is equal to 2.5 meters. To better visualize these
geometrical aspects, a front view (Figure 3.1) and a plan view (Figure 3.2) are
shown.

Figure 3.1: Front view of the building

Figure 3.2: Plan view of the building
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3.3 Material characteristics
3.3.1 Concrete
The concrete used to realize columns and beams has the following features:
Table 3.3: Characteristics of concrete

Concrete resistance class

C25/30

Cube strength 𝑅

30 N/mm2

Cylinder strength 𝑓

25 N/mm2

Partial safety coefficient 𝛾

1.5 [-]

Long duration load coefficient 𝛼

0.85 [-]

Design value of compressive strength 𝑓

14.17 N/mm2

Mean value of axial tensile strength 𝑓

2.56 N/mm2

Characteristic axial tensile strength 𝑓

1.8 N/mm2

Design value of tensile strength 𝑓

1.2 N/mm2

Ultimate strain at ULS 𝜀

3.5 ‰

Specific weight 𝛾

25 kN/m3

Elastic modulus 𝐸

31476 N/mm2

Poisson’s coefficient 𝜐

0.2 [-]

3.3.2 Steel
The steel used for the bars and the stirrups has the following characteristics:
Table 3.4: Characteristics of steel

Steel class

B450/C

Characteristic tensile strength 𝑓

540 N/mm2

Characteristic yield strength 𝑓

450 N/mm2

Partial safety coefficient 𝛾

1.15 [-]

Design yield strength 𝑓

391 [-]

Ratio between characteristic tensile and yield strength

1.15 - 1.35 [-]

Characteristic strain at maximum load 𝜀

75 ‰

Design yielding strain 𝜀

1.96 ‰

Ultimate strain at ULS 𝜀

0.9𝜀

Elastic modulus 𝐸

200000 N/mm2

Poisson’s coefficient 𝜐

0.3 [-]
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= 63‰

3.4 Durability
The reference code rules are defined in EN1992 Eurocode 2: Design of concrete
structures [28], at section 4: Durability and cover to reinforcement. The durability
regards the stability and strength of the structure, that shall be maintained during all
the design working life. Its value depends on the environmental conditions,
intended as the chemical and physical conditions to which the structure is exposed
in addition to the mechanical actions.

3.4.1 Exposure class
By looking at the table 4.1-section2 of EC2 [28], it is possible to define the
exposure class of the building, depending on the corrosion induced by carbonation
(Table 3.5):
Table 3.5: Exposure class related to corrosion induced by carbonation

The environmental conditions to which the case study is exposed are “wet,
rarely dry”, so the exposure class is XC2.
According to the EN 206-1 [30], at table F.1, recommended limiting values
for composition and properties of concrete are presented, depending on the class
previously defined (Table 3.6):

63

Table 3.6: Recommended limiting values for composition and properties of concrete

3.4.2 Structural class
The Eurocode 2 [28], at suggests at §4.4.1.2(5) suggests to start from a
structural class S4 when the design working life is of 50 years, as for the case
study. In the table 4.3N of the aforementioned normative, there are recommended
values for structural classification, depending on the exposure class (Table 3.7):
Table 3.7: Recommended structural classification depending on the exposure class XC

Having the case study an exposure class XC2 and a concrete class <C35/45,
the structural class remains equal to the initial suggested value, thus S4.

3.4.3 Concrete cover
Again, the reference code rule is the Eurocode 2 [28], in particular §4.4.1 titled
Concrete cover. First of all, concrete cover is defined as the minimum possible
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distance between the surface of the reinforcement and the nearest concrete surface.
The nominal concrete cover is computed as the sum of a minimum part 𝑐
an allowance in design for deviation ∆𝑐
𝑐

=𝑐

and

:
+ ∆𝑐

(3.2)

The minimum concrete cover is necessary to ensure a safe transmission of bond
forces, to protect the steel against corrosion (durability purposes) and to guarantee
enough fire resistance. Its value is computed as follows:
𝑐

= max {c

c

,

,

;c

,

+ ∆𝑐

,

− ∆𝑐

,

− ∆𝑐

,

; 10}

(3.3)

where:
-

is the minimum cover for bond requirement, according to table 4.2 of

[28] (here Table 3.8):
Table 3.8: Minimum cover requirement with regard to bond

-

c

is the minimum cover due to environmental conditions, according

,

to table 4.4N of [28] (here Table 3.9):
Table 3.9: Minimum cover requirements with regard to durability for

-

∆𝑐

,

is the additive safety element, whose recommended value according

to Eurocode 2 [28], at §4.4.1.2(6), is 0 𝑚𝑚;
-

∆𝑐

,

is the reduction of minimum cover for use of stainless steel, whose

recommended value according to Eurocode 2 [28], at § 4.4.1.2(7), is 0 𝑚𝑚;
-

∆𝑐

,

is the reduction of minimum cover for use of additional

protection, whose recommended value according to Eurocode 2 [28], at
§4.4.1.2(8), is 0 𝑚𝑚;
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Taking into account all the previous suggestions, the assumed values are:
-

c

= 18 mm for the beams and c

,

,

= 20 mm for the columns,

according to the design bars’ diameter (i.e. 𝜙18 for the beams and 𝜙20 for
the columns);
-

c

= 25 𝑚𝑚, being the structural class S4 and the exposure

,

coefficient XC2;
-

∆𝑐

Thus,
𝑐

,

= ∆𝑐

according

,

= ∆𝑐
to

,

(3.3),

= 0 𝑚𝑚
the

minimum

concrete

cover

is

= max{20; 25; 10} = 25mm.
In conclusion, considering that the recommended value of ∆𝑐

is 10𝑚𝑚

according to §4.4.1.2 of Eurocode 2 [28], referring to equation (3.2),
𝑐

=𝑐

+ ∆𝑐

= 25 + 10 = 35 𝑚𝑚, used both for columns and beams.

3.5 Actions
The reference normative are the DM2018 [9] and, particularly for the seismic
actions, the Eurocode 8 [29]. From a general point of view, an action is defined as
a consequence, or a group of consequences, that can determine the realization of a
limit state in a structure. In § 2.5.1 of DM2018 [9], actions can be classified as
function of their intensity variation over the time, as follows (definitions are taken
from Eurocode 0 [5]):
-

Permanent loads (G): “action that is likely to act throughout a given
reference period and for which the variation in magnitude with time is
negligible, or for which the variation is always in the same direction
(monotonic) until the action attains a certain limit value”

-

Variable loads (Q): “action for which the variation in magnitude with time
is neither negligible nor monotonic”

-

Accidental (exceptional) loads (A): “action, usually of short duration but of
significant magnitude, that is unlikely to occur on a given structure during
the design working life”

-

Seismic actions (E): “action that arises due to earthquake ground motions”

Depending on the limit states to be considered, actions can be combined as
follows:
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-

Fundamental combination, usually assumed for Ultimate Limit State (ULS):
𝛾 𝐺 + 𝛾 𝐺 +𝛾 𝑃+𝛾 𝑄

-

+𝛾 Ψ 𝑄

+ 𝛾 Ψ 𝑄 +...

(3.4)

Rare combination, usually assumed for irreversible Serviceability Limit
State (SLS):
𝐺 + 𝐺 +𝑃+𝑄

-

+Ψ 𝑄

+ Ψ 𝑄 +..

(3.5)

Frequent combination, usually assumed for reversable Serviceability Limit
State (SLS):
𝐺 + 𝐺 +𝑃+Ψ 𝑄

-

+Ψ 𝑄

+ Ψ 𝑄 +..

(3.6)

Quasi-permanent combination (SLS), usually assumed for reversable long
term effects:
𝐺 + 𝐺 +𝑃+Ψ 𝑄

-

+Ψ 𝑄

+ Ψ 𝑄 +..

(3.7)

Accidental combination, usually assumed for Serviceability Limit State
(SLS) and long-term effects:
𝐺 + 𝐺 +𝑃+A +Ψ 𝑄

-

+Ψ 𝑄

+ Ψ 𝑄 +..

(3.8)

Seismic combination, usually assumed for both SLS and ULS, when
considering seismic actions:
𝐺 +𝐺 +𝑃+Ψ 𝑄

where 𝛾 , 𝛾

and 𝛾

+ Ψ 𝑄 +..

(3.9)

are the partial coefficient of respectively permanent

structural loads, permanent non-structural loads and live loads, while Ψ are the
combination coefficients related to the jth variable action. The latter depend on the
type of action, on the category of the structure and on the design situation, as
defined in table A1.1 of Eurocode 0 [5], here reported in Table 3.10:
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Table 3.10: Combination coefficients

3.5.1 Permanent actions
3.5.1.1 Permanent structural loads (𝑮𝟏 )
The permanent structural loads (𝐺 ) are defined by the self-weight of the beams
and the columns, and the self-weight of the reinforced concrete and hollow tiles
mixed floor slab. The former are directly computed by the FEM software, function
of the specific weight (25 𝑘𝑁/𝑚 for the reinforced concrete and 24 𝑘𝑁/𝑚 for
the concrete only) and the cross-section of the beams and the columns, while the
latter is computed taking into account the slab scheme (Figure 3.3).

Figure 3.3: Slab scheme (dimensions in cm)
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Considering all the contributions (Table 3.11), the permanent structural load of
the slab is equal to 3.20 𝑘𝑁/𝑚 .
Table 3.11: Permanent structural load of the slab

𝒈𝟏 [𝒌𝑵/𝒎𝟐 ]

0.05

𝑾𝒆𝒊𝒈𝒉𝒕
[𝒌𝑵/𝒎𝟑 ]
25

2x0.10

0.18

25

0.90

2x0.40

0.18

7.3

1.05

𝑾𝒊𝒅𝒕𝒉 [𝒎]

𝑻𝒉𝒊𝒄𝒌𝒏𝒆𝒔𝒔[𝒎]

Slab

1.00

Rib
Brick

1.25

3.20

3.5.1.2 Permanent non-structural load (𝑮𝟐 )
The permanent non-structural load (𝐺 ) depends on the non-structural parts of
the slabs (screed, floor and plaster) and the inner walls. The former is equal to
1.40 𝑘𝑁/𝑚 , as Table 3.12 shows:
Table 3.12: Permanent non-structural load of the slab

Screed

1.00

0.05

𝑾𝒆𝒊𝒈𝒉𝒕
[𝒌𝑵/𝒎𝟑 ]
16.0

Floor

-

-

-

0.20

1.00

0.02

20.0

0.40

𝑾𝒊𝒅𝒕𝒉 [𝒎] 𝑻𝒉𝒊𝒄𝒌𝒏𝒆𝒔𝒔[𝒎]

Plaster

𝒈𝟐 [𝒌𝑵/𝒎𝟐 ]
0.8

1.40

The other part of 𝐺 , related to the internal walls, can be computed considering
the Figure 3.4:

Figure 3.4: Scheme of the internal walls (dimensions in cm)
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Considering the specific weight of the elements composing the internal walls,
it is possible to obtain the permanent non-structural load as follows (Table 3.13):
Table 3.13: Internal walls’ weight

𝑾𝒊𝒅𝒕𝒉 [𝒎]

𝑾𝒆𝒊𝒈𝒉𝒕 [𝒌𝑵/𝒎𝟑 ]

𝒈𝟐 [𝒌𝑵/𝒎𝟐 ]

Brick

0.08

6.0

0.48

Plaster

0.01

20.0

0.40
0.88

To calculate the 𝐺 value associated to the internal walls, code rules suggest
loads per square meters to refer, starting from the load per meter. This value can be
easily computed for the specific case by multiplying the previous load for the height
of the floor, as follows:
𝐺 = 2.65 ∙ 0.88 = 2.33𝑘𝑁/𝑚

(3.10)

Thus, considering the DM 2018 [9] at § 3.1.3, the 𝑔 value can be assumed
equal to 1.20 𝑘𝑁/𝑚 :
Table 3.14: Permanent non-structural load for internal walls

The total permanent non-structural load is then equal to 𝒈𝟐 = 𝟐. 𝟔𝟎 𝒌𝑵/𝒎𝟐 .

3.5.2 Variable actions
3.5.2.1 Live loads
This is the overload due to the use of the building, and, referring to table 3.1.II
of DM2018 [9], it is equal to 2.00 𝑘𝑁/𝑚 for the floors and 0.50 𝑘𝑁/𝑚 for the
roofing.
3.5.2.2 Wind load
This action is defined in § 3.3 of DM2018 [9] as follows:
𝑝 = 𝑞 ∙𝑐 ∙𝑐 ∙𝑐
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(3.11)

where:
-

𝑞 is kinetic wind pressure
The kinetic wind pressure 𝑞 is computed using the following formula:
1
(3.12)
𝑞 = 𝜌𝑣
2
Considering an air density 𝜌 = 1,25 𝑘𝑔/𝑚 and a reference wind
velocity 𝑣 = 31.3 𝑚/𝑠 for L’Aquila city. Thus, by plug in these values on
(3.12), it results 𝑞 = 612,3 𝑁/𝑚 .

-

𝑐 is the exposure factor
The exposure coefficient 𝑐 is given by the following formulae:
𝑐 (𝑧) = 𝑘 𝑐 ln(𝑧⁄𝑧 ) [7 + 𝑐 ln(𝑧⁄𝑧 )] for 𝑧 ≥ 𝑧

(3.13)

for 𝑧 < 𝑧

(3.14)

𝑐 (𝑧) = 𝑐 (𝑧

)

where:


𝑘 ,𝑧 ,𝑧

are given in table 3.3.II of DM2018 [9] depending

on the exposure category of the site. Since the category is V, it
results: 𝑘 = 0.23, 𝑧 = 0,70𝑚 , 𝑧


= 12𝑚

𝑐 is the topography coefficient and the normative suggests
𝑐 =1

Thus, it is possible to define the exposure coefficient as function of the
height 𝑧, expressed in meters, by substituting the coefficients in (3.12) and
(3.13):
Table 3.15: Exposure coefficient 𝑐 , as function of the height

-

𝒛 [𝒎]

0

3

6

9

12

15

𝒄𝒆 [−]

1.48

1.48

1.48

1.48

1.48

1.63

𝑐 is the shape coefficient (or aerodynamic) and it is assumed equal to 0.80
for the upwind surface and −0.45 for the downwind surface

-

𝑐 is the dynamic factor, the normative suggests to assume 𝑐 = 1

In conclusion, by plug in all these coefficients in (3.11) and taking into account
an influence area of 5 meters, it is possible to obtain the distribution of the wind
pressure along the height:
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Table 3.16: Wind pressure, as function of the height

𝒛

𝒑𝒖𝒑

𝒑𝒅𝒐𝒘𝒏

[𝒎]

[𝒌𝑵/𝒎]

[𝒌𝑵/𝒎]

0

3.60

-1.80

3

3.60

-1.80

6

3.60

-1.80

9

3.60

-1.80

12

3.60

-1.80

15

4.00

-2.00

3.5.2.3 Snow load
This action is defined in § 3.4 of DM2018 [9] as follows:
𝑞 =𝜇 ∗𝑞

∗𝐶 ∗𝐶

(3.15)

where:
-

𝑞

is the characteristic ground snow load and it depends on the location

of the city (L’Aquila is in zone III) and on the elevation of the site (714
meters over the sea level for L’Aquila). Thus, referring to § 3.4.2, it
results 𝑞
-

= 2.72𝑘𝑁/𝑚

𝜇 is the shape coefficient and depends on the inclination angle of the
roofing. For the specific case, the roof is planar, thus referring to table
3.4.II of DM2018 [9], 𝜇 = 0.8

-

𝐶 is the exposure coefficient, suggested unitary in § 3.4.4

-

𝐶 is the thermal coefficient, suggested unitary in § 3.4.5

In conclusion, the snow load is 𝑞 = 2.17 𝑘𝑁/𝑚 for the case study.

