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Abstract 

In geotechnical field, the Limit Equilibrium Method (LEM) is one of the 
most used analysis to solve the stability problem of an unstable rock cliff. A 
limit of the LEM is the impossibility of considering the evolution over the time 
of the rock’s mechanical parameters and also the effect of the crack tip stress 
concentrations, which may trigger a crack propagation. The aim of this thesis 
is to overcome these limitations of the LEM model, proposing the application 
of a fracture mechanism approach on the real unstable cliff of “Madonna del 
Sasso”. In this study, the effects of degradation of rock joint are evaluated 
through a time-dependent reduction of rock bridge along the discontinuity. 
After a preliminary characterization of the granite samples, many laboratory 
experiments were carried out on the CCNBD specimens to investigate the 
mode I and mode II fracture toughness of the rock under different types of 
load. The intact granite specimens have been thermally treated in order to 
have a better representation of the possible in situ degradation of the rock and, 
in the end, the subcritical crack growth parameters have been computed to 
apply the fracture mechanism approach to the LEM analysis. The final result 

shows the decrease of the safety factor 𝐹" over the time which becomes critical 

after 193 years. Nevertheless, some critical issues have arisen during the 
development of this fracture mechanism approach. Therefore, it appears that 
this approach still needs to be improved before being considered reliable for 
big scale application on rock slope stability 

Keywords: Limit Equilibrium Method, stability, rock cliff, crack propagation, 
unstable rock mass, fracture mechanics, , LEFM, reduction of rock bridge, 
granite, laboratory experiments, CCNBD specimen, mode I fracture 
toughness, mode II fracture toughness, thermal treatment, acoustic emission, 
subcritical crack growth, reduction of safety factory over the time.  
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Sommario ! 

Il Metodo dell’Equilibrio Limite (LEM) rappresenta uno degli strumenti 
più utilizzati in ambito geotecnico per risolvere i problemi di stabilità legati 
ad un ammasso roccioso. Un limite di tale metodo consiste, tuttavia, 
nell’impossibilità di valutare l’evoluzione nel tempo dei parametri meccanici 
della roccia e, inoltre, di non considerare gli effetti di tensioni concentrate che 
possono innescare la propagazione di una frattura. L’obiettivo della seguente 
tesi è di cercare di superare queste limitazioni del Metodo dell’Equilibrio 
Limite applicando un modello che consideri il meccanismo di propagazione 
della frattura sul versante roccioso della “Madonna del Sasso”. In questo 
modello, gli effetti dovuti al degrado della roccia in corrispondenza delle 
discontinuità sono valutati attraverso la progressiva riduzione nel tempo dei 
ponti di roccia. Dopo aver effettuato una caratterizzazione preliminare del 
granito, sono stati testati in laboratorio numerosi campioni CCNBD al fine di 
investigare la resistenza alla frattura di modo I e modo II, facendo variare le 
condizioni di carico. I campioni di granito intatto sono stati termicamente 
trattati per emulare il possibile degrado della roccia in situ. Infine, sono stati 
calcolati i parametri di crescita subcritica della frattura per l’implementazione 
del modello della meccanica della frattura nell’analisi condotta con il Metodo 
dell’Equilibrio Limite. Il risultato finale del nuovo studio mostra una 

progressiva riduzione del fattore di sicurezza 𝐹" nel tempo, che risulta critico 

dopo circa 193 anni. Tuttavia, si sono manifestate alcune criticità nello 
sviluppo di tale approccio basato sulla meccanica della frattura. Perciò, sono 
ancora necessari dei miglioramenti per rendere questo modello adatto ad una 
analisi di stabilità a grande scala. 
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Résume " 