3.5.3 Seismic action
This action is described in § 3.2 of DM2018 [9], where the design seismic
action is defined as function of the seismic hazard of the site, associated to the
morphological and stratigraphic characteristics of the ground where the structure is
located.
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Seismic hazard is correlated to 𝑆𝑒(𝑇), that is the elastic horizontal ground
acceleration response spectrum also called "elastic response spectrum”. This
spectrum corresponds to a ground acceleration equal to the design ground
acceleration on ground type A multiplied by the soil factor 𝑆, defined as:
𝑆 (𝑇) = 𝑓(𝑎 , 𝐹 , 𝑇 ∗ )

(3.16)

where:
-

𝑎 is the design ground acceleration on ground type A

-

𝐹 is the maximum horizontal amplification factor

-

𝑇 ∗ is the corner period at the upper limit of the constant acceleration region
of the elastic spectrum

To determine these values, the DM2018 [9] recommends the use of an Excel
sheet, made available by the Ministry of Infrastructure and Transport. The
procedure is divided into 3 phases.
The first phase (“fase 1” of the Excel Macro) regards the identification of the
dangerousness of the site. Thus, it is needed to identify the region and city in which
the building is placed. Then the geographical coordinates are automatically
obtained.
The second phase (“fase 2” of the Macro) regards the choice of the design
strategy. The input parameters are:
-

Design working life (in year). The building is class 2 (buildings with
ordinary level of performance) so 𝑉 = 50 𝑦𝑟

-

Use coefficient 𝑐 = 1,0

In the last phase (“fase 3” of the Macro), the information are:
-

Limit state considered: both ULS and SLS are considered;

-

Ground type: 𝐵 “deposits of very dense sand, gravel, or very stiff clay, at
least several tens of m in thickness, characterised by a gradual increase of
mechanical properties with depth” (Table 3.1 of EC8 [29])

-

Topographic class: 𝑇

-

Behaviour factor 𝑞 = 4.5 ∙ 𝛼 /𝛼 = 4.5 ∙ 1.3 = 5.85, having chosen a
ductility class A and 𝛼 /𝛼 = 1.3 for multi-storey frames
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-

Structural factor 𝑞 = 𝐾 ∙ 𝑞 = 1 ∙ 5.85 = 5.85, having chosen a reduction
factor 𝐾 = 1 as the normative suggests for regular structures in elevation

-

Damping factor: 𝜉 = 5% as conventionally assumed for reinforced concrete
structures

In the following, the response spectrum at ultimate limit state (Figure 3.5) and
at the serviceability limit state (Figure 3.6) are represented.

Figure 3.5: Response spectrum at ULS

Figure 3.6: Response spectrum at SLS

3.6 Modal analysis
Considering the DM2018, it is requested to consider all the eigenvalues and
eigenvectors that can contribute significatively to the response of a structure, from
a global point of view. In particular, it is necessary to verify that:
-

The sum of the modal masses of the considered vibration modes should
represent the 85% of the total mass of the structure
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-

The considered modes should have a modal larger than the 5% of the total
mass of the structure

In the specific case, the building is characterized by regularity both in plan and
in elevation, thus it is possible to conduct the modal analysis following a linear
approach.
The periods and the modal masses involved are presented in the following
table:
Table 3.17: Modal analysis for the first 12 vibration modes

It is possible to notice that the 85% is already reached with the first two
modes and also that the 5% is overcame for them. So, the indication suggested by
code rules are respected.
Another consideration is that the modal mass has been computed by applying
the following formula, again suggested by code rules:
𝐺 +𝐺 +

Ψ 𝑄

(3.17)

3.7 Structural verification and dimensioning
The building design takes into account the criticalities connected to the
seismicity of the area; thus, the capacity design is the main criterion. According to
this, the structural elements should be designed in a certain order, consider the
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importance that they assume, in order to favour ductile mechanisms (bending)
rather than fragile ones (shearing). Since beams are ductile elements, these are the
elements that firstly have to reach plasticization, such that they can absorb and
dissipate the energy in case of earthquake. This means that it is first designed the
longitudinal reinforcement of the beams and, as function of it, the shear
reinforcement of beams and both the bars and stirrups of columns are designed. In
the following, the dimensioning and verification at ultimate limit state and
serviceability limit state are analysed.

3.7.1 Beam design: bending at ULS
The geometry of the beams is followingly resumed in Table 3.18:
Table 3.18: Beam's geometry

𝑩 [𝒎𝒎]

𝑯 [𝒎𝒎]

𝒄 [𝒎𝒎]

𝒅′ [𝒎𝒎]

𝒅 [𝒎𝒎]

400

500

35

52

448

The normative suggests to compare the active bending moment 𝑀
resistant one 𝑀

with the

so that:

-

if 𝑀

<𝑀

,

the reinforcement is simply in tension

-

if 𝑀

>𝑀

,

also the compressive reinforcement is needed

where the limiting value of the resistant bending moment is obtained by
𝑀

,

= 0.2961 𝐵 𝑑 𝑓

= 503.9 𝑘𝑁𝑚

(3.18)

Even if the active bending moment is always less than the resistant one, also
the reinforcement in compression will be designed so that robustness will be
increased.
Knowing the material characteristics, and the coefficient 𝛽 = 0.8095 and
𝛽 = 0.4160, a first trial of 𝑥 (neutral axis position) is possible, thanks to the
binomial formula. The minimum amount of reinforcement in the tensile zone is
then:
𝐴

,

[𝑚𝑚 ] =

𝛽 𝐵𝑓 𝑥
𝑓
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(3.19)

Having chosen the bar diameters, it is necessary to respect what it is
recommended by code rules (DM2018 § 7.4.6.2.1):
-

both in the upper and lower part of the cross section, and along the entire
length of the beam, the reinforcement diameters should be at least 14 mm

-

in correspondence of the critical zones (i.e. at both extremities of the
beam), the reinforcement in compression should be not less than half of
the one in tension, such that: 𝜌 ≥ 0.5𝜌 . In the other sections, it should
be guaranteed that 𝜌 ≥ 0.25𝜌 , where:
𝐴
𝐵𝐻
𝐴
𝜌 =
𝐵𝐻

(3.20)

𝜌 =

-

(3.21)

in each section, the limits of the geometrical reinforcement 𝜌 are:
1.4
3.5
≤𝜌 ≤𝜌 +
𝑓
𝑓

(3.22)

After having defined reinforcement in compression and in tension, it is
necessary to verify if these values are sufficient to guarantee enough resistance.
Firstly, the depth of the neutral axis position is computed as follows:
𝑥 =

𝑓 (𝐴 − 𝐴 )
𝛽𝑓 𝐵

(3.23)

In order to verify the initial assumption on the strengths of the material (field
3, where 𝜀

= 0.35% and 𝜀 > 0.196%), an 𝑥 value is computed, solving the

equation:
𝐶+𝑆 −𝑆 =0

(3.24)

where 𝐶 = 𝛽 𝑓 𝐵𝑥 , 𝑆 = 𝑓 𝐴 and 𝑆 = 𝑓 𝐴 = 𝜀 𝐸 𝐴
Once 𝑥 is computed, the verifications are:
-

Ductility check: 𝑥 < 0.45𝑑

-

Bending moment check: 𝑀

<𝑀

where the resistant bending moment

is computed as:
𝑀

= 𝛽 𝑓 𝐵𝑥 (𝑑 − 𝛽 𝑥 ) + 𝐴 𝑓 (𝑑 − 𝑑′)
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(3.25)

For the sake of simplicity, only bars having diameter of 18 mm have been
chosen, and they are located as follows:
-

3 continuous bars in the lower part and along the entire length of the beam,
enough to retain the applied positive bending moment

-

2 bars in the upper part, such that on the nodes beam-column the total
amount of bars is 4

-

from 1 to 3 extra bars are added on the upper part in correspondence of the
nodes, so to retain the peaks of negative applied bending moment

3.7.2 Beam design: shear at ULS
The shear action is determined as function of the resistant bending moment, as
the capacity design prescribes. Also the gravitational loads are involved in the
computation, as follows:
𝑉

=𝛾

𝑀

,

+𝑀
𝑙

,

1
+ (𝐺 + 𝜓 𝑄)𝑙
2

(3.26)

where:
-

𝑙 is the length of the simply supported beam

-

𝑀

,

is the resistant bending moment of the first support

-

𝑀

,

is the resistant bending moment of the second support

-

𝛾

overstrength factor, taken equal to 1.0 for 𝑞 ≤ 3, or to 1.2 otherwise

-

𝐺 + 𝜓 𝑄 gravitational load

The computation of the transversal reinforcement is based on the Ritter-Morsch
model, also called strut-and-tie model, based on a truss system with parallel chords
(i.e. longitudinal reinforcement) connected by means of pin joints, where the
concrete compressive struts are inclined with an angle 𝜗 and the shear
reinforcement represents the tensile web members, where the inclination angle is
𝛼 = 90° [31].
The design resistant shear, referred to the concrete struts, is computed as
follows:
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𝑉

= 0.9𝑑𝑏 𝛼 𝜐𝑓

𝑐𝑜𝑡𝑔𝛼 + 𝑐𝑜𝑡𝑔𝜗
1 + 𝑐𝑜𝑡𝑔 𝜗

(3.27)

On the other hand, the design resistant shear, referred to the steel stirrups, is:
𝑉

= 0.9𝑑

𝐴
𝑓 (𝑐𝑜𝑡𝑔𝛼 + 𝑐𝑜𝑡𝑔𝜗)𝑠𝑖𝑛𝛼
𝑠

(3.28)

where:
-

𝑑 is the effective height of the cross-section

-

𝑏 is the width of the cross-section

-

𝛼 is a coefficient that considers the tension state of the compressive chord,
for this case equal to 1

-

𝜐𝑓 design value of compressive strength, reduced with a quantity 𝜐 = 0.5

-

𝛼 stirrups inclination with respect to the longitudinal reinforcement
direction (i.e. horizontal)

-

𝜗 strut inclination, value that should respect the limits: 1 ≤ 𝑐𝑜𝑡𝑔𝜗 ≤ 2.5
and 𝑐𝑜𝑡𝑔𝜗 = 1 for CD “A”

-

𝐴

is the area of the transversal reinforcement

-

𝑠 is the distance between consecutive transversal stirrups

The verifications consist of guaranteeing that:
-

𝑉

<𝑉

where 𝑉

is the shear value in correspondence of the joint with

the column
-

𝑉

<𝑉

where 𝑉 is the shear value at a distance 𝑑 from the joint with

the column
-

𝑉

>𝑉

for ductility reasons

In order to define the stirrups design, two zones are distinguished: the
dissipative and the non-dissipative parts of the beam. The former has a length of
1.5 (for CD “A”) and 1.0 (for CD “B”) times the height of the beam, that is the area
where the plasticization occurs. The non-dissipative zones regard the remaining
cross-sections of the beam.
There are limitations regarding both the dissipative and non-dissipative areas,
defined at DM2018 § 4.1.6.1.1 and § 7.4.6.2.1. In particular:
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In the dissipative area the stirrups should have a step s that is the minimum
among:
-

a quarter of the effective height 𝑑 of the cross-section

-

175 mm and 225 mm respectively for CD “A” and CD “B”

-

6 times and 8 times the minimum diameter of the longitudinal bars
respectively for CD “A” and CD “B”

-

24 times the diameter of the transversal reinforcement

In the non-dissipative zones, the stirrups should respect the following
limitations:
-

The cross-section of the stirrups should be at least 𝐴 = 1.5𝑏 𝑚𝑚 /𝑚
where 𝑏 is the minimum width of the web

-

At least there should be 3 stirrups per meter

-

The step should be not larger than 0.8 times the effective height 𝑑 of the
cross-section

In the end, the final configuration consists of stirrups having all the same
diameters equal to 8 𝑚𝑚 and the step between two consecutive stirrups is:
-

7.5 cm in the dissipative zones

-

15 cm in the non-dissipative zones

3.7.3 Beam design: SLS
3.7.3.1 Stress limitation
These limitations are defined at § 7.2 of EC2 [28], where it suggested to limit
the compressive stress in the concrete in order to avoid longitudinal cracks, microcracks or high levels of creep.
Limitations are the following:
-

𝜎 < 0.6 𝑓 for the characteristic combination

-

𝜎 < 0.45 𝑓 for the quasi-permanent combination

-

𝜎 < 0.8 𝑓

for the characteristic combination

Stresses in concrete and steel are computed using Navier formula:
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𝜎 =

𝑀
𝐼

𝜎 =𝑛

𝑦

𝑀
𝐼

(3.29)

,

𝑦

(3.30)

,

where 𝑥 is the position of the neutral axis, 𝑛 is the homogenization coefficient and
𝑦 is the distance from the neutral axis (i.e. 𝑦 is taken as the distance of the
longitudinal bars for the steel stresses calculation while for the concrete stresses
computation is the extremity of the cross-section because it is the most stressed
part).
All the cross-sections of the beams result verified.
3.7.3.2 Crack control
These limitations are defined at § 7.3 of EC2 [28], where it is defined a
maximum crack width 𝑤

, to be limited to an extent that will not prevent the

functionality or durability of the structure. These values are defined in table 7.1N
of the normative, as function of the load combination and the exposure class.
To compute the crack width 𝑤 , to be compared to the limit value 𝑤

(equal

to 0.3 mm for the specific case), the formula is:
𝑤 =𝑠

,

(𝜀

−𝜀

)

(3.31)

where:
-

𝑠

-

𝑐 is the concrete cover

-

𝑘 is a coefficient that depends on the reinforcement bond (0.8 for bars

,

= 𝑘 𝑐 + 𝑘 𝑘 𝑘 Φ/𝜌

is the maximum crack distance

having strongest bond and 1.6 for smooth bars)
-

𝑘 is a coefficient that depends on the strain distribution (0.5 for bending
and 1.0 for pure traction)

-

𝑘 = 0.4

-

𝑘 = 0.425

-

𝜀

reinforcement mean strain

-

𝜀

concrete mean strain

The difference between the two strains in formula (3.31) is computed as:
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𝜎,
𝜀

−𝜀

=

−

𝑘𝑓
𝜌

1+𝛼 𝜌

(3.32)

𝐸

where
-

𝑘 is a factor that is function of load duration (0.6 for short duration and 0.4
for long duration)

-

𝛼 = 𝐸 /𝐸

-

𝜌

= 𝐴 /𝐵 ℎ

,

Moreover, the difference at
(3.32) should be larger or equal to 0.6 𝜎 ,

⁄𝐸 .

All the cross-sections of the beams result verified.
3.7.3.3 Deflection control
These controls are defined at § 7.4 of EC2 [28], where it is mentioned that “the
deformation of a member or structure shall not be such that it adversely affects its
proper functioning or appearance”. In particular:
-

the deflection of a beam, slab or cantilever under quasi-permanent loads
should not exceed the ratio span/250 in order to not impair the appearance
and general utility of the structure

-

deflections that could damage adjacent parts of the structure should be
limited. Thus, for the deflection after construction, span/500 is normally an
appropriate limit for quasi-permanent loads.

According to DM2018 [9], for beams having a span larger than 10 m, it is
possible to omit other verifications, whether the slenderness ratio 𝜆 = 1/ℎ respects
the following limitation:
𝜆≤𝐾
where 𝐴

,

and 𝐴

,

11 + 0.0015𝑓
𝜌+𝜌

500𝐴 ,
𝑓 𝐴,

(3.33)

are respectively the tension reinforcement effectively

present on the most stressed cross-section and the corresponding reinforcement that
has been calculated, while 𝐾 is a correction coefficient which depends on the
structural scheme. All the beams result verified.
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3.7.4 Column design: bending and compression at SLU
The reference code rules are the DM2018 [9] at § 4.1.6.1.2 and 7.4.6.2.2, where
it is prescribed a limitation on the longitudinal reinforcement, such that:
-

longitudinal bars should have diameter larger or equal than 12 mm and can
not have distance larger than 300 mm

-

the reinforcement area should be at least equal to 0.10𝑁 /𝑓

and not less

than 0.003𝐴
-

the ratio 𝜌 between the area of the longitudinal reinforcement and the gross
concrete cross-section should be within the limits: 1% ≤ 𝜌 ≤ 4%.

For

the

case

study,

all

the

columns

have

a

cross-section

of

600𝑥600 = 3600𝑚𝑚 ; 12 bars of 20 𝑚𝑚 diameter each have been chosen, in
particular 4 are located at the sides and 8 are in the intermediate location, for a total
are of 3770 𝑚𝑚 .
Moreover, for the capacity design, plasticization of the beam should occur
before the one of the columns. This condition is reached if the following occurs
(§ 7.4.4.2.1 DM2018 [9]):
𝑀

,

≥𝛾

𝑀

,

(3.34)

where:
-

𝛾

-

𝑀

overstrength factor, taken equal to 1.3
resistant moment of the column, computed as function of the axial

,

stresses at the node, caused by seismic combinations
-

𝑀

resistant moment of the beam at the node

,

The reinforcement that has been adopted results verified.