La Méthode de l’Équilibre Limite (LEM) représente un des outils les plus 
utilisés en géotechnique pour résoudre les problèmes de stabilité liés à une 
masse rocheuse. Cependant, une limitation de cette méthode réside dans 
l'impossibilité d'évaluer l'évolution dans le temps des paramètres mécaniques 
de la roche et, parallèlement, de ne pas prendre en compte les effets de 
tensions concentrées, qui peuvent déclencher la propagation d'une fracture. 
L'objectif de la thèse suivante est d'essayer de surmonter ces limitations de la 
méthode de l'équilibre limite en appliquant un modèle prenant en compte le 
mécanisme de fracture de la masse rocheuse instable de "Madonna del Sasso". 
Dans ce modèle, les effets dus à la dégradation de la roche en correspondance 
avec les discontinuités sont évalués par la réduction progressive des ponts 
rocheux au fil du temps. Après avoir procédé à une caractérisation 
préliminaire du granite, plusieurs tests en laboratoire ont été effectués sur des 
CCNBD échantillons afin d'étudier la résistance à la rupture des modes I et II 
en faisant varier les conditions de chargement. Les échantillons de granite 
intact ont été soumis à un traitement thermique afin de simuler la possible 
dégradation de la roche in situ. Enfin, les paramètres de croissance sous-
critiques de la fracture ont été calculés pour la mise en œuvre du modèle de 
mécanique de la fracture dans l'analyse effectuée avec la méthode de 
l'équilibre limite. Le résultat final de la nouvelle étude montre une réduction 

progressive du facteur de sécurité 𝐹" au fil du temps, en devenant critique au 

bout d’environ 193 ans. Cependant, certains problèmes critiques sont apparus 
dans le développement de cette approche basée sur la mécanique de la 
fracture. Par conséquent, des améliorations sont encore nécessaires pour 
rendre ce modèle adapté à l'analyse de stabilité à grande échelle.
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Introduction 

The study of stability and prediction of the behaviour of an unstable rock 
mass represents one of the most difficult problems in the engineering field. Its 
complexity is linked to the difficult identification of the mechanical 
parameters to be used in the numerical analysis, and to the high variability of 
external factors such as air temperature variation, presence and evaluation of 
water pressure, seismic events, rock degradation, etc. In geotechnical field, it 
is usual to use the Limit Equilibrium Method (LEM) to solve the stability 
problem of the unstable rock cliff. The behaviour of rock slopes is strongly 
affected by their geometric configuration and by the discontinuities in the 
rock mass. For this reason, in the LEM analysis the rock mass is considered as 
rigid body and the presence of discontinuities is taken into account by 
choosing strength parameters lower than the those characteristic of the rock 
material. One of the limits of the LEM analysis is the impossibility of 
considering an evolution over time of the rock’s mechanical parameters. The 
area where the rock formation mostly degrade is concentrated at the joints, in 
fact, if discontinuities are filled with a material that is weaker than the 
surrounding intact rock, this material might exhibit ductile creep behaviour 
under shear loading. Furthermore, the asperities along rough joints will likely 
be concentrators of shear stress, promoting the crack propagation. Therefore, 
the probability of failure over the life of an unstable rock mass can be much 
higher compared with the time-independent analysis. The aim of this thesis is 
to overcome these limits of the LEM model, proposing the application of a 
fracture mechanism approach. According to the Linear Elastic Fracture 
Mechanism (LEFM), the crack will propagate when its stress intensity factor 

reaches a critical value 𝐾?A  (fracture toughness), but natural fractures can 
grow at lower stress intensities. In these cases, we talk about subcritical crack 
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propagation. In 2003, J. Kemeny developed a fracture mechanics model, based 
on the subcritical crack growth, in order to illustrate the importance of time-
dependence for brittle fractured rock. According to his study, the effects of 
degradation of rock joint can be evaluated through a time-dependent 
reduction of rock bridge along the discontinuity. Therefore, after a 
preliminary characterization of the granite samples, many laboratory 
experiments were carried out for the investigation of mode I and mode II 
fracture toughness of the rock under different methods of loads. The intact 
granite specimens have been also thermally treated in order to have a better 
representation of the possible in situ degradation of the rock. Finally, the 
subcritical crack growth parameters have been computed in order to apply 
the fracture mechanism approach to the LEM analysis. 

The structure of this master’s thesis is as follows: 

Ø Chapter 1, entitled “Stability analysis of the cliff of Madonna del 
Sasso”, presents the description of the unstable rock mass and an 
attempt of resolution of the stability analysis, performed with the Limit 
Equilibrium Method ; 
 

Ø Chapter 2, entitled “Fracture mechanics”, summaries the concepts of 
the Linear Elastic Fracture Mechanics (LEFM), and promotes a new 
fracture mechanism approach based on the study J. Kemeny about the 
the effects of degradation of rock joint, which are evaluable through a 
time-dependent reduction of rock bridge along the discontinuity. 
Finally, several specimens are suggested for the mode I and mode II 
fracture toughness investigation, with a focus on the CCNBD 
specimen; 
 

Ø Chapter 3, entitled “Preliminary characterization of granite of Alzo”, 
encloses several tests carried out on the granite samples in order to 
ensure that two granite’s rock blocks have the same physical and 
mechanical properties. Porosity, electrical conductivity and ultrasonic 
propagation have been investigated; 
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Ø Chapter 4, entitled “Fracture toughness investigation”, describes the 
three types of mode I fracture toughness experiments (Increasing load, 
constant load and cyclic load) and the mode II fracture toughness test. 
The sample preparation and the experimental set-up are particularly 
deepened, and a there is a special focus on the comparison between the 
creep and fatigue behaviour of the rock ; 

 

Ø Chapter 5, entitled “Subcritical crack growth”, presents the 
investigation of the subcritical crack growth parameters for the 200° C 
thermally treated sample. Furthermore, it is described a new kind of 
test carried out for in order to determine the same parameters for 
different thermally treated samples; 

 

Ø Chapter 6, entitled “Fracture mechanism application to the LEM 
analysis”, shows the stability analysis of the Madonna del Sasso rock 
cliff, based on the fracture mechanism approach. There is a particular 
focus on the problem’s assumptions and on the fracture mechanism’s 
limits; 
 

Ø Chapter 7, entitled “Conclusions and perspectives”, summaries the 
contribution provided by this thesis to the prediction of the unstable 
rock mass behaviour and the possible improvements both for the 
experimental data analysis and for the unstable rock mass stability 
analysis; 

Along with the abovementioned activities, other research activities were 
performed during the master’s thesis path. These activities investigated the 
ultrasonic propagation in the sample in different moments (before cutting, 
after cutting, after thermal treatment and after the rupture) in order to 
investigate any structural difference. 
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Chapter 1 

Stability analysis of the cliff of 
Madonna del Sasso 

The site that has been chosen for the stability analysis is the cliff of 
Madonna del Sasso (45°79′N, 8°37′E) that is located in NW Italy, on the 
western shore of the Orta Lake (Figure 1.1a). It consists in a granitic slope 
bounded on three sides (N, E and S) by pseudo vertical walls, with a height 
of about 200 m (Figure 1.1b). A XVIII-century sanctuary, from which the site 
takes his name, stands on the top of the cliff (650 m. s. l.). At the bottom of the 
slope, between the cliff and the lake, there are several buildings, and a road 
(SP 46) connecting the towns on the western shore of the lake. An intense 
mining activity on the bottom of the cliff, lasting until few decades ago, gave 
it the current steep morphology. 

 
Figure 1.1: Geographical localitation (a) and aerial view (b) of the cliff of Madonna del Sasso cliff 
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1.1 Geological framework 

The area is totally characterized by a granitic rock mass, known as granite of 
Alzo. This unit belongs to the non-metamorphosed, and generally low 
deformed, granitic masses, related to a larger NE-SW elongated Permian 
batholith [1]. 

From a geomechanical point of view [2] [3], the rock mass is intact but affected 
by widely spaced joint sets with good surface quality. Four main 
discontinuity’s family were identified (dip direction/dip): K1 (110/75),          
K2 (0/80), K3 (150/15) and K4 (50/75). These fractures (Figure 1.2) tend to 
isolate two frontal portions of the slope (sectors A and B), with an estimated 
total volume of about 12000 m3. Sector A is delimited by fractures K2 and K1 
on the sides and truncated at the base by K3 system, with a volume of about 
4500 m3. Sector B, on the other hand, is bounded by the joints K2 and K4 on 
the side and truncated at the bottom by K3 system, with a volume of about 
7500 m3. The K4 discontinuity shoes clear evidence of displacement, but on 
the contrary, K2 fracture reveals the widest opening (around 40 cm) with a 
significant persistence within the rock mass and apparently no filling material 
in the first superficial meters of observation (Table 1.1). 