3.7.5 Column design: shear at SLU
The shear action is computed as function of the resistant bending moments
𝑀

,

and 𝑀

,

that act respectively at the superior and inferior ends of the column,

with the following expression ( taken from § 7.4.4.2.1 DM2018 [9]):
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𝑉

=𝛾

𝑀

,

+𝑀
𝑙

,

(3.35)

where:
-

𝛾

overstrength factor, taken equal to 1.3 for CD “A” and 1.1 for CD “B”

-

𝑙 length of the pillar

The resistant shear is computed according to Ritter-Morsch, where the formulas
and procedure are exactly the same of sub-chapter 3.7.2, equations (3.27) and
(3.28).
Moreover, at § 7.4.6.1.2 it is prescribed that the length of the dissipative zone
should be the maximum between:
-

the height of the cross section

-

1/6 of the effective height of the column

-

45 cm

-

the free height of the column, if it is less than 3 times the height of the crosssection

In addition, according to § 7.4.6.2.2, in the dissipative areas the following
conditions should be guaranteed:
-

the bars at the corners of the cross-section have to be retained by the stirrups

-

at least one bar over two, among the ones located at the sides, should be
retained by the stirrups

-

the non-retained bars should be located at less than 20 cm from the adjacent
retained one for CD “A” and 15 cm for CD “B”

The diameter of the containing stirrups should be at least of 6 mm and the step
should be larger than the minimum between:
-

1/3 or 1/2 of the minimum side of the column cross-section for CD “A” and
CD “B” respectively

-

175 mm for CD “B” or 125 mm CD “A”

-

6 or 8 times the diameter of the longitudinal bars for CD “A” and CD “B”
respectively
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In all the columns and along the entire length, 2 stirrups having 2 arms each
have been adopted, for a total of 4 stirrups. The diameter is equal to 8 mm for all
the stirrups and the step is of 10 cm.
With this value of reinforcement, all the columns result verified.

3.7.6 Joints design
A joint is the area of the column where the latter intersects the beam. For the
capacity design, it is important that the collapse is not reached by the joint before it
is reached by the adjacent beams and columns. The verifications prescribe that the
maximum compression and tension at the joint do not overcome the strength of the
concrete.
According to § 7.4.4.3.1 of DM2018 [9], the horizontal shear acting on a joint,
for each seismic direction, can be computed as:
-

For internal joints
𝑉

-

= 𝛾 (𝐴

+ 𝐴 )𝑓

−𝑉

(3.36)

For external joints
𝑉

=𝛾 𝐴 𝑓

−𝑉

(3.37)

where:
-

𝐴

is the beam reinforcement in the upper chord

-

𝐴

is the beam reinforcement in the lower chord

-

𝑉 is the shear that acts on top of the joint, at the level of the column

-

𝛾

overstrength factor, taken equal to 1.2 for CD “A” and 1.1 for CD “B”

In order to verify that the concrete strength is not reached, the verification is:
𝑉

≤𝜂𝑓 𝑏 ℎ

1 − 𝜈 /𝜂

(3.38)

where:
-

𝜂 = 𝛼 (1 − 𝑓 /250) and 𝛼 equal to 0.48 for external joints and 0.60 for
internal
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-

𝜈 = 𝑁 /(𝐴 𝑓 ) normalized compressive stress, acting in the column
above the joint

-

ℎ distance from the more external bars of the column

-

𝑏 effective width of the joint, equal to the minimum between: the maximum
among the sides of column and beam cross-sections and the minimum
between the sides of column and beam cross-section, both increased to half
of the column’s cross-section height

In order to avoid the diagonal cracking of the joint, thanks to the presence of
transversal reinforcement, it is necessary to verify that:
-

For internal joints
𝐴 𝑓

-

≥ 𝛾 (𝐴

+ 𝐴 )𝑓 (1 − 0.8𝜈 )

(3.39)

For external joints
𝐴 𝑓

≥ 𝛾 𝐴 𝑓 (1 − 0.8𝜈 )

(3.40)

In all the joints 2 stirrups having 2 arms each have been adopted, for a total of
4 stirrups. The diameter is equal to 8 mm for all the stirrups and the step is of 5 cm.
With this value of reinforcement, all the columns result verified.
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3.7.7 Summary of the design solution according to capacity
design
The principal characteristics of the frame, as it has been designed according to
Eurocodes and DM2018, are summarized in the following list:
-

Columns’ cross section: 60 x 60 cm

-

Beams cross section: 40x50 cm

-

Columns reinforcement:
transversal: stirrups with 4 arms, diameter 8 mm, steps 10 cm
longitudinal: 12 bars with diameter 20 mm

-

Beams reinforcement:
transversal (dissipative zone): stirrups with 2 arms, diameter 8 mm,
steps 7.5 cm
transversal (non-dissipative zone): stirrups with 2 arms, diameter 8 mm,
steps 15 cm
longitudinal (dissipative zone): 3 bars with diameter 18 mm in the lower
chord, 5 bars with diameter 18 mm in the upper chord
longitudinal (non-dissipative zone): 3 bars with diameter 18 mm in the
lower chord, 2 bars with diameter 18 mm in the upper chord

-

Joints transversal reinforcement: stirrups with 4 arms, diameter 8 mm, steps
5 cm

-

Concrete cover: 35 cm

3.8 Design characteristics of the frame under analysis
As already mentioned, the frame under analysis has not the same
characteristics, in terms of structural properties, of the real structure, as it has been
discussed until now. This is because previous works of thesis have tried different
design strategies in order to enhance the robustness of the same structure.
In the following, the different strategies are summed up and the structural
characteristics of the frame under analysis are listed.
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3.8.1 Summary of previous robustness analysis
First of all, different analysis has shown that the behaviour of the frame as it
has been designed, according to seismic capacity design, is not enough to avoid
disproportionate collapse in case of removal of a column. In particular, the
discontinuity between the dissipative and non-dissipative interfaces, in terms of
reinforcement and concrete confinement, causes the formation of plastic hinges
where they should not appear ideally and rupture of the longitudinal reinforcement,
which is the key element in order to guarantee robustness.
Three are the fundamental detailing that has improved significantly the
behaviour of the frame, against column removal:
-

Continuity of the longitudinal bars along the beams, which increases the
ultimate displacement

-

Symmetry of the longitudinal bars of the beams between upper and lower
chord, which increases the flexural and membrane strength

-

Equality of longitudinal reinforcement among floors, which increases the
flexural and membrane strength

The three conditions imply the introduction of 5Φ18, both in the upper and
lower chord, continuous along the beams, and equal in all the floors. Thus, an
increase of 10% of longitudinal reinforcement determines an increase of the
resistance against column removal of 30%. Moreover, this has solved the problem
related to the formation of plastic hinges in parts of the frame where it should not
occur.
After this, another trial has concerned the increase of the number of bars up to
7Φ18, again respecting the three conditions. This has resulted in an increase of the
bending peak, but a reduction of the ultimate displacement, which means a more
fragile behaviour.
Another attempt has regarded the centralization of the bars, by reducing the
effective height and increasing the concrete cover. This has implied a decrease of
resistance immediately after the bending peak but a delay of resistance-fall in
correspondence of the maximum displacement.
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3.8.2 Summary of the design solution, according to robustness
analysis
Starting from the initial design characteristic and considering the conclusion of
the study made on the same structure, in the following the design solution adopted
for this work of thesis will be listed:
-

Columns cross section: 60 x 60 cm

-

Beams cross section: 40x50 cm

-

Column reinforcement:
transversal: stirrups with 4 arms, diameter 8 mm, steps 10 cm
longitudinal: 12 bars with diameter 20 mm

-

Beams reinforcement:
transversal (dissipative): stirrups with 2 arms, diameter 8mm, steps
7.5cm
transversal (non-dissipative): stirrups with 2 arms, diameter 8mm,
steps 15cm
longitudinal: 5 bars with diameter 18 mm both in the upper and
lower chord

-

Joints transversal reinforcement: stirrups with 4 arms, diameter 8 mm, steps
5cm

-

Concrete cover: 53 cm

Moreover, the loads characteristics do not change with respect to the initial
design, since the geometrical and material characteristics, as well as the use and of
the structure, remains invariant. The loads values, distributed along beams, are
followingly resumed:
-

Permanent structural load 𝐺 for the beams and columns: function of
material specific-weight (𝜌 = 24 𝑘𝑁/𝑚 for concrete and 𝜌 = 25 𝑘𝑁/𝑚
for reinforced concrete)

-

Permanent structural load 𝐺 for the slabs: 16 𝑘𝑁/𝑚

-

Permanent non-structural load 𝐺 13 𝑘𝑁/𝑚

-

Variable loads 𝑄 for the floors: 10 𝑘𝑁/𝑚

-

Variable loads 𝑄 for the roofing: 2.5 𝑘𝑁⁄𝑚
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4 ATENA 2D
The ATENA software has been used in three phases: first, to model the frame
with the presence of the column in order to compute the reaction at the base of the
central column, then for a pushdown analysis to evaluate the dynamic effect
involved in the structure in the accidental event of a sudden column loss and finally
to perform a reliability analysis. In the following, the software is described in terms
of generalities, input parameters (materials, topology, loads and supports), meshing
and post-processing.

4.1 Software generalities
ATENA is a fully windows program for non-linear analysis of reinforced
concrete structures. The name stands for Advanced Tool for Engineering Nonlinear
Analysis. Many are the outcomes using this software (www.cervenka.cz):
-

Modelling for concrete, reinforcement (both with discrete or smeared bars),
steel, rock, soil and masonry (Figure 4.1)

-

Crack propagation visualization (Figure 4.1)

-

Real-time visualisation of results (Figure 4.1)

-

Analysis of modern fiber reinforced concrete materials: SHCC, ECC,
HPRFC, UHPFRC

-

Dynamics, statics, creep, thermal and moisture analyses

-

Modelling of high temperature and fire loading on concrete structures

-

Modelling of structural durability and reinforcement corrosion.

Figure 4.1: Main tools of the software (www.cervenka.cz)
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ATENA also allows to perform a three-dimensional analysis, that will not be
used for the scope of this work of thesis, because a two-dimensional frame is
considered.
A positive aspect of ATENA 2D, is the possibility of managing the software
not via graphical interface but by writing the CCT file that can be imported in the
software. This file, that can be opened through a text viewer, contains alphanumeric
commands which describe all the input to be given to the software in order to run
the analysis. This way of proceeding is very useful for this work of thesis because
dealing with a sampling of 100 different mechanical characteristic combinations, it
is not so easy when you have to insert by graphical interface all the different 100
combinations.
In the following, both the procedures will be explained: via graphical interface
and via CCT file.

4.2 Pre-processing
The item is active only in the pre-processing mode that can be made from the
menu item Calculations. The pre-processing phase is necessary for the definition
of all input data, that can be accessed by the graphical interface and are structured
as follows:
1. General data
2. Materials
3. Topology
4. Loads and Supports
5. Run

4.2.1 Graphical interface
As already mentioned, with ATENA 2D the designer can work in a userfriendly graphical environment (Figure 4.2). The icons placed horizontally on the
higher part of the interface, allow you to save, create the mesh, run the analysis,
zoom in or out, select points, lines or macro elements and so on. All the commands
are available on a sliding bar on the left-hand side, that allows you to define in an
ordered way all the input to be given to the program. The icon shaped like an eye,
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leads to switch on and off the elements of the design, such as the points, the nodes,
the lines, their labels etc.

Figure 4.2: Graphical interface

Finally, the general data command allows to give the name to the project, insert
comments, indicate the decimal points to be used and also lets to have information
about the numbers of nodes, lines, bar reinforcements, load cases etc., under the
window called numbering information (on the lower part of the interface).

4.2.2 Materials
Being a powerful software, ATENA 2D allows you to model a huge variety of
materials: Plane Stress/Strain elastic isotropic, 3D Non Linear Cementitious 2, 3D
Variable Non Linear Cementitious, SBeta Material, Microplane4 Material, 3D
BiLinear Steel Von Mises, 2D Interface, Reinforcement, Cycling Reinforcement,
Smeared Reinforcement, Spring, Bond for Reinforcement, 3D Ducker-Prager
Plasticity, Material With Random Fields. Each of them is suitable for specific types
of material behaviours, such as rock like materials, fibre reinforced concrete, plastic
materials like steel, truss elements modelling a spring and so on.
For the purpose of this work, three types of materials have been used and
followingly explained: SBeta Material for the concrete, Reinforcement for the steel
rebars and Plane stress elastic isotropic for modelling the infinitely rigid plates.
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4.2.2.1 SBeta Material
The name SBeta is the abbreviation to indicate the German definition for
StahlBETonAnalyse which means “analysis of reinforced concrete”. This material
model includes the following effects:
-

Non-linear behaviour in compression including hardening and softening

-

Fracture of concrete in tension

-

Biaxial strength failure criterion

-

Reduction of compressive strength and shear stiffness after cracking

-

Tension stiffening effect

-

Two crack models: fixed crack direction and rotated crack direction

Basic
In the Basic tab it is necessary to insert information about Elastic modulus,
Poisson’s ratio, Tensile strength and Compressive strength. They are needed to
describe the uniaxial stress-strain law (with non-linear behaviour in compression)
and the biaxial failure law.

Figure 4.3: Basic tab for SBeta Material

Tensile
In this tab, it is necessary to select the type of tension softening and crack
model.
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Figure 4.4: Tensile tab (type of tension softening) for SBeta Material

There are five different options to describe the softening model: Exponential
crack opening law, Linear crack opening law, Linear softening based on local
strain (that is the one selected for this case), SFRC Based on Fracture Energy and
SFRC Based on Strain.
For the Local Strain model, the descending branch of the stress-strain diagram
is defined by the end strain 𝐶 , corresponding to the complete release of stress.
This parameter, called in the figure Softening Parameter 3, computed as ten times
the strain corresponding to the axial tensile strength of concrete.
Moreover, it is necessary to select the Crack Model among two options: fixed
and rotated. In the first one, the crack direction is given by the principal stress
direction at the moment of the crack initiation and remains fixed during further
loading, while in the second if the principal strain axes rotate during the loading,
the direction of the cracks rotate too.

Figure 4.5: Tensile tab (crack model) for SBeta Material

Compressive
In this tab, it is necessary to insert the information related to the compressive
behaviour of concrete and in particular the compressive strain computed using the
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Saatcioglu & Razvi model [32], the RCS parameter (Reduction of compressive
strength due to cracks), equal to 0.8 as the ATENA Manual suggests [33]. This
parameter represents the maximum strength reduction under the large transverse
strain. Moreover, it is necessary to select the type of compression softening among
the Softening modulus and the Crush band. In the first it is defined a slope of the
softening law by means of the softening modulus 𝐸 , computed as the product
between the compression softening parameter 𝑐 and the concrete elastic modulus
𝐸.

Figure 4.6: Compressive tab for SBeta Material

Shear
In this tab, the assumptions regard the Shear retention factor and the Tensioncompression interaction. For the former, it is possible to select between variable
and fixed; variable means that it considers a reduction of shear stiffness after
cracking, otherwise it is fixed. For the latter, it is possible to select among Linear,
Hyperbola A and Hyperbola B.

Figure 4.7: Shear tab (retention factor) for SBeta Material
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Figure 4.8: Shear tab (tension-compression interaction) for SBeta Material

Miscellaneous
In this last tab, the generalities about the material are defined in terms of
specific weight 𝜌 in 𝑀𝑁/𝑚 and coefficient of thermal expansion 𝛼 in 1/𝐾.

Figure 4.9: Miscellaneous tab for SBeta Material

4.2.2.2 Reinforcement
This type is assigned to the longitudinal and transversal lines of the model that
represent the rebars and the stirrups. Also in this case, many assumption should be
considered to define this material model.
Basic
All reinforcement material models in ATENA exhibit the same behaviour in
tension as well as in compression. In the basic, it is necessary to define the type of
stress-strain law, among different models: Linear (in which only the elastic
modulus should be inserted), Bilinear (where also the yielding strength should be
added to the elastic modulus), Multilinear (with an arbitrary graphical
representation) and Bilinear with Hardening (where also the limit stress and
strength should be considered in addition to the elastic modulus and the yielding
strength). The Bilinear with Hardening model is the one selected for the case study.
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Figure 4.10: Basic tab for Reinforcement

Miscellaneous
In this last tab, the generalities about the reinforcement are defined in terms of
steel weight 𝑅ℎ𝑜 in 𝑀𝑁/𝑚 and coefficient of thermal expansion 𝐴𝐿𝑃𝐻𝐴 in 1/𝐾.

Figure 4.11: Miscellaneous tab for Reinforcement

4.2.2.3 Plane stress elastic isotropic
This last type of material has been used to model the plates elements located in
the nodes beam-column (only on the external parts) and at the base of the columns.
The need of this elements is due to the necessity of monitoring the displacements
during the loading phases and to apply the imposed displacements for the pushdown
analysis.
Basic
In this tab no assumption should be made about the constitutive law, being
already defined by the material type (i.e. Plane stress elastic isotropic). Only the
value corresponding to the elastic modulus and the Poisson’s ratio should be
inserted. It is important to underline the very high value corresponding to the elastic
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modulus is not realistic but necessary to avoid incoherent deformations during the
pushdown analysis.