 
Figure 1.2: Aerial view (a) and schematic representation (b) of the major fracture traces a 

discontinuity planes [3] 
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Table 1.1: Joint sets parameters from the geomechanical characterization carried out by 
Lancellotta et al. [1991] 

 

In occasion of isolated phenomena (winter 2013, spring 2015) when, after 
long-lasting intense rainfalls, several damages and confined collapses 
occurred in the grassy yard at the top of the cliff, bringing to light the deep 
and open chasms related to fractures of the K4 and K2 systems. For this 
reason, a micro-seismic monitoring network was placed in situ [4][5], and 
then a network of 10 automatic crackmeters coupled with temperature probes 
was installed for the displacement monitoring of sector A. Five of them were 
deployed on the northern side following the K4 fracture, and the others were 
placed on the southern cliff following K2 fracture at different heights. The 
monitoring results suggested that the joint opening is directly connected to 
the mean air temperature and displacements are interpreted as the outcome 
of rock-mass thermal contraction, with a maximum displacement over the 
winter, and a minimum over the summer, related to the thermal expansion. 
At the end of an annual cycle of observation, three probes went back to the 
initial zero-value while seven sensors preserved a residual opening of an 
average of 2 mm/year. The maximum opening value was 5-6.1 mm/year. 
Even if, up to now, relevant irreversible changes have not been detected by 
the various adopted monitoring systems, there is an increasing awareness in 
population of the risk related to the site.  

1.2 Introduction to LEM theory 

The limit equilibrium method (LEM) is one of the most used approach in the 
geotechnical field for the evaluation of rock slope stability. It investigate the 
equilibrium of a soil or rock mass tending to slide down under the influence 

Joint set Dip 
direction  Dip Opening 

[𝒄𝒎] Persistence Depth [𝒎] 

K1	 110°	 75°	 -	 -	 -	

K2	 0°	 80°	 50	 significant	 45	

K3	 150°	 15°	 -	 -	 -	

K4	 50°	 75°	 -	 significant	 16±2	
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of gravity. Translational or rotational movement is considered on an assumed 
or known potential slip surface below the soil or rock mass. The LEM also 
allows to perform the back-analysis of a failed slope, so that we can study the 
causes of the collapse and compute the operative shear strength parameters 
during the failure.  

The simplicity of the LEM is based on three main assumptions. First of all, the 
real case is reduced in a two-dimensional problem, with the critical slip 
surface represented by a line (Figure 1.3) and sections analysed assuming 
plane strain condition. Furthermore, the shear strengths of the materials along 
the potential failure surface are governed by a failure criterion and, in our 
case, we assume the Mohr-Coulomb’s one. This means that, at each point of 
the slip surface, the shear strength is given by 

 𝜏de = 𝑐e + 𝜎ie 	𝑡𝑎𝑛𝜙e (1.1) 

 

where 𝑐e is the intercept cohesion and 𝜙e is the friction angle. 

The unstable body is in limit equilibrium condition when the shear stress is 
equal to the shear strength at any point of the slip surface. In fact, the output 

of the analysis is a factor of safety 𝐹" 

 𝐹" =
𝜏d
𝜏  (1.2) 

 

defined as the ratio of the shear strength 𝜏d (or, alternatively, an equivalent 

measure of shear resistance or capacity) to the shear stress 𝜏	(or other 
equivalent measure) required for equilibrium. If the safety factor value is less 
than 1.0, the slope is unstable in that analysed condition. The last hypothesis 
is to have a constant factor of safety along the slip surface, namely that all the 
points of the slip surface are using the same quantity of shear strength. This 
assumption is fundamental for the LEM application, but it is clearly false. 
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The LEM does not consider soil displacements prior, during or after slope 
failure and does not involve any constitutive law for the behaviour of the soil. 
Although these limitations often make the LEM inaccurate for a soil 
mechanics analysis, it appears that it is particularly precise in rock slope 
engineering for a simple block failure along distinct discontinuities. The 
validity of this method was confirmed over the years through back-analysis 
and comparison with finite element methods. Furthermore, the simplicity of 
the LEM makes it suitable for the proposing and the assessment of remedial 
works. 

 
Figure 1.3: A typical cross-section of a slope used in two-dimensional analyses 

1.3 Static analysis 

The purpose of the static analysis is to establish the most dangerous breaking 
mechanism of the analysed cliff. Indeed, in rock mechanics, there are three 
main failure modes: planar sliding, wedge sliding and toppling. 



Chapter 1: Stability analysis of the cliff of Madonna del Sasso 

 

 

9 

1.3.1 Planar sliding 

Planar sliding: the failure surface in planar failures are resulted by structural 
discontinuities like bedding planes, faults or the interface between weathered 
rock and the underlying bedrock. This kind of failure leads to sliding action 
along the failure surface. Hence, planar failure occurs in response to a single 
discontinuity (Figure 1.4). The following conditions are necessary for a planar 
failure:  

Ø The strikes of both the sliding plane and the slope face lie parallel (±20°) 
to each other; 

Ø The dip angle of the failure plane should be less than the dip angle of 
the slope face; 

Ø The dip of the sliding plane is greater than the friction angle; 

 
Figure 1.4: Schematic representation (a) and a real example (b) of a planar sliding [6] 
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1.3.2 Wedge sliding 

This kind of failure causes a rock mass to slide along two intersecting 
discontinuities (Figure 1.5). This mode of failure needs the dip angle of at least 
one joint intersection to be greater than the angle of friction of the joint surface. 
Favourable lithology for the development of wedge failure includes inclined 
bedding, foliation and well defined cleavages. Rocks such as shale, limestone 
and slate are more prone to this kind of failure due to its internal form. 
Structural conditions are also necessary for the propagation of wedge failure: 

Ø The plunge line of the intersection should be greater than the friction 
angle of the slope; 

Ø The dip angle of the intersection should be less than the dip angle of 
the slope; 

 
Figure 1.5: Schematic representation (a) and a real example (b) of a wedge sliding [6] 
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1.3.3 Toppling 

Toppling failure occurs due to steep discontinuities in the rock which 
eventually leads to slippage of the layers and the outward and downward 
movement of a column of rock (Figure 1.6). Prerequisites for toppling failure 
include closely spaced jointed rock mass with steep discontinuities dipping 
away from the slope face. Sometimes the removal of an overburden load, that 
was previously imparting constraining stresses in the rock structure, could 
instigate toppling. 

 
Figure 1.6: Schematic representation (a) and a real example (b) of a toppling failure [6] 
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1.3.4 Stereographic investigation 

The static study begins in situ, where the geologist performs surveys (small 
or large scale) in order to identify the main discontinuity’s family and 
fractures. They are defined with the dip, the steepest angle of descent of a 
tilted bed or feature relative to a horizontal plane, and the dip direction, the 
azimuth of the direction the dip as projected to the horizontal. In our case 
report, as better discussed in the section 1.1, the cliff of Madonna del Sasso is 
characterized by four main discontinuity’s family. The next step is to 
represent the joint’s plane and the slope’s walls on a stereogram with the aim 
of detect all the possible failure’s mechanism. The following stereographic 
analysis was carried out using the software “Dips 6.0” of the RocScience suite 
(Figure 1.7). 