Figure 4.12: Basic tab for Plane Stress Elastic Isotropic

As in the previous cases, this tab contains the information of the specific weight
and the coefficient of thermal expansion.

Figure 4.13: Miscellaneous tab for Plane Stress Elastic Isotropic

4.2.2.4 CCT material description
As already explained, another possibility is to write a CCT file, that can be
opened with a text viewer, which contains all the necessary information to define
the material characteristics and behaviour. In the following the CCT for the 7
materials that have been inserted in the model are presented. More details about
their description is given in the next chapter, i.e. Chapter 5.
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Figure 4.14: CCT command description for Materials 1,2,3 and 4

Figure 4.15: CCT command description for Materials 5,6 and 7

4.2.3 Topology
As it is possible to notice in the left hand side tab of the graphical interface
(Figure 4.2), after materials it is necessary to define the topology, intended as the
geometrical characteristics of the fem model. In this section it is necessary to define
Joints, Line, Macro-elements, Openings (not for the case study), Bar
Reinforcement, Contact Ambiguity (not for the case study).
4.2.3.1 Joints
The points that define the fem model can be inserted by clicking on the joint
tab of the graphical interface. There, it is required to select the x and y coordinate
and, if necessary, the refinement type (Figure 4.16).
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Figure 4.16: Joint definition through Joint tab

A much more easy way to insert all the joints, instead of clicking every time on
the joints tab, is to work on the CCT file, as shown in Figure 4.17.

Figure 4.17: Joint definition through CCT command

4.2.3.2 Line
After having defined the joints, the next procedure is to define the lines
connecting them. Again, it is possible to use the Line tab, on the left-hand side of
the graphical interface, or by means of a CCT file. The latter is the most suggested,
since it is possible to create an Excel file that can write “automatically” the CCT
commands.
In Figure 4.18, it shown how to use the Line tab; it is first necessary to select
the line type among Line, Arc or Circle. For our case, only the Line type has been
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used, and in this case, it is requested only to define the marker of the joint which
represents the origin and the one for the end.

Figure 4.18: Line definition through Line tab

The Figure 4.19 represents the other possibility, that is to work with the CCT
file.

Figure 4.19: Line definition through CCT command

4.2.3.3 Macro-elements
These elements are defined by identifying the lines that surround their
perimeter, so they follow the Lines definition. By typing on the Macro-elements tab
(Figure 4.20), it is necessary to define the Boundary list, which contains the markers
of the four lines that surround the element; the Mesh type, among Triangles,
Quadrilaterals and Mixed. Then, it is necessary to insert the Element size and the
Material among the previous defined. Moreover, it should be defined the Thickness
and the Quadrilateral elements type, among CCIsoQuad, CCQ10 and CCQ10SBeta.
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Figure 4.20: Macro-elements definition through Macro-elements tab

Again, an example of a CCT format is presented (Figure 4.21). On the left and
side, the macro-element definition is presented: the first number is the marker of
the macro-element, the second is the marker of the material, the third is the
thickness, the other four numbers are the Boundary List lines and finally NON
LINEAR stands for the geometrically non-linearity. On the right-hand side, the
mesh characteristics are defined: the first number is the mark of the macro-element,
while 0,100 stands for the mesh size.

Figure 4.21: Macro-elements definition (left) and mesh characteristics (right) through CCT
command

4.2.3.4 Bar Reinforcement
The last element necessary to complete the topology of the model is the Bar
Reinforcement element. This tab contains two sections: Topology and Properties.
In the former (Figure 4.22), it necessary to select the Segment type among
Polyline of straight segment and Circle. Moreover, by clicking on Add, an Add
segment window appears where it should be specified the Origin and the End
coordinates of the segment. In the latter (Figure 4.23), the previously defined
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material should be specified (it should be a Reinforcement type material) and the
area of the rebar. A perfect connection bond between concrete and steel is
specified.

Figure 4.22: Reinforcement definition through Reinforcement tab (topology section)

Figure 4.23: Reinforcement definition through Reinforcement tab (property section)

Regarding the CCT command, an example is shown (Figure 4.24). The number
6 stands for the mark of the reinforcement material previously defined, the next
number is the area of the rebar, while BEG are the coordinate of the origin and LIN
are the coordinate of the end point.

Figure 4.24: Reinforcement definition through CCT command
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4.2.4 Loads and supports
In this section it is possible to define a new load case, and to assign it to all the
elements that regard the topology: Joints, Line, Macro-element, Bar reinforcement
and Contact ambiguity.
In the Atena 2D software, it is possible to add seven different types of load
cases: body force, forces, supports, prescribed deformation, temperature, shrinkage
and pre-stressing.
In the following, only the general procedure to define the load cases is
described, according to the only load cases that are used for the case study.
4.2.4.1 Supports load case
To fix the base of the columns, it is necessary to introduce a new load case
called Supports (Figure 4.25). The required information are the LC name (load case
name), the LC code (support in this case) and the dead load direction (-Y for the
specific case).

Figure 4.25: Definition of fixed support load case through load case tab

After that, it is necessary to assign it to the lines that represent the base of the
columns, so it is necessary to click on the set active button of the load case and then
click on Line, that is a tab present in the Loads and supports sub-section of the main
interface of the software. Then, it is necessary to select all the lines where the
supports load case should be applied and a window appears so to apply the load
case to the lines (Figure 4.26). In this window, it is necessary to define the directions
to be fixed (both X and Y for the specific case of a fixed support).
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Figure 4.26: Application of Supports load case to the lines of the columns' basis

The same procedure can be applied by writing on the CCT file (Figure 4.27). It
is necessary to define in particular the mark of the line (1736 for the specific case),
and the direction of the fixities (both X and Y).

Figure 4.27: Definition of Supports load case through CCT command

Figure 4.28: Representation of the 2D frame with fixed supports
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4.2.4.2 Body force load case
This load case is essential to define the self-weight of the entire structure. The
only information to be given are again the LC name, the LC Code and the Dead
Load direction Figure 4.29. Differently to the previous case, it is not necessary to
apply this load case to elements of the structure such joints, lines or macroelements, because its application to the whole structure is already recognized by the
software.

Figure 4.29: Definition of Body force load case through load case tab

Figure 4.30: Definition of Body force load case through CCT commands

4.2.4.3 Forces load case
This load case is the one used to define distributed loads such as: permanent
structural and non-structural loads, live loads and reaction of the removed column
before its removal. The procedure to define the load case is similar to the ones
described previously.
To assign the load case to the lines, it is again necessary to press the set active
button of the load case, then select the lines where to apply it, and complete the
information of the Edit line loading window (Figure 4.32). It is necessary to select
the type of line forces, among Continuous full length,Point load, Partial and
Quadrilateral, Quadrilateral. Then, select the direction of the load, (global Y along
line) and the value of the load with the correct sign
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Figure 4.31: Definition of Forces load case through load case tab

Figure 4.32: Application of Forces load case to the lines of the beams

The other approach is to write the load on the CCT file (Figure 4.33).

Figure 4.33: Definition of Forces load case through CCT commands

It is again possible to show the selected load case, as in the following figure
(Figure 4.34):
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Figure 4.34: Representation of the 2D frame with distributed line loads on the beams

4.2.4.4 Prescribed deformation load case
The last load case that has been used for the purposes of this work of thesis is
the prescribed deformation, in order to perform the pushover analysis. Again, it is
necessary to edit a new load case, by specifying the LC name, the LC Code and the
Dead load direction.

Figure 4.35: Definition of Prescribed deformation load case through load case tab

Then, to assign it, it is necessary to press the set active button of the load case
and select the joint where to apply this prescribed deformation. The entity of the
prescribed deformation is defined in the Edit prescribed displacements window
(Figure 4.36).
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Figure 4.36: Application of Prescribed deformation load case to the joint on top of the central
column

Finally, the command to be used in the CCT file, are presented in the Figure
4.37:

Figure 4.37: Definition of Prescribed deformation load case through CCT command

4.2.5 Run
In the Run sub-section, it is possible to select different options such as Check
data, Analysis steps, Monitoring points, Cuts, Moment lines, Solution parameters.
This information are the final inputs to be given to the software in the preprocessing phase and regard the analysis itself. The most relevant are the Check
data, Analysis steps, Monitoring points and Solution parameters.
4.2.5.1 Check data
This tab is an instrument that allows to perform a rapid check of the model, in
order to evaluate if errors are present in the model, as defined in the other subsections (materials, topology, load and supports and load steps). By clicking on the
Check data tab, if everything is correctly defined, the following writing appears:
Data O.K..
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4.2.5.2 Analysis steps
This tab contains the core of the analysis, in terms of types of loading to be
applied at each step.

Figure 4.38: Definition of Analysis steps through Analysis steps tab

The first information is the load cases to be applied at that step; to make an
example if LC1 is the supports load case and LC2 is the self-weight, it is necessary
to insert in the load cases space the numbers 1,2. This load step can be applied with
a unitary multiplier, and in this case the whole LC will be applied in that load step,
or with a different multiplier (e.g. 0,1) and in that case only the 10% of the LC will
be applied. The Solution Parameters section, allows the user to define the way of
solving the model among two standard types that are: Standard Newton-Raphson
and Standard Arc-Length.
The Figure 4.39 is an example of how a CCT can be written to define the load
steps. In that example, LC 1 and LC2 are applied in 5 load steps with a multiplier
of 0.2, such that at the fifth load step the entire entity of both load cases will be
applied. The first number is the load step marker, the second is the multiplier, the
third is the type of soulution parameter and the last two numbers are used to identify
the markers of the load cases.

Figure 4.39: Definition of Analysis steps through CCT commands
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4.2.5.3 Monitoring points
The monitoring points, as the words clarify, are points of the model used to
save solutions parameters at each step, such as displacements or reaction forces. to
insert a monitoring point, it is necessary to click on the Monitoring points tab, under
the run sub-section and click add, such that the New monitors window appears.
There, it is necessary to give a name to the monitoring point, assign a location in
terms of X and Y coordinates, specify the location (if Nodes or Integration points)
and define the value to monitor (Displacements, External_Forces and Reactions if
the location is nodes, Total_Elem_Init_Strain and Total_Elem_Init_Stress if the
location is integration points). Then, the item identifies the component of the value;
to make an example, for displacement the notation is: 1-x, 2-y, 3-rotz.

Figure 4.40: Definition of monitoring points through Monitoring point tab

The same, can be done writing the commands on a CCT file (Figure 4.41).

Figure 4.41: Definition of monitoring points through CCT commands

4.2.5.4 Solution parameters
This last important option represents basically the techniques and parameters
to the iterative nonlinear solution of the equilibrium equations at each of load step.
Figure 4.42 shows the window that appears when adding a new solution
parameter. Apart from giving the title, two basic solution methods can be chosen:
Newton-Raphson and Arc Length. The latter should be used for force loading up to
near peak load or in post peak, while the other is recommended in all the other
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cases. Line search icon can be selected in combination with both of them to
accelerate a convergence rate. The stiffness update can be of two type: Each
iteration, meaning that the structural stiffness matrix is calculated and assembled
each iteration and this should be accomplished with the Stiffness type Tangent,
because it may change each iteration, or Each step, meaning that it is updated only
at the first iteration of each step, so the Elastic Stiffness type is preferred. The last
four rows of the General tab are the error tolerances, thus the limits for various
criteria. If these limits are respected the iteration stops and the calculation passes
to the following step.

Figure 4.42: New solution parameters (General section)

The conditional break criteria can be set for both the methods to stop the
computation if an error exceed the prescribed tolerance, as set in Figure 4.42,
multiplied by the prescribed factor presented in Figure 4.43.

Figure 4.43: New solution parameters (Conditional Break Criteria section)

4.3 Post processing
After having given to the software all the inputs necessary to perform the fem
analysis, the following passages are mesh generation and finite elements analysis.
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These have to be done, obviously in that order, by clicking on the respectively icons
of the Menu Calculations. When the analysis starts, the post-processing is active
and only tools for graphical post processing are active. Moreover, ATENA 2D
allows to visualize, in graphical form, the solutions not only at the end of the
analysis but in real time at the end of each load step.
The Figure 4.44, taken from User’s Manual for ATENA 2D [34], represents all
the available tools in the post-processing phase. It is possible to select a specific
load step and visualize graphically all the possible results in terms of Springs,
Forces MNQ, Cracks, Bar reinf., Interfaces, Scalars, Vectors and Tensors. In the
following, attention will be paid on Cracks, Bar reinf and Scalars.

Figure 4.44: View of the post processing mode (User’s Manual for ATENA2D [34])

4.3.1 Cracks
Cracks can be displayed by choosing the tab Cracks shown in Figure 4.44 (on
the left-hand side). Details of the display should be selected from the pull-down
menus (Figure 4.45).
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Figure 4.45: Example of cracks pull-down menu

The display type can be no graphics (cracks are not shown), elements (one
crack per element is shown) and integration points (one crack per integration point
is shown). Crack entities can be of three types: Label crack width (which shows the
numerical value of the crack width), Label sigma N (normal stress on the crack face
is shown) and Label sigma T (Numerical value of the shear stress on the crack face
is shown).

4.3.2 Bar reinforcement
This tab allows to display stress and strains in bars reinforcement (Figure 4.46)

Figure 4.46: Example of bar reinforcement pull-down menu

The display type can be no graphics, show and show and labels, the averaging
method can be in nodes or in element nodes while the entity can be chosen among
Engineering Strain, Principal Engineering Strain, Stress, Principal Stress, Plastic
Strain and Principal Plastic Strain. Finally, the component depends on the entity
type, for example if the Principal Stress is selected, it is possible to choose among
Max., Min., Vmax x, Vmax y, Vmin x, Vmax y.
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4.3.3 Scalars
The display type can be chosen between no graphics, rendering, contour areas
and contour lines. Again, the averaging can be done in nodes or in element nodes
and the entity depends on the material model chosen. For the basic material the
possibilities are Displacements, Elem Total Temperature, Strain, Principal Strain,
Stress, Principal Stress, Von Mises Stress, Total Strain, Principal Total Strain,
Sbeta State Variables, Performance Index, Crack Width. In the end, Component
and Label can be selected, depending on the type of entity chosen.

Figure 4.47: Example of Scalars pull-down menu

4.3.4 Output document
By clicking on the Text printout icon, a data tree structure is displayed, such
that many output data can be generated. Another possibility is to export a CCO file
which contains the results of all the steps of the monitoring points that have been
defined in the pre-processing phase.

Figure 4.48: Example of text printout
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5 FEM Model and Reliability
analysis
In this chapter the FEM characteristics of the static non-linear finite element
model adopted to perform the reliability analysis are evaluated. During the
introduction, the three steps needed to perform the reliability analysis are presented.
Then, a discussion about the sampling of basic variables, i.e. material and
geometrical characteristics, according to Latin Hypercube Sampling method,
follows. After that, the FEM material constitutive law assumptions, geometry and
mesh characteristics are evaluated. In the end, the three aforementioned analyses
are discussed, in terms of results and the aim of this thesis, i.e. local and global
reliability factor conclude the chapter.

5.1 Introduction
To perform the analysis, that is to simulate the removal of the central column
because of an accidental event, earlier non-linear analyses are needed; indeed,
ATENA 2D does not allow to remove geometrical elements from an analysis step
to the following. Thus, the simulation of the column removal is made by creating a
model without the central column and, during the initial analysis-steps, applying a
force in the nodes of the beam adjacent to the absent column. This force is equal to
the reaction at the base of the column (minus the weight of the column itself) so to
simulate the presence of the column. Then the column is removed in the next
analysis steps (i.e. the reaction in the aforementioned nodes is posed equal to zero)
and the loads of the central spans are amplified so to simulate the dynamicity of the
event. To do so, three consecutive analyses should be performed:
-

Analysis 1 - Model with column (i.e. with the presence of the central
column), where all the design actions are applied, needed to calculate the
reaction at the base of the column to be removed. The software used is
ATENA 2D and the analysis is a Static NLFEA
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-

Analysis 2 - Pushdown analysis (i.e. performed in a model without the
central column), needed to calculate the amplification coefficients
according to Izzuddin et al. [1]. The software used is ATENA 2D and the
analysis is a Static NLFEA

-

Analysis 3 -Reliability analysis, as explained above (i.e. simulation of the
removal of the column and amplification of the loads in the central span).
The software used is ATENA 2D and the analysis is a Static NLFEA

These analyses are equal in terms of geometrical characteristics (apart from the
analysis 1 where the only difference is the presence of the central column), mesh
sizes, material and mechanical properties. The only change appears in the analysissteps, i.e. in the way the analysis is performed itself.
Moreover, to perform a reliability analysis according to what has been
explained on the Chapter 2 of this work of thesis (i.e. Method of Level III for
reliability analysis), a probabilistic sampling of the basic variables has to be
performed. Thus, the aforementioned analyses have been repeated 𝑁 times, where
𝑁 is the dimension of the samples for all the basic variables, posed equal to 100.
An additional analysis, between the 2nd and the 3rd has been needed in order to
validate the assumption of amplifying the loads only on the central spans of the
frame and not elsewhere. This validation has consisted on a dynamic linear
analysis, performed on a software called ADINA. For sake of simplicity, this
analysis has been conducted only once, taking the mean values of material and
loads, and not 𝑁 times.