 
Figure 1.7: Stereographic view of the four joint’s families detected by Lancellotta in 1991 

The stereographic analysis revealed that the sector A is subject to a 
mechanism of planar sliding along the discontinuity K2. There are also two 
potential wedge sliding mechanisms between the joints K2, K4 and K1, but 
for the stability analysis it will be enough to study the planar sliding’s failure, 
since the three-dimensionality of the wedge sliding provides greater stability 
to the rock mass. The sector B, on the contrary, is subject to a planar sliding’s 
mechanism along the discontinuities K1 and K4, because of the presence of 
slopes both in North and in East direction. Since the height of the two sides is 
almost identical, it will therefore be necessary to consider the discontinuity 
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with the steepest inclination. In our case, these two joint’s families have the 
same dip angle, so it is reasonable to evaluate the stability along any 
discontinuity. There are wedge sliding mechanisms even for the sector B, but 
it is possible do not consider them for the reason mentioned before. 

1.4 Geometrical and geomechanical data assumptions 

The next step of the stability analysis is to identify the forces acting on the 
unstable rock mass, so it is fundamental to identify the geometrical and 
geomechanical cliff’s parameters in this regard. As discussed in the section 
1.1, the total volume of the sector A is about 4500 m3, while it is equal to 7500 
m3 for the sector B, while the height of the unstable rock masses is about 40 m 
(Figure 1.8). As far as rock density is concerned, the average value was about 
2600 kg/m3 in the geophysical characterization carried out by Colombero in 
2016 [7]. Finally, since the absence of a detailed investigation of the in situ 
rock’s mechanical characteristics, it is appropriate to choose low mechanical 
parameters of granite from the literature. In our case, I assumed a cohesion of 
35000 kPa and a friction angle of 35°, because the in situ granite looks intact. 

 
Figure 1.8: Qualitative analysis of the height of the unstable rock mass with Google Earth Pro 
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1.5 Analysis of forces 

A proper assessment of the forces acting on the rock mass is a fundamental 
step for an accurate stability assessment. In this phase, the civil engineer is 
responsible for considering all the possible scenarios which may lead to the 
slope failure. For this reason, negative events such as earthquakes and joint’s 
saturation usually are analysed for the computation of the factor of safety. 
Indeed, in the planar sliding case, it can be defined as the ratio of the sum of 

resisting forces 𝑁k to the sum of sliding forces 𝑁" 

 𝐹" =
𝑁k
𝑁"

 (1.3) 

 
For the present study, I decided to focus the attention on four scenarios: 
gravitation case, joint’s saturation case, seismic action case and finally an 
extreme case, that is the combination of a seismic and joint’s saturation events. 

1.5.1 Gravitation case 

In the gravitation case, the weight force and the cohesion are the only actions 
that affect the body mass. In particular, the weight force act along the vertical 
direction while the cohesion is distributed along the discontinuity (Figure 1.9). 
This is the easiest case and a starter point for all the more detailed analysis. 

 
Figure 1.9: Representation of cohesion and weight force vectors on the unstable slope model 
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The orthogonal to the joint component of the weight force and the cohesion 
define the resisting force, instead the parallel one characterises the sliding 
force. Hence, the generic equation 1.3 can be written as 

 
𝐹" =

𝑊𝑐𝑜𝑠(𝜓o) ∙ tanr𝜑0s + 𝑐 ∙ ∑ 𝑙u
𝑊𝑠𝑖𝑛(𝜓o)

 (1.4) 

 

where 𝑊 is the total weight force, 𝑐 represents the cohesion located at the 

discontinuity level, while 𝜑0 and 𝜓o are respectively the friction angle and the 

joint dip. 

Finally, ∑ 𝑙u is the sum of the lengths of all the rock bridges along the 
discontinuity. However, since the persistence value is not known, I choose to 
vary its value between 99% and 100% in order to study the worst possible 
scenario. And in so doing, the stability analysis is done in safety conditions. 