5.2 Basic variables sampling
The reference code rules needed to perform the sampling of the basic variables
are the JCSS – Probabilistic Model Code [3] and the fib Model Code 2010 [2]. In
particular, the Probabilistic Method, according to fib MC 2010 [8] has been used,
which consists on running several non-linear finite element analyses (NLFEAs),
adopting a sampling technique such as Monte Carlo’s simulation or Latin
Hypercube Sampling. For the purpose of this thesis, a Latin Hypercube Sampling
has been selected (explained in sub-section 2.4.1.2 of this thesis). In short, this
technique consists on dividing the cumulative density function of a standard
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distribution into 𝑁 equal partitions and then choosing a random data point in each
partition.
The resistance basic variables that has been sampled are:
-

Concrete compressive strength 𝑓

-

Reinforcement yield strength 𝑓

-

Reinforcement ultimate strength 𝑓

-

Reinforcement ultimate strain 𝜀

-

Reinforcement elastic modulus 𝐸

The action basic variables that has been sampled are:
-

Reinforced concrete specific-weight 𝜌

-

Permanent structural load 𝐺

-

Permanent non-structural load 𝐺

-

Floor variable loads 𝑄

-

Roofing variable loads 𝑄

The LHS has been performed for all the 𝑛 = 10 variables, with the MATLAB
command called “X_LHS=lhsnorm(MU,C,N)”. The input to be given to this
function are:
-

MU is a vector (1 x 𝑛) which contains the mean values (or the logarithmic
mean or 0) for each variable. More details will be followingly explained.

-

[𝐶]

= [𝐷 ∗ 𝑅𝑜 ∗ 𝐷]

is a matrix (𝑛 x 𝑛), where [𝐷]

is a diagonal

matrix (𝑛 x 𝑛) which contains on the diagonal the variances (or the
logarithm of the variances or 1) for each basic variable and [𝑅𝑜]

is the

covariance matrix. More details are followingly explained.
-

𝑁 is the number of samples for each basic variable, chosen equal to 100.

-

[𝑋

]

is a (𝑁x𝑛) matrix which contains in each column the

𝑋

,

vector coming as an output from the sampling and

i = 1,2,3, … ,10, since ten are the basic variables.
Depending on the basic variable under analysis, three types of distributions
have been used:
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-

Normal distribution: in this case the mean and variance values to insert in
the MU vector and D matrix respectively are the same of the distribution
since the LHS method works on a Normal CDF. Thus, the output of the
generic basic variable
𝑋

-

𝑋

coincides with the vector of samples

,

of the generic basic variable 𝑋

,

Lognormal distribution: in this case it is necessary to perform the logarithm
of the mean and variance of the generic basic variable 𝑋 , according to the
following relation, where 𝑋

is the mean of the generic basic variable and

,

𝑉 is the coefficient of variation:
𝑀𝑈 = ln (𝑋

,

𝐷 =
Then, after the 𝑋

(5.1)

) − log (𝑉 + 1)

(5.2)

log (𝑉 + 1)

vector is generated from the LHS sampling,

,

for the generic basic variable 𝑋 , it is necessary to perform the exponential
function in order to relate the output of the LHS that are normally distributed
to the basic variable that is lognormally distributed
-

Gumbel distribution: in this case the mean and variance values to be given
as inputs to the 𝑀𝑈 vector and 𝐷 matrix, are posed equal to 0 and 1
respectively, as if the distribution is a standardized normal distribution.
After that, to come back to a Gumbel distribution, the vector which contains
the samplings of the generic basic variable 𝑋 is computed from the output
of the LHS sampling as follows:
𝑋
where 𝛷

,

= − ln − 𝑙𝑛 𝛷

𝑋

,

∗𝜗

,

+𝜗

,

(5.3)

is the cumulative density function of the standard normal

distribution and 𝜗

,

and 𝜗

,

are the two parameters of the Gumbel

distribution computed as:
𝜗
𝜗

,

=𝑋

,

,

= 𝜎 ∗ √6/𝜋
− 0.5772 ∗ 𝜎 ∗ √6/𝜋
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(5.4)
(5.5)

with 𝑋

,

the mean value of the generic basic variable and 𝜎 the variance

of the generic basic variable.
Finally, the covariance matrix 𝐶 contains all the correlation coefficient between
the sampled variables. When the coefficient is 0, it indicates no correlation, if 1 the
correlation is the largest possible (i.e. between the same variable). The correlation
between variables are shown in the following table:
Table 5.1: Correlation coefficients between the 10 basic variables [-]

𝑓
𝑓
𝑓
𝜀
𝐸
𝜌
𝐺
𝐺
𝑄
𝑄

𝑓
1
0
0
0
0
0
0
0
0
0

𝑓
0
1
0.75
-0.45
0
0
0
0
0
0

𝑓
0
0.75
1
-0.6
0
0
0
0
0
0

𝜀
0
-0.45
-0.6
1
0
0
0
0
0
0

𝐸
0
0
0
0
1
0
0
0
0
0

𝜌
0
0
0
0
0
1
0
0
0
0

𝐺
0
0
0
0
0
0
1
0
0
0

𝐺
0
0
0
0
0
0
0
1
0
0

𝑄
0
0
0
0
0
0
0
0
1
0

𝑄
0
0
0
0
0
0
0
0
0
1

It is interesting to notice that, according to fib Model Code 2010 [8], there is a
positive correlation between the steel yielding and ultimate strength, while there is
a negative correlation between the ultimate strain and the latters. On the other hand,
when there is no correlation, meaning when dealing with independent variables, the
coefficient is zero.
In the following, details for each basic variable about distribution, mean value
and variance are given.

5.2.1 Resistance basic variables
5.2.1.1 Concrete compressive strength 𝒇𝒄
According to JCSS – Probabilistic Model Code [3], the concrete compressive
strength is a lognormal distribution with the following characteristics:
f ∼ LN(f
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,V )

(5.6)

where 𝑉 = 𝜎 ⁄𝑓

= 0.15 is the coefficient of variation and 𝑓

is the mean value

for the lognormal distribution of concrete cylinder compressive strength computed
as suggested by EC2 [28]:
𝑓
with 𝑓

(5.7)

= 𝑓 exp(1.645 𝑉 )

the characteristic compressive cylinder strength of concrete at 28 days,

expressed as 𝑓 = 0.83 ∗ 𝑅

and 𝑅

is the characteristic compressive cube

strength, equal to 30 𝑀𝑃𝑎 for C25/30. Thus, it results that 𝑓 = 24.9 𝑀𝑃𝑎 and
𝑓

= 31.87 𝑀𝑃𝑎.
For what concerns all the other concrete variables such as the elastic modulus

𝐸 , the tensile concrete strength 𝑓 , the compressive strain at the peak stress 𝜀 ,
the ultimate compressive strain 𝜀 , etc., those represent aleatory dependent
variables. Thus, in this preliminary stage, these variables do not need to be sampled,
since their value depend on the only independent basic variable 𝑓 .
b)

PDF [-]

PDF – Frequency [-]

a)

fc [MPa]

fc [MPa]

c)

fc [MPa]

max

min
n simulation [-]
Figure 5.1: Concrete compressive strength - Lognormal distribution: a) Probability density
function; b) Histogram and Distribution fit; c) Scatter plot
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5.2.1.2 Reinforcement yield strength 𝐟𝐲
According to JCSS – Probabilistic Model Code [3], the reinforcement yielding
strength is a lognormal distribution with the following characteristics:
f ∼ LN f
where 𝑉 = 𝜎 ⁄𝑓

(5.8)

,V

= 0.05 is the coefficient of variation and 𝑓

is the mean

value of the lognormal distribution for the reinforcement yield strength computed
as suggested by EC2 [28]:
𝑓
with 𝑓

(5.9)

= 𝑓 𝑒𝑥𝑝 1.645 𝑉

the characteristic yield strength of reinforcement, equal to 450 𝑀𝑃𝑎 for

steel B450C. Thus, it results that 𝑓

= 488.58 𝑀𝑃𝑎.
b)

PDF [-]

PDF – Frequency [-]

a)

fy [MPa]

fy [MPa]

c)

fy [MPa]

max

min
n simulation [-]
Figure 5.2: Steel yield strength - Lognormal distribution: a) Probability density function; b)
Histogram and Distribution fit; c) Scatter plot
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5.2.1.3 Reinforcement ultimate strength 𝐟𝐮
According to JCSS – Probabilistic Model Code [3], the reinforcement ultimate
strength is a lognormal distribution with the following characteristics:
f ∼ LN(f
where 𝑉 = 𝜎 ⁄𝑓

(5.10)

,V )

= 0.05 is the coefficient of variation 𝑓

is the mean value

of the lognormal distribution for the ultimate strength and it is obtained as function
of the yield strength as follows:
𝑓
with 𝑓

(5.11)

= 𝑓 (1 + 𝑘)

the mean value for the yield strength of reinforcement and 𝑘 = 0.15 is a

coefficient that determines the relation between the yield and the ultimate strength
of concrete. Thus, it results that 𝑓

= 561.86 𝑀𝑃𝑎.
b)

PDF [-]

PDF – Frequency [-]

a)

fu [MPa]

fu [MPa]

c)

fu [MPa]

max

min
n simulation [-]
Figure 5.3: Steel ultimate strength - Lognormal distribution: a) Probability density function; b)
Histogram and Distribution fit c) Scatter plot
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5.2.1.4 Reinforcement ultimate strain 𝛆𝐬𝐮
According to JCSS – Probabilistic Model Code [3], the ultimate strain for
reinforcement is a lognormal distribution with the following characteristics:
ε

(5.12)

,V )

∼ LN(ε

The coefficient of variation 𝑉 = 𝜎 ⁄𝜀

= 0.09 is taken according to

different articles found in literature ([35], [36], [37], [38] and [39]), where
experiments have been conducted on steel samples. Moreover, the ultimate strain
is taken as 𝜀

= 0.14, contrary to the suggested value in Eurocodes (i.e. 7.5% ).

This is due to the fact that the structure has been designed according to robustness
criteria, so a larger, more realistic value, should be selected.
The validity of that 14 % is found in Caprili and Salvatore [40], where the paper
presents data coming from a wide experimental test campaign executed on different
typologies of steel reinforcing bars. In the following, table 4 of the aforementioned
paper is presented, where the ultimate strain experimental values for B450C ϕ16
are reported (the symbol used is 𝐴

[%]):

Table 5.2: Mechanical properties of tested rebars (monotonic tensile tests). Data refer to average
value of three tests

According to Table 5.2, the mean value can be taken as:
𝜀

=

∑

=

.

.

.
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.

= 13.9% ≅ 14%

(5.13)

b)

PDF [-]

PDF – Frequency [-]

a)

εu [-]

εu [-]

c)

ε u [-]

max

min

n simulation [-]
Figure 5.4: Steel ultimate strain - Lognormal distribution: a) Probability density function; b)
Histogram and Distribution fit; c) Scatter plot

5.2.1.5 Reinforcement Elastic Modulus 𝐄𝐬
According to JCSS – Probabilistic Model Code [3], the Elastic Modulus for
reinforcement is a lognormal distribution with the following characteristics:
E ∼ LN E
where 𝐸

,V

(5.14)

= 210000 𝑀𝑃𝑎 is the mean value of the lognormal distribution for the

Elastic Modulus, according to EC2, while 𝑉 = 𝜎 ⁄𝐸
of variation.
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= 0.03 is the coefficient

b)

PDF [-]

PDF – Frequency [-]

a)

Es [MPa]

Es [MPa]

c)

Es [MPa]

max

min

n simulation [-]
Figure 5.5: Steel Elastic Modulus - Lognormal distribution: a) Probability density function; b)
Histogram and Distribution fit; c) Scatter plot

5.2.1.6 Correlation between reinforcement basic variables
In the following, the correlation between the 4 basic variables of reinforcement
are discussed. Indeed, according to fib Model Code 2010, these are the only
variables that, for the specific case, show a correlation different from zero. In the
following table, the correlation coefficients are reported:
Table 5.3: Correlation coefficients between reinforcement basic variables [-]

f
f

ε
E

f

f

1
0.75
-0.45
0

0.75
1
-0.6
0
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ε
-0.45
-0.6
1
0

E
0
0
0
1

a)

b)
ρ = -0.45 [-]

ε u [-]

fu [MPa]

ρ = 0.75 [-]

fy [MPa]

fy [MPa]

c)

d)
ρ = -0.60 [-]

ε u [-]

Es [MPa]

ρ = 0 [-]

fy [MPa]

fu [MPa]

Figure 5.6: Correlation between reinforcement basic variables: a) correlation between f and f ; b)
correlation between f and ε ; c) correlation between f and ε ; d) correlation between f and E

5.2.2 Action basic variables
5.2.2.1 Reinforced-concrete specific-weight 𝛒
According to JCSS – Probabilistic Model Code [3], the reinforced-concrete
specific-weight is a normal distribution with the following characteristics:
ρ ∼ N ρ ,V
where 𝜌

(5.15)

= 25 𝑘𝑁/𝑚 is the mean value of the normal distribution for

reinforced-concrete specific-weight, according to EC2, while 𝑉 = 𝜎 ⁄𝜌 = 0.05
is the coefficient of variation.
The concrete specific-weight, that is the part occupying the concrete cover, is
taken as the value assumed by the sampled reinforced concrete specific-weight
minus one, since it is a dependent variable.

127

b)

PDF [-]

PDF – Frequency [-]

a)

ρ [kN/m3]

ρ [kN/m3]

c)

ρ [kN/m 3 ]

max

min

n simulation [-]
Figure 5.7: Reinforced concrete specific-weight - Normal distribution: a) Probability density
function; b) Histogram and Distribution fit; c) Scatter plot

The following figure show the dependency between the reinforced concrete
self-weight (i.e. basic independent variable) and the concrete self-weight
(dependent variable).
a)

b)
max

ρ [kN/m 3 ]

ρ cc [kN/m 3 ]

max

min
min
n simulation [-]

n simulation [-]

Figure 5.8: Scatterplots for specific weight: a) reinforced concrete (independent sampled variable);
b) concrete cover (dependent variable)
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5.2.2.2 Permanent structural load of the slab 𝐆𝟏
According to JCSS – Probabilistic Model Code [3], the permanent structural
load is a normal distribution with the following characteristics:
G ∼N G
where 𝐺

(5.16)

,V

= 16 𝑘𝑁/𝑚 is the mean value of the normal distribution for the

permanent structural load of the slab, according to the design value (sub-section
3.5.1.1), while 𝑉 = 𝜎 ⁄𝐺

= 0.05 is the coefficient of variation.

b)

PDF [-]

PDF – Frequency [-]

a)

G1 [kN/m]

G1 [kN/m]

c)

G 1 [kN/m]

max

min
n simulation [-]
Figure 5.9: Permanent structural load - Normal distribution: a) Probability density function; b)
Histogram and Distribution fit; c) Scatter plot
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5.2.2.3 Permanent non-structural load 𝐆𝟐
According to JCSS – Probabilistic Model Code [3], the permanent nonstructural load is a normal distribution with the following characteristics:
G ∼N G
where 𝐺

(5.17)

,V

= 13 𝑘𝑁/𝑚 is the mean value of the normal distribution for the

permanent non-structural load, according to the design value (sub-section 3.5.1.2),
while 𝑉 = 𝜎 ⁄𝐺

= 0.05 is the coefficient of variation.

b)

PDF [-]

PDF – Frequency [-]

a)

G2 [kN/m]

G2 [kN/m]

c)

G 2 [kN/m]

max

min
n simulation [-]
Figure 5.10: Permanent non-structural load - Normal distribution: a) Probability density function;
b) Histogram and Distribution fit; c) Scatter plot
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5.2.2.4 Floor variable loads 𝐐𝐩
According to JCSS – Probabilistic Model Code [3], the variable loads of the
floor is a Gumbel distribution with the following characteristics:
Q ∼ Gumbel Q
where 𝑄

,V ,ϑ

(5.18)

,ϑ

= 6.5 𝑘𝑁/𝑚 is the mean value of the Gumbel distribution for the

variable loads of the floors. In particular, 𝑄

corresponds to the characteristic

value (i.e. fractile 98%) of the design value equal to 10 𝑘𝑁/𝑚 (sub-section
3.5.2.1). Furthermore, 𝑉
𝜗

= 1.0136 and 𝜗

= 𝜎 ⁄𝑄

= 0.20 is the coefficient of variation, while

= 5.91 are the Gumbel distribution parameters computed

with Eq. (5.4) and Eq. (5.5) respectively.
b)

PDF [-]

PDF – Frequency [-]

a)

Qp [kN/m]

Qp [kN/m]

c)

Qp [kN/m]

max

min
n simulation [-]
Figure 5.11: Floor variable load - Gumbel distribution: a) Probability density function; b)
Histogram and Distribution fit; c) Scatter plot
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5.2.2.5 Roofing variable loads 𝐐𝐜
According to JCSS – Probabilistic Model Code [3], the variable loads of the
floor is a Gumbel distribution with the following characteristics:
Q ∼ Gumbel Q
where 𝑄

,V

,ϑ

(5.19)

,ϑ

= 1.6 𝑘𝑁/𝑚 is the mean value of the Gumbel distribution for the

variable loads of the roofing. In particular, 𝑄

corresponds to the characteristic

value (i.e. fractile 98%) of the design value equal to 2.5 𝑘𝑁/𝑚 (sub-section
3.5.2.1). Furthermore, 𝑉 = 𝜎 ⁄𝑄
𝜗

= 0.249 and 𝜗

= 0.20 is the coefficient of variation, while

= 1.46 are the Gumbel distribution parameters computed

with Eq. (5.4) and Eq. (5.5) respectively.
b)

PDF [-]

PDF – Frequency [-]

a)

Qc [kN/m]

Qc [kN/m]

c)

Qc [kN/m]

max

min
n simulation [-]
Figure 5.12: Roofing variable load - Gumbel distribution: a) Probability density function; b)
Histogram and Distribution fit; c) Scatter plot

In the following, all the assumption made about distribution type, mean value
and coefficient of variation, are summed up:
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Table 5.4: Summary of the sampled basic variables

Distribution
type

Mean
value

Coefficient of
Variation

Concrete compressive strength 𝑓

LN

31.87 MPa

0.15 [-]

Reinforcement ultimate strength 𝑓

LN

488.58 MPa

0.05 [-]

Reinforcement yield strength 𝑓

LN

561.86 MPa

0.05 [-]

Reinforcement ultimate strain 𝜀

LN

0.14 [-]

0.09 [-]

Reinforcement elastic modulus 𝐸

LN

210000 MPa

0.03 [-]

3

0.05 [-]

Reinforced concrete specific-weight 𝜌

N

25 kN/m

Permanent structural load 𝐺

N

16 kN/m

0.05 [-]

Permanent non-structural load 𝐺

N

13 kN/m

0.05 [-]

Floor variable loads 𝑄

GUMBEL

6.5 kN/m

0.20 [-]

Roofing variable loads 𝑄

GUMBEL

1.6 kN/m

0.20 [-]

5.3 Material’s constitutive law
Two types of materials compose the building: concrete and steel reinforcement.
Depending on the location (i.e. beam, column or joint or dissipative, non-dissipative
zone), the design of the stirrups’ reinforcement changes, thus the confinement
action that the reinforcement creates on the concrete is different. According to this,
as already mentioned in the previous chapter, seven types of material have been
modelled in ATENA 2D:
-

Material 1: Beam D. It is an SBeta Material which refers to the confined
concrete of the beam in the dissipative zone (D stands for dissipative), i.e.
the area of the beam located at a distance from the joint lower than 90 cm;
the stirrups are made of 𝜙8 step 7.5 cm while the longitudinal has 5 bars
with 𝜙18 both in upper and lower chord

-

Material 2: Beam ND. It is a Sbeta Material that refers to confined concrete
of the beam of the non-dissipative zone (ND); the transversal reinforcement
is 𝜙8 step 15 cm while the longitudinal is composed by 5 bars with 𝜙18
both in upper and lower chord

-

Material 3: Column. It refers to the confined concrete column and it is again
a Sbeta Material; the transversal reinforcement is 𝜙8 step 10 cm while the
longitudinal is composed by 12 bars with 𝜙20
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-

Material 4: Joints. It is a Sbeta Material and refers to the confined concrete
located in the joints between columns and beams; the transversal
reinforcement is 𝜙8 step 5 cm while the longitudinal is composed by 12
bars with 𝜙20

-

Material 5: NC Concrete. It is a Sbeta Material is used to define the concrete
area not-confined by the reinforcing bars (NC), thus the concrete cover.

-

Material 6: Steel B450C: it refers to the steel, category B450C, used for the
longitudinal reinforcement and transversal reinforcement, so it is defined
with a Reinforcement type of material.

-

Material 7: Plates. This material is a Plane stress elastic isotropic type and
it has been used to model steel plates of 10 cm, having infinite stiffness,
located at the external parts of the column-beam joints and at the bases of
each column, where fixities are applied. They are needed for monitoring, to
apply the imposed displacement in the pushdown analysis and to insert the
constraints at the base of the columns. In BASIC it is assumed E=500000
MPa and 𝜐 = 0.3, while in MISCELLANEOUS 𝜌 = 0

In the following, a scheme of the majority of the Materials that have been used is
presented. The horizontal and vertical green lines define the longitudinal and
transversal reinforcement respectively, i.e. Material 6.

Figure 5.13: Scheme for Material 1 (Beam D), Material 2 (Beam ND), Material 3 (Column) and
Material 4 (Joints) and Material 5 (NC Concrete)
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5.3.1 Concrete constitutive law
The constitutive law of the concrete is based on a model proposed by Saatcioglu
and Razvi (1992) [32]. The non-linear behaviour of confined concrete under
transversal reinforcement action is a multiaxial state of stress, since passive lateral
pressure develops as it expands under the influence of axial compression.
Transverse strains caused by lateral pressure counteract the tendency of material to
expand laterally, and result in increased strength.
The model of the unconfined concrete shows a peak stress 𝑓 , corresponding
to a strain equal to 𝜀 and a softening behaviour after having reached the 20% of
the peak stress, in correspondence of a strain 𝜀 .
The model allows also to implement the unconfined concrete behaviour,
according to the 𝑓 value (peak stress of unconfined concrete), assumed equal to
the 𝑓 sampled value in subsection 5.2.1.1, 𝜀
peak stress of unconfined concrete) and 𝜀

= 0.002 (strain corresponding to the
= 0.085 (strain at 85% strength level

beyond the peak stress of unconfined concrete).
The two behaviours can be seen in the following figure, taken from [32]:

Figure 5.14: Stress-strain Relationship, unconfined vs confined concrete (Saatcioglu and Razvi
[32])

The model has been implemented thanks to an Excel Sheet, where the input
arguments are the mean concrete compressive strength, the section geometry, the
concrete cover, the reinforcement yield strength 𝑓 , the diameter of the longitudinal
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reinforcement (enclosed by the stirrups) and finally the diameter, step and arms of
the transversal reinforcement.
As Figure 5.15 shows, the confined concrete shows a larger strength with
respect to the unconfined one, in all the four types of materials, due to the triaxial
state of confined concrete. Moreover, having the column and joints a transverse
reinforcement with 4 arms, the strengthening is larger with respect to the one of the
beams (both for the D and ND areas). In addition, the joints parts of the column
show a larger strengthening than in other parts of the column itself, due to a larger
step of the stirrups. For the same reason, in the dissipative part of the beam the peak
strength is larger than in the non-dissipative parts.

b)

σ c [MPa]

σ c [MPa]

a)

εc [%]

c)

εc [%]

σ c [M Pa]

σ c [M Pa]

d)

εc [%]

εc [%]

Figure 5.15: Stress-strain Relationship, unconfined vs confined concrete (Saatcioglu and Razvi
[32]): a) beam dissipative area; b) beam non dissipative area; c) column; d) joints

It is important to notice that the majority of the input arguments have been
sampled according to the probabilistic approach or depends on these sampled
values. This means that also the constitutive law changes for all the 𝑁 simulations.
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According to the previous chapter, sub-section 4.2.2, the following assumption
have been made in ATENA 2D for Sbeta Material:
-

Tensile: the type of tension softening Local Strain, according to which the
descending branch of the stress-strain diagram is defined by the end strain
𝐶 , called Softening parameter 3, computed as follows (5.20):
𝐶 = 10 ∗

𝑓
𝐸

(5.20)
,

where (all variables defined in Eurocode 2 [28] at §3.1):
-

= 0.3 ∗ (𝑓 )

𝑓

/

is the mean value of axial tensile strength of

concrete (assumed the same both for confined and unconfined
concrete)
-

𝐸

-

𝐸

,

=𝐸

∗ 1.05 is the tangent elastic modulus

= 22000 ∗

.

is the secant modulus of elasticity of

concrete
-

𝑓 is the 𝑓

or 𝑓

peak value of Saatcioglu and Razvi model,

depending if unconfined or confined concrete
Moreover, the selected crack model is Fixed
-

Compressive: the type of compression softening is Softening Modulus
where it is defined a slope of the softening law by means of the softening
modulus 𝐸 , computed as the product between the compression softening
parameter 𝑐 and the concrete elastic modulus 𝐸 . Other input parameters
are 𝜀 or 𝜀

= 0.002, depending if confined or unconfined concrete

respectively and the RCS parameter (Reduction of Compressive Strength
due to cracks), equal to 0.8 as the ATENA Manual suggests [33]
-

Shear: the shear retention factor is considered Variable, so a reduction of
shear stiffness after cracking is assumed and the tension-compression
interaction is Linear, where the only parameter is the FSF (Fixed Shear
retention Factor), suggested values are 0.1-0.2 given in ATENA Manual
[33]
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The following tables represent a summary of all the selected input parameters:
Table 5.5: Basic inputs for SBeta Material (Materials 1,2,3,4 and 5)

1) Beam D
2) Beam ND
3) Column
4) Joint
5) NC Concr

BASIC
𝐸 ,
𝑓
[𝑀𝑃𝑎] [𝑀𝑃𝑎]
2.56
34328
2.56
33641
2.56
35272
2.56
37003
2.56
32706

𝑓
[𝑀𝑃𝑎]
37.45
35.01
41.00
48.09
31.87

𝜐
[−]
0.2
0.2
0.2
0.2
0.2

Table 5.6: Tensile, Compressive, Shear and Miscellaneous inputs for SBeta Material (Materials
1,2,3,4 and 5)

TENSILE

1) Beam D
2) Beam ND
3) Column
4) Joint
5) NC Concr

𝐶
[−]
0.000745
0.000760
0.000725
0.000691
0.000782

COMPRESSIVE
𝜀
𝑅. 𝐶. 𝑆.
[−]
[−]
0.00375
0.8
0.00298
0.8
0.00486
0.8
0.00709
0.8
0.002
0.8

SHEAR

𝐶. 𝑆. 𝑃.
[−]
0.0575
0.0893
0.0497
0.0184
0.0974

𝐹. 𝑆. 𝐹.
[−]
0.2
0.2
0.2
0.2
0.2

MISCELLANEOUS
𝜌
[𝑘𝑁
𝛼
/𝑚 ]
[1/𝐾]
25
0.000012
25
0.000012
25
0.000012
25
0.000012
24
0.000012

It is important to underline that these tables refer to the values coming from the
mean value of the sampled basic variables. Thus, apart from the constant parameters
(i.e. RCS, CSP, FSF, 𝛼), these tables change 𝑁 times, according to the sampled
basic variables.

5.3.2 Steel reinforcement constitutive law
The steel reinforcement has been modelled in Material 6: Steel B450C. The
assumption on its behaviour is Bilinear with Hardening. The input values are
summed up in the following table
Table 5.7: Basic and Miscellaneous inputs for Reinforcement (Material 6)

BASIC
𝜎
[𝑀𝑃𝑎]
488.58

𝜎
[𝑀𝑃𝑎]
561.86

𝐸
[𝑀𝑃𝑎]
210000

𝜀
[𝑀𝑃𝑎]
0.14

MISCELLANEOUS
𝜌
𝐴𝐿𝑃𝐻𝐴
[𝑘𝑁/𝑚 ]
[1/𝐾]
0
0.000012

where:
-

𝜎 is the yield strength of steel, assumed equal to the sampled value 𝑓 ,
according to Eq. (5.9)
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-

𝜎 is the ultimate strength, assumed equal to the sampled value 𝑓 ,
according to Eq. (5.11)

Again, all the input given in the BASIC, change according to the sampled
basic variables, thus 𝑁 times.

5.4 Geometry and mesh for analyses 1,2 and 3
According to the previous chapter, sub-section 4.2.3, the geometry of the
FEM model built in ATENA 2D, defined in the section topology, requires the
definition of joints, lines, macro-elements and reinforcement.
Using an Excel sheet, that has allowed to automatize the procedure, all the
points delimiting the confined and non-confined concrete areas, the longitudinal
and transversal reinforcement and the steel plates of 10 cm have been inserted. In
total, 1025 and 1005 are the joints regarding respectively the model with and
without the central column. At the end, from the graphical interface it is possible to
represent them (Figure 5.16):

Figure 5.16: Joints representation of the 2D frame: in the left model with column, in the right,
model without the column

Figure 5.17 is about the representation of the lines of the final model. In total,
1890 and 1854 lines have been used respectively for the model with and without
the central column.
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Figure 5.17: Lines representation of the 2D frame: in the left model with column, in the right,
model without the column

In total, 850 and 834 are the number of macro-elements for the model with and
without the central column respectively. At the end of this process, the model
appears like in Figure 5.18:

Figure 5.18: Representation of the 2D frame with joints, lines and macro-elements: in the left
model with column, in the right, model without the column

In total, 1825 and 1796 are the Reinforcements type lines inserted in the model
with and without the central column respectively. In particular, 4 vertical
continuous lines represent the longitudinal reinforcement for the columns and 2
horizontal continuous lines for the beams. These lines are located in such a way that
the concrete cover has a thickness of 53 cm both for columns and beams. The
transverse reinforcement has a step of 5 cm for the joints, 10 cm for the column, 7.5
cm for the dissipative parts of the beam and 15 cm for the non-dissipative parts.
When all the topology elements have been considered, the model appears like
in Figure 5.19: Representation of the 2D frame with longitudinal and transversal
reinforcement: in the left model with column, in the right, model without the
column
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Figure 5.19: Representation of the 2D frame with longitudinal and transversal reinforcement: in
the left model with column, in the right, model without the column

For what concerns the mesh, the type selected is Quadrilateral, with
quadrilateral elements of type CCIsoQuad. The thickness of 60 cm for the columns
and 40 cm for the beams. The Element size is 0.1 m.

5.5 Analysis 1 - Model with column
This model has been created in order to calculate the reaction at the base of the
central column. The reaction is needed for two purposes:
-

To compute the gravity loading concentrated force 𝑃 at the top of the
removed column. This is necessary to apply a method proposed by Izzuddin
[1] in order to compute the dynamic amplification factors for all the N
simulations

-

To apply the load case “Reaction” at the top of the column removed, in order
to simulate the removal of the column in the reliability analysis (i.e. analysis
3)

To do so, the software ATENA 2D has been adopted. For what concerns
materials, geometry and load characteristics, they have all been explained in the
previous sub-section. In the following, the load cases and the analysis steps inserted
in ATENA 2D are summed up.

5.5.1 Loads cases
The following table shows the load cases that have been considered for this
analysis:
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Table 5.8: Load cases for Analysis 1 - Model with column

Load case number
1
2
3
4
5

Description
Base support
Self weight
Permanent structural loads
Permanent non-structural loads
Variable loads

The base support load case is created according to sub-section 4.2.4.1 of the
previous chapter and it is applied at the lines composing the basis of the five pillars.
The self-weight is applied on the whole structure and it is directly computed by the
software with the body force command, as function of geometry and density,
according to sub-section 4.2.4.2. The permanent loads, both structural and nonstructural, are applied along all the beams lines. The variable loads are defined in
such a way that two different values are applied if the beam is of the floor or of the
roofing. These last load cases are defined in ATENA 2D according to what has been
explained in sub-section 4.2.4.3.

5.5.2 Analysis steps
For the purpose of this analysis, it is needed to apply all the actions
simultaneously, no combination coefficients are used. Indeed, since this analysis is
functional to the reliability analysis (i.e. analysis 3), the approach is probabilistic,
thus no combinations of loads, like in the semi-probabilistic approach adopted by
code rules, is needed.
The analysis steps adopted are the following:
-

Analysis step 1: load cases 1,2,3 and 5 with a coefficient of 0.5

-

Analysis step 2: load cases 1,2,3 and 5 with a coefficient of 0.5

-

Analysis step 3: load cases 1 and 4 with a coefficient of 0.5

-

Analysis step 4: load cases 1 and 4 with a coefficient of 0.5

According to this, in the first two steps all the permanent loads and self-weight
are applied and in the last two the variable loads are applied as well. All the analysis
steps have been performed according to the Standard Newton-Raphson defined in
sub-section 4.2.5.4, with a maximum of 40 iterations each step.
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No monitoring points are needed for the purpose of this analysis, because the
only output is the reaction computed at the five nodes composing the base of the
central column. Thus, after running the analysis, the TextPrintout command allows
to obtain the Reactions at the Nodes. Of course, these reactions should be taken
correspondingly to the last analysis step (i.e. the fourth), at which all the gravity
loads have been applied.
The reactions that are obtained as such, for the five nodes of the line, should be
summed in order to compute the total reaction at the base of the central column.
After that, it is necessary to subtract the reaction just computed the weight of the
column in order to obtain the actual reaction at the top of the column accidentally
dismissed. It is important to underline that the weight of the removed column is not
constant, since the specific-weight of reinforced concrete 𝜌 is a variable that has
been sampled 𝑁 times. At the same time, 𝑁 simulations should be performed,
according to the sampled basic variables and the dependent ones.
At the end of this analysis, a vector called 𝑃 of dimension 1xN is obtained,
containing all the 100 reactions at the top of the removed column, for all the 100
simulations.

5.6 Analysis 2 - Pushdown analysis
This analysis is necessary to obtain the capacity curves, needed for the
evaluation of the dynamic amplification coefficients, according to Izzuddin [1].
Three types of pushdown analyses can be conducted [41]:
-

Load Controlled Pushdown Analysis (LC-PD) this is the proposed one by
the General Services Administration (GSA) Guidelines, according to which
the load is increased step by step until a specific level is reached, under a
given column removal scenario. It is an equivalent static approach where
the dynamic enhancement is simulated by increasing the gravity load step
by step

-

Displacement Controlled Pushdown Analysis (DC-PD) it consists on apply
an imposed displacement in the location of the removed column, leaving the
loading pattern unchanged (i.e. gravity load). At each step the equivalent
load corresponding to the increased displacement is monitored
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-

Staged Construction Pushdown Analysis (SC-PD) where the gravity loads
are applied on the undamaged structure and then the column is suddenly
removed, while the gravity loads remain unchanged

Since the original loading pattern is equivalent in both LC-PD and DC-PD, the
results remain the same in both cases, until the ultimate loads are reached. For the
purpose of this analysis, the second approach has been adopted (i.e. Displacement
Control Pushdown Analysis).
According to the prescription of the CNR “Istruzioni per la valutazione della
robustezza delle costruzioni” [4], here reported in Chapter 1 of this thesis, the
pushdown method is firstly a direct design method, because it aims at explicitly
evaluate the capacity of the structure. Among the possible direct methods, this can
be seen as an alternative load path method, since it aims at avoiding the collapse
thanks to a load redistribution made by the sustaining elements. Moreover, a nonlinear analysis is adopted, such that it takes into account the non-linear behaviour
of both concrete and steel, according to which the dissipation of energy and
redistribution of loads can be modelled. Finally, it is a static analysis, thus it can
emphasize the geometrical non-linearities and catenary effects.
For the purpose of this analysis, the software ATENA 2D has been used.
Materials, geometry and load characteristics, have all been explained in the
previous sub-sections. The remaining considerations regard the load cases and the
analysis steps. The frame is the one without the central column (right part of the
Figure 5.19), since the pushdown analysis should be performed on the damaged
structure, as already mentioned.

5.6.1 Load cases
The following table shows the load cases that have been considered for this
analysis:
Table 5.9: Load cases for Analysis 2 - Pushdown analysis

Load case number
1
6
7

Description
Base support
Imposed displacement of 1.5 cm
Imposed displacement of 3.0 cm
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The base support is a fixity, created according to sub-section 4.2.4.1 of the
previous chapter and applied at the lines composing the basis of the four columns.
The imposed displacements are created according to sub-section 4.2.4.4, defined as
Prescribed Deformation in ATENA 2D. They have been assigned at the node of
the centreline of the central column, in correspondence of the top of the frame
(Figure 5.20: Scheme of the pushdown analysis).

Figure 5.20: Scheme of the pushdown analysis

5.6.2 Analysis steps
The analysis steps adopted are the following:
-

Analysis steps from 1 to 10: load cases 1 and 6 with a multiplier of 1.0

-

Analysis steps from 11 to 45: load cases 1 and 7 with a multiplier of 1.0

According to this, at the end of the step 10, the imposed displacement is equal
to 15 cm, while at the end of the 45th step, additional 1.05 m have been imposed,
such that the total amount of imposed displacement in the last step is equal to 1.2m.
The choice of imposing the displacement in two different way, lower for the first
10 steps and larger on the lasts, is due to numerical issues and to better capture the
change in slope of the capacity curves. All the analysis steps have been performed
according to the Standard Newton-Raphson defined in sub-section 4.2.5.4, with a
maximum of 40 iterations.
The monitoring points have been inserted according to what is drawn in Figure
5.21: Location of the monitoring points on the 2D frame for the Analysis 2 Pushdown Analysis. In particular, two monitoring points at the top of the central
column are needed to monitor the reaction and the displacement during the
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pushdown analysis. The lateral monitoring points are necessary to control the lateral
displacements of the structure during the analysis.

Figure 5.21: Location of the monitoring points on the 2D frame for the Analysis 2 - Pushdown
Analysis

After having run the analysis, the output to be elaborated is the capacity curve,
i.e. a displacement-reaction curve. To do so, the CCO file can be exported from
ATENA 2D, which contains the results of the monitoring points, in the specific case
the two points on top of the central column where displacements and reactions are
monitored at each step.
For the purpose of this analysis, N pushdown analyses, thus N capacity curves
have been elaborated, where every time material characteristics change. The
following figure shows the capacity curves on the left (i.e. curve displacement-load)
while, on the right, the non-dimensional capacity curves are reported, where
displacement and loads have been divided for the correspondent peak values.
Pult

b)

Pmax

Pult

Pmax
P/Pmax [-]

Load P [kN]

a)

d/dmax[-]

d [m]

Figure 5.22: Results of pushdown analysis on the 𝑁 simulations, showing the collapse branch: a)
curve displacement-load; b) capacity curve non-dimensional with respect to the peak values
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All the curves show a first peak in the resistance, corresponding to the flexural
behaviour, then a softening phase followed by a constant-resistance phase occur.
After having reached the ultimate capacity, failure happens, thus the curves descend
drastically.
The curves of Figure 5.22 has been stopped at a step after the ultimate value
𝑃

is reached; even if what happens after the ultimate value has no meaning, from

a physical point of view, it is interesting to notice how the ultimate capacity
descends when the failure is reached.
The following curves (Figure 5.23) are the same of the previous, but shown
without the descending branch, that, in practise, has no physical meaning because
when the ultimate value is reached, the structure collapses.
a)

b)

Pmax

Pult

Pmax
P/Pmax [-]

Load P [kN]
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d/dmax[-]
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Figure 5.23: Results of pushdown analysis on the 𝑁 simulations, stopped at the ultimate value: a)
curve displacement-load; b) capacity curve non-dimensional with respect to the peak values

From the Figure 5.23b it is easier to observe the capacity recovery, in the
catenary response, if present, i.e. when the 𝑃

is larger than the 𝑃

. It is

interesting to notice that in the majority of the cases (89 %), the ultimate resistance
is lower than the peak one, meaning that the catenary branch is governed by a
ductility capacity of the reinforcement bars rather than a catenary effect. This aspect
can be observed by looking at the horizontal displacements of the external column,
that is always outward, both when the maximum and ultimate load values are
reached meaning that the beam are always in their compressive phase (Figure
5.24a).
In the following, the two significant graphs presented in chapter 1, to evaluate
the membrane effects involved in the accidental event of a sudden column loss, are
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reported for a generic simulation among the 𝑁 possible. The Figure 5.24a, shows
the horizontal negative (outward) displacement of the external column versus the
increasing vertical imposed displacement of the central one. At the ultimate state,
when the displacement is about half a meter, the horizontal displacement is not able
to change its sign (becoming positive, thus inward), due to the absence of the
catenary effect.

b)

a)

Pmax

h [m]

Load P [kN]

Pult

d [m]

d [m]

Figure 5.24: Pushdown analysis results for a generic simulation: a) vertical displacement of the
central column vs horizontal displacement of the lateral column; b) vertical displacement of the
central column vs load

5.6.3 Dynamic amplification coefficient
The accidental event of a sudden column loss as regards the structural response
is a dynamic event, accomplished by strong non-linearities in terms of geometry
and material behaviour. Although DoD provisions[16] suggest to perform a
dynamic non-linear analysis on the damaged structure, this is not the best solution
since this type of analysis is not always easy, especially for the computational
demand and the difficulties for practical application in structural design. Thus, a
static non-linear analysis, considering an equivalent dynamic approach can be a
better solution. This is allowed by the DoD and GSA guides [16][42], where a static
assessment is used, based on a constant dynamic amplification factor (DAF)
𝜆 = 2, for gravity loading above the lost column. However, a different approach
can be used in order to compute numerically the DAF, since the aforementioned
value has been judged too much conservative. In particular, Izzuddin [1] has
proposed a method, applied on a steel multi-storey building, where a different range
of 𝜆 has been computed (i.e. between 1.3 and 1.5).
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The idea behind this method is that the phenomenon of sudden column loss is
similar to a sudden application of gravity load on the affected sub-structure; at the
beginning, at the instance of column loss, the gravity load is larger than the static
structural resistance, due to the dynamicity of the phenomenon, thus the incremental
of deformations is transformed into additional kinetic energy, causing an increase
in the velocities. Since deformations increase more and more, the static structural
resistance increases as well, causing a reduction in the kinetic energy, i.e. in the
velocities. The maximum dynamic displacement is reached when its derivative is
zero, thus, according to the definition of kinetic energy, when the kinetic energy is
reduced back to zero. This coincides with the point at which the work done by the
gravity loads becomes equal to the energy absorbed by the structure.
The expressions of the internal energy 𝑈 and external work 𝑊 are followingly
reported:
,

𝑈 =

𝑃 𝑑𝑢

𝑊 =𝜆 𝑃𝑢

(5.21)
(5.22)

,

Where the internal energy 𝑈 corresponds to the area under the capacity curve
(i.e. curve displacement 𝑢 – load 𝑃) up to 𝑢

,

while the external work 𝑊 is the

product between the level of sudden applied gravity loading ( 𝑃 = 𝜆 𝑃 ) and the
corresponding maximum dynamic displacement (𝑢

,

). This can be graphically

seen by the following figure:

Figure 5.25: Energy balance approach (Izzuddin [1] )
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According to the previous considerations, by equating (5.21) and (5.22), the
dynamic amplification factor can be evaluated:
𝜆

,

(5.23)

= 𝑃 /𝑃

According to this, 𝑃 is the dynamic load, i.e. the level of amplified loading
that correspond to a dynamic displacement, computing as the point of the capacity
curve corresponding to 𝑢

,

.

To evaluate the level of sudden applied gravity loading 𝑃 , this can be seen as
equal and opposite to the reaction applied at the point of the removed column,
according to the procedure that has been followed in sub-section 5.5. Two situations
can occur: if the two curves (i.e. internal energy curve and external work curve)
find an intersection, the structure is able to sustain the removal of the column,
otherwise, the equilibrium is not reached under that loading-material conditions.
The procedure of equating the energies has been conducted for all the 𝑁
simulations, and the result is that the 53% of the curves find a state of equilibrium,
thus the two curves intersect. In the remaining 47% there is not any intersection,
meaning that the structure, with that materials and loads combination, is not able to
sustain the event of a sudden column loss.
a)
Energies [kN m]

Energies [kN m]

b)

ud,n
us [m]

us [m]

Figure 5.26: Energy curves: a) case where the equilibrium is reached b) case where the equilibrium
is not reached

For all the cases where the equilibrium is reached, the dynamic displacement is
found, correspondingly to the displacement at the intersection point (𝑢

,

in Figure

5.26a). After that, the corresponding load on the capacity curve is found and saved
as 𝑃 and then the DAF is computed according to formula (5.23).

150

For the other cases, where the intersection is not present, the DAF is computed
as the maximum possible DAF, i.e. computed as:
𝜆∗ , = 𝑃
where 𝑃

(5.24)

/𝑃

corresponds to the first peak of the capacity curve, above which

the structure is no more able to sustain other gravity loads, under sudden column
loss.
a)

b)
λ *mean = 1.024

λ *max = 1.095

DAF *[-]

DAF [-]

λmax = 1.254

λmean = 1.092

λmin = 1.029

λ *min = 0.935
n simulation [-]

n simulation [-]

Figure 5.27: Dynamic Amplification factors for the 𝑁 simulations: a) DAFs for the 53 simulations
where equilibrium is reached; b) DAF*s for the 47 simulations where equilibrium is not reached

Figure 5.27 shows the values of the DAF and DAF* as function of the number
of simulations (from 1 to 100). On the left-hand side, the DAF regards the cases
where the equilibrium is reached, even in the event of the column loss. The
maximum amplification coefficient is 𝜆
𝜆

= 1.029 and the mean value is 𝜆

= 1.254, the minimum is

= 1.092. For what concerns the right

hand side of the figure, the DAF*s are reported, regarding the cases where the
structure collapses because of the accidental event. The coefficient values are
characterized by 𝜆∗
is 𝜆∗

= 1.095, the minimum is 𝜆∗

= 0.935 and the mean value

= 1.024. It is interesting to notice that there are nine cases, among the 47

where the equilibrium is not reached, where the DAF* is lower than one, meaning
that the maximum value of the capacity curve is lower than the dynamic gravity
loading. From a physical point of view, this means that the structure is not able to
sustain the gravity loading itself, no matter the event of the column loss.
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5.6.4 Dynamic linear analysis simulation
At this point of the analysis, it is wondered if to apply the dynamic
amplification factor only on the central spans of the frame and disregarding what
could happen elsewhere, could be a limiting assumption in the context of the aim
of this work.
To validate this assumption, it was first modelled the frame in ADINA, by
means of a dynamic linear analysis. ADINA is the acronym for Automatic Dynamic
Incremental Nonlinear Analysis. It is a commercial engineering simulation software
program used worldwide in industry and academia to solve structural, fluid, heat
transfer and electromagnetic software. Since this model was needed only for
validation purposes, only one model has been created having as input the mean
values of the sampled material and load variables.
For the scope of this thesis, the ADINA Structures tool has been used, and the
Dynamic-Implicit linear analysis has been conducted. Again, two models are
needed: the first, with the central column, in order to compute the reaction at the
top of column itself and the second, without the column, so to simulate the sudden
column loss.
A unique material has been modelled with as an Isotropic Linear Elastic
Material, with the following characteristic:
-

Elastic modulus 𝐸 = 31500000 𝑘𝑁/𝑚

-

Poisson’s ratio 𝜐 = 0.3

-

Density 𝜌 = 25 𝑘𝑁/𝑚

The geometry is created according to the dimensions already discussed while
for the mesh it has been used a Shell type mesh, with thickness of 0.4 m for the
beams and 0.6 m for the columns, and mesh size of 0.1 m. The only constraints are
the fixed supports at the base of the columns.
As already mentioned, the loadings are defined in terms of mean values, thus:
-

𝐺 self-weight of beams and columns computed by the software as function
of 𝜌 = 25 𝑘𝑁/𝑚 geometrical dimensions

-

𝐺 = 16 𝑘𝑁/𝑚 permanent structural load of the slab
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-

𝐺 = 13 𝑘𝑁/𝑚 permanent non-structural load

-

𝑄 = 6.5 𝑘𝑁/𝑚 variable load on the floors

-

𝑄 = 1.6 𝑘𝑁/𝑚 variable load on the roofing

For the model with the column, the time steps have been selected such that:
-

From 0 to 5 the loadings increase linearly up to their maximum value

-

From 0 to 29.5 the loadings are maintained constant

At the end, the reaction at the base of the central column has been computed
and the weight of the removed column has been subtracted.
For the model without the column, the time steps have been created such that:
-

From 0 to 5 the loadings and the reaction increase linearly up to their
maximum value

-

From 5 to 9 the loadings and the reaction remain constant

-

From 9 to 9.2 the loadings remain constant and the reaction goes linearly to
zero (so to simulate the removal of the column)

-

From 9.2 to 29.2 the loadings remain constant and the reaction is maintained
equal to zero

Figure 5.28: Frame modelled in ADINA Structures: on the left hand side model with the column;
on the right hand side model without the column and reaction at the centre of the first floor

The following picture shows the output of the simulation, in particular it is
shown the displacement of the point at the centre of the first floor, where the column
is removed, as function of time.
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Figure 5.29: Output of the Dynamic Linear analysis on ADINA: displacement versus time

The ratio between the dynamic displacement (i.e. the peak value of the
displacement after the sudden removal of the column) and the static one (i.e. when
the displacement reaches the steady-state response) has been computed. This can
be seen as a measure of the DAF. This result has been compared with the same
ratio, but computed at different points of the external spans of the structure. It has
been observed that the ratio is not comparable with the former, meaning that the
DAFs should be applied only on the central spans of the structure.
To conclude, this assumption is commonly used in literature: [1] on evaluating
the progressive collapse of steel-framed buildings, [43] for the vulnerability of three
steel frames to disproportionate actions, [41] to study steel moment resisting frames
designed according to current seismic codes and [44] for a numerical study on the
structural response of a 5-story steel frame building under the sudden loss of
columns.

5.7 Analysis 3 - Reliability Analysis
This is the last step that should be performed in order to reach the goal of this
thesis, i.e. evaluation of the reliability of this structure, designed according to
robustness and seismic criteria. To do so, the information given by the previous two
analyses, in terms of reaction at the point where the column is removed (from the
analysis 1) and the dynamic amplification factors (from the analysis 2) is used, for
all the 𝑁 simulations. After that, the strains at relevant nodes of the frame are
extrapolated and a local and then global reliability evaluation is conducted.
The frame under analysis, in terms of geometrical and mesh characteristics, is
the one without the central column, as described in sub-section 5.4 (right part of the
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Figure 5.19). In the following, more details are given about the load cases and
analysis steps, as modelled in the NLFEA software ATENA 2D.

5.7.1 Load cases
The following table shows the load cases that have been considered for this
analysis:
Table 5.10: Load cases for Analysis 3 - Reliability analysis

Load case number
1
2
3
4
5
6
7
8
9
10
11

Description
Base support
Self-weight
Permanent structural loads
Permanent non-structural loads
Variable loads
Amplified columns weight
Amplified beams weight
Amplified permanent structural loads
Amplified variable loads
Amplified permanent non-structural loads
Temporary reaction

The base support is a fixity, created according to sub-section 4.2.4.1 of the
previous chapter and applied at the lines composing the basis of the four pillars.
The self-weight is applied on the whole structure, as function of geometry and
specific weight 𝜌 and computed according to sub-section 4.2.4.2. The other gravity
loadings, defined in load cases 3,4 and 5, are applied as loads per meter on the upper
horizontal lines of all the beams (apart from the variable loads where distinction is
made between floors and roofing). The other load cases, i.e. from 6 to 10, regard
only the lines of the beams of the central spans, since these are the only gravity
loadings that should be amplified according to the DAFs and DAF*s previously
computed. Finally, the temporary reaction is a load per meter applied oppositely to
the gravity loadings, used to simulate the presence of the column. Thus, it is equal
to the concentrated reaction 𝑃 , divided by 0.6 m to obtain the load per meter, and
applied at the line of the top of the column removed. These last load cases have
been created according to the procedure for Force load cases, as described in
4.2.4.3.
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5.7.2 Analysis steps
Different assumptions have regarded the analysis steps, depending on the
simulation that has to be performed, i.e. if the equilibrium has been found or not
according to the energy-balance calculations, and on the value of 𝜆 or 𝜆∗ :
If the simulation reaches an equilibrium, and the 1.1 ≤ 𝜆 < 1.2:
-

Steps from 1 to 10: load cases 1, 2, 3, 4, 5 and 11 with multiplier 0.1

-

Steps from 11 to 20: load cases 1 and 11 with a multiplier of −0.1

-

Step 21: load cases 1 and 6, 7, 8, 9, 10 with a multiplier equal to 0.1

-

Step 22: load cases 1 and 6, 7, 8, 9, 10 with a multiplier equal to 𝜆 − 1.1

If the simulation reaches an equilibrium, and the 𝜆 ≥ 1.2:
-

Steps from 1 to 10: load cases 1, 2, 3, 4, 5 and 11 with a multiplier of 0.1

-

Steps from 11 to 20: load cases 1 and 11 with a multiplier of −0.1

-

Step 21: load cases 1 and 6, 7, 8, 9, 10 with a multiplier equal to 0.1

-

Step 22: load cases 1 and 6, 7, 8, 9, 10 with a multiplier equal to 0.1

-

Steps 23: load cases 1 and 6, 7, 8, 9, 10 with a multiplier equal to 𝜆 − 1.2

If the simulation does not reach an equilibrium, and the 𝜆∗ < 1.0:
-

Steps from 1 to 10: load cases 1, 2, 3, 4, 5 and 11 with a multiplier of 0.1

-

Steps from 11 to 20: load cases 1 and 11 with a multiplier of −0.1

In the other cases, i.e. for 𝜆 < 1.1 or 𝜆∗ > 1.0:
-

Steps from 1 to 10: load cases 1, 2, 3, 4, 5 and 11 with a multiplier of 0.1

-

Steps from 11 to 20: load cases 1 and 11 with a multiplier of −0.1

-

Step 21: load cases 1 and 6, 7, 8, 9, 10 with a multiplier equal to 𝜆 − 1.0 or
𝜆∗ − 1.0

The first 20 analysis steps are equal in all the 𝑁 simulations. In particular,
according to the first ten, the frame is completely loaded with gravity loadings
distributed on the entire frame and contemporarily there is the temporary reaction,
i.e. load case 11, which simulates the presence of the column. Then, on the
subsequent ten steps, thus until the twentieth, the reaction is completely removed
so to simulate the column loss, while the gravity loadings remain loaded. The reason
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why 10 steps with a multiplier of 0.1 have been adopted, is to avoid numerical
problems due to excessive loadings, especially for the phase when the column is
removed.
The analysis step 21 is the one starting from which different assumptions have
been considered depending on the simulations; in particular, this is the step where
an additional percentage of gravity loadings, only on the central spans of the frame
is added, according to the DAF or DAF*. If its value is lower than 1.0, as has
happened in some cases where the equilibrium has not been reached, the structure
is expected to fail at the twentieth analysis step, because not able to reach an
equilibrium even under the static gravity loadings (i.e. without any accidental
event). If the DAF is larger than 1.1, the amplification is made in two or three
consecutive steps, i.e. in the 21st and 22nd, or in the 21st, 22nd and 23rd, in order to
avoid numerical problems due to a large multiplier. Finally, if the DAF is lower
than 1.1, as it happens in the majority of the cases, the gravity loadings are amplified
at the 21st step and all the simulations, where the equilibrium is not reached, are
expected to fail at that step.
To verify the results of the energy-balance model, i.e. to verify that some of the
simulations fail under a specific combination of materials and loads while others
reach an equilibrium, additional twenty analysis steps, i.e. up to the 40th (or 41st or
42nd or 43rd depending on the case) whit a multiplier of 0.005, have been considered.
The results are that:
-

for the simulations where the equilibrium is expected to be reached, even
with an additional amplification of the gravity loadings of more than 7%,
the structure resists.

-

for the simulations where equilibrium is not expected to be reached, but the
DAF* is larger than 1, the structure collapses at the 21st step, or around that,
meaning with an additional amplification of 2%

-

for the simulations where equilibrium is not expected to be reached, but the
DAF* is lower than 1, the structure collapses at the 20st step

Moreover, it has been observed that for all the simulations where the
equilibrium was reached according to the energy-balance model, if the DAF is large
enough, i.e. larger than 1.1, the structure has always resisted to an additional
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amplification of the 10%. This represents a validation of the physical meaning of
the Dynamic Amplification Factor; the larger it is, the more gravity loading the
structure is able to sustain under the event of sudden column loss.
For what concerns the Solution Parameters adopted, for the first ten analysis
steps the Standard Newton-Raphson defined in sub-section 4.2.5.4, has been used.
For the remaining steps, a new Newton-Raphson solution method has been selected,
with less restrictive criteria. In particular, all the error tolerances have been doubled
with respect to the ones of the standard method, i.e. displacement error tolerance
0.02, residual error tolerance 0.02, absolute residual error tolerance 0.02 and energy
error tolerance 0.0004. Finally, the number of iterations has been increased up to
200.

5.7.3 Output analysis
After having run the analysis, for all the 𝑁 simulations, the output to be
elaborated are the strains at the nodes. This can be obtained thank to the
TextPrintout command that allows to export the Principal Total Strains of the step
where the gravity loadings of the central spans are amplified, i.e. step 20, 21, 22 or
23 depending on the case, on all the nodes. After that, a MATLAB code has been
written in order to manipulate these data. In particular, the strains have been
considered in specific position of the structures, according to the following scheme:

Figure 5.30: Scheme for the strains evaluation: a) location of the sections; b) location of the nodes
per each section
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The inner nodes (in black) defined by the letters J, K, L, X, Y, Z are the nodes
of the confined concrete, part of the dissipative zone of the beams, thus having
constitutive law according to Figure 5.15a. The other inner nodes (in black) defined
by the letters C, D, E, Q, R, S are nodes of the confined concrete as well, but the
constitutive law, according to Figure 5.15c, is different since they are parts of the
column. For what concerns the external nodes (in orange), i.e. A, G, H, N, O, U, V,
BB, they define the concrete cover, so non-confined concrete. Finally, the
intermediate nodes (in green) defined by B, F, I, M, P, T, W, AA represent the
reinforcing longitudinal bars.
Moreover, distinction is made between the sections of the central spans and the
sections of the external ones:

Figure 5.31: Scheme of the sections: a) directly affected members; b) indirectly affected members

5.7.4 Calculation of local probability of failure 𝑷𝒎𝒂𝒙
𝒇
For each section, and for each node of the sections, the strains given as an
output have been compared with the ultimate strains, both of the reinforcement and
of the concrete. For the concrete the ultimate strain is intended as the one
corresponding to the peak. The procedure that has been followed is above
explained:
1) Nodes where the concrete is in tension have been removed from the data,
since only the failure of concrete in compression has to be evaluated, for
these points the probability of failure is the minimum realistic 𝑃 = 10
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2) Among the values of concrete in compression, the nodes of the concrete
cover have been removed, since it has been decided to evaluate only the
failure of the confined concrete
3) The probability of failure 𝑃 is computed for all the nodes, according to a
convolution integral calculation
4) The local probability of failure for each sub-section is computed as the
maximum between the probabilities (i.e. 𝑃

). The sub-section is intended

as one of the 4 sides composing the section (e.g. the ensemble of nodes
ABCDEFG of a generic section)
The evaluation of the failure probability has been already explained in the
previous chapters (i.e. 1.6 and 2.3.1). For the specific case a convolution integral
has been used, according to the following expression:

𝑃 = 𝑃(𝑆 > 𝑅) =

𝑓 , (𝑠, 𝑟)𝑑𝑠𝑑𝑟

(5.25)

where 𝑓 (𝑥) is the probability density function of the resistance 𝑅 (ultimate strains)
and 𝑓 (𝑥) is the probability density function of the demand S (strains at the nodes).
The two PDFs are obtained respectively from the vector of the ultimate strain
values, sampled 𝑁 times, and the strains taken as outputs from the 𝑁 FEM
simulations. According to this, the convolution integral represents the probability
that the strains at the nodes have reached or overcome the ultimate strains.

PDF εs [-]

PDF εc [-]

PDF εsu [-]

b)

PDF εcu [-]

a)

Beam concrete strain εc [-]

Reinforcement strain εs [-]

Figure 5.32: Convolution integral for the maximum 𝑃 of directly affected sub-sections: a) beam
confined concrete strain; b) beam reinforcement strain
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Two situations have been observed (Figure 5.33: Scheme of the failure
probabilities at each sub-section):
-

For the sub-sections indirectly affected by the column loss (Figure 5.31a),
i.e. located outside the central spans, the 𝑃

is lower than the limiting

value everywhere
-

For the sub-sections directly affected by the column loss (Figure 5.31b), i.e.
located inside the central spans, the 𝑃
larger than 10

is always different than zero and

for the longitudinal reinforcement of the beams. While it

is lower than the limiting value on the columns’ nodes.
This can be observed in the following scheme:

Figure 5.33: Scheme of the failure probabilities at each sub-section

Moreover, the results in Figure 5.34 show that, among the nodes of the central
spans, there is a larger local probability of failure at the bars close to the joints beam
column, and in particular in correspondence of the lateral pillars, this is due to the
fact that plasticization occur in order to allow for the displacement of the nodes
where the column is removed. These points are indeed the more stressed.
Furthermore, there are slightly larger probabilities in the nodes of the middle floors,
i.e. the second and the third floor.
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Pf [-]

x [m]

d)
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Figure 5.34: Failure probabilities and reliability indices of the nodes located at a distance (x,y)
from the point where the column is removed: a) 3D plot of 𝑃 ; b) 3D plot of 𝛽; c) Contour plot of
𝑃 ; d) Contour plot of 𝛽
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Conclusions
This work of thesis has consisted on a method to evaluate the reliability of a
structure, designed according to robustness criteria, located in a high seismicity
area, i.e. L’Aquila city.
At first, the structural detailing based on capacity design and code rules has
been calculated, referring to a design working life of 50 years. Since the structure,
according to that detailing, has been judged not adequate from a robustness point
of view, in particular not able to create alternative load paths under the phenomena
of sudden column loss, improvement have been needed. In particular, the
robustness has been enhanced by creating continuity of the bars along each beam,
symmetry of the bars between the upper and lower chord and equality of the bars
between the floors.
A probabilistic method has been adopted to evaluate the reliability of the
structure, designed according to the improvements previously defined. In particular,
10 basic variables have been sampled in line to what is prescribed by code rules (fib
Model Code 2010 and Probabilistic Model Code), in terms of probabilistic
distribution, mean value and coefficient of variation. For the Resistances, the basic
variables are concrete compressive strength, reinforcement yield strength,
reinforcement ultimate strength, reinforcement ultimate strain, reinforcement
elastic modulus. For the Actions, the basic variables are the reinforced concrete
specific weight, the permanent structural loads, the permanent non-structural loads,
the variable loads of the floors and the variable loads of the roofing. A sample of
100 elements for each variable has been judged enough to perform the analysis,
since the minimum should be of 30-40.
A Static Non-Linear Analysis has been evaluated the best method to perform
the reliability analysis, by simulating the removal of the central column and the
ATENA 2D software has been used for this purpose. Two preliminary analyses
have been needed for this scope, in particular for the computation of the Dynamic
Amplification Factors (DAFs): one with the presence of the central column to
compute the reaction at the top of the removed column and another, called
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pushdown analysis, to compute the capacity curves, both performed for all the 100
simulations.
The model used for the computation of the DAFs is based on an energy-balance
method and it has resulted in a distinction between three possible situations: a case
where the specific combination of basic variables has caused the collapse of the
structure under the event of central column loss, a case where the collapse happens
before the accidental event, because too unfavourable combinations of variables
and the last case where the structure is able to sustain the accidental event.
By performing the reliability analysis, i.e. removing the central column and
amplifying the loads only on the central spans of the frame, the results found with
the energy-based model have been confirmed: all the cases where the structure
should have collapsed, have not effectively reached the convergences criteria of the
FEM reliability analysis, thus have failed.
Moreover, the results of the reliability analysis have conducted on a probability
of failure computation, by comparing the ultimate strains with the strains at the
nodes, for all the sections at the joints beam-column of the frame. This has
confirmed that the structure can be judged reliable, since only the central spans of
the frame reach a too large probability of failure and in particular on the points
where plastic hinges form, leading to a stresses’ redistribution.
Future works can follow from this work of thesis, in particular it could be
interesting to apply this methodology, i.e. reliability evaluation with a static nonlinear model and dynamic-equivalency in the amplification of the loads, on a frame
designed according to capacity design criteria. Other possibilities could be to adopt
a Dynamic Non-Linear approach to reach the same goal of this thesis.
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