1.5.2 Joint’s saturation case 

In the joint’s saturation case, the water pressure along the discontinuity must 
be added to the actions that affect the body mass. As indicated in the previous 
section, we want to analyse the worst possible conditions and, therefore, I 
supposed the discontinuity in a fully saturation state with the absence of 
water leakage. This leads to a triangular water pressure pattern (Figure 1.10), 

with the depth 𝐻w equal to the cliff height 𝐻. In this saturation case, the water 

force 𝑈 can be computed as 

 
𝑈 =

𝛾w
2 ∙

𝐻wC

𝑠𝑖𝑛(𝜓o)
 (1.5) 

 

where γ{ is the specific weight of water.  
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Hence, the generic Equation 1.3 becomes 

 
𝐹" = 	

(𝑊𝑐𝑜𝑠(𝜓o) − 𝑈) ∙ tanr𝜑0s + 𝑐 ∙ ∑ 𝑙u
𝑊𝑠𝑖𝑛(𝜓o)

 (1.6) 

 

 
Figure 1.10: Representation of water pressure vectors on the unstable slope model 

1.5.3 Seismic action case 

In the seismic action case, the evaluation of the earthquake effects is crucial 
for a consistent analysis. One of the most used approach for the seismic 
assessment is the Newmark method. It allows to consider the earthquake in 
the rock slope stability study adding two new forces to the limit equilibrium 

analysis: a vertical force 𝐹| and an horizontal force 𝐹} (Figure 1.11). The aim 
of this method is to simulate the hole dynamic action of an earthquake 
through the application of a constant force for the entire time duration of the 
event. These two forces are defined as 

 𝐹| = 𝑊 ∙ 𝐾|  𝐹} = 𝑊 ∙ 𝐾} (1.7) 
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where 𝐾| and 𝐾} are respectively the vertical and horizontal seismic 
coefficient. The norm suggests to evaluate the horizontal action the double of 
the vertical one 𝐾} = 2𝐾|. The horizontal coefficient is computed as 

 
𝐾} =

𝑎~��
𝑔 𝛽 (1.8) 

 
where 𝑔 is the gravitational acceleration, and 𝛽 is a reduction coefficient 
usually equal to 0.3. Since the vertical and seismic forces are constantly 
applied for all the duration of the earthquake, the purpose of this factor is to 
not overestimate the seismic action given that it varies dynamically. Instead, 

𝑎~�� is the maximum seismic acceleration that we could observe on the study 
site and it is defined as  

 𝑎~�� = 𝑎� ∙ 𝑆" ∙ 𝑆� (1.9) 

 

where 𝑎� is the highest peak acceleration read on the seismograph (design 

acceleration) closer to the site, 𝑆" is a factor that considers the rock nature and 

the propagation of the elastic seismic waves, and finally 𝑆� is a parameter 
related to the inclination of the slope.  

 
Figure 1.11: Representation of seismic force vectors on the unstable slope model 

The site is located in a low seismic risk zone (class 4 according to the INGV 
institution), hence I assumed a design acceleration of 0.15g. Then I choose the 



Chapter 1: Stability analysis of the cliff of Madonna del Sasso 

 

 

18 

ground parameter equal to 1 (typical value recommended for rock mass), and 
the inclination factor equal to 1.4 (value for very steep slope). 

𝑎� = 0.15𝑔  𝑆" = 1   𝑆� = 1.4 

Using these parameters, we can compute horizontal and vertical seismic 
coefficients 

𝐾} = 0.063   𝐾| = 0.0315 

Finally, the safety factor can be evaluated as 

 
𝐹" = 	

r𝑊𝑐𝑜𝑠(𝜓o) + 𝐹|𝑐𝑜𝑠(𝜓o) − 𝐹}𝑠𝑖𝑛(𝜓o)s ∙ tanr𝜑0s + 𝑐 ∙ ∑ 𝑙u
𝑊𝑠𝑖𝑛(𝜓o) + 𝐹|𝑠𝑖𝑛(𝜓o) + 𝐹}𝑐𝑜𝑠(𝜓o)

 (1.10) 

 

1.5.4 Extreme case 

In the extreme case, I considered the worst possible scenario with all the forces 
acting on the unstable slope. The safety factor equation can be obtained by 
combining the previous formulations: 

 
𝐹" = 	

(𝑊𝑐𝑜𝑠(𝜓o) + 𝐹|𝑐𝑜𝑠(𝜓o) − 𝐹}𝑠𝑖𝑛(𝜓o) − 𝑈) ∙ tanr𝜑0s + 𝑐 ∙ ∑ 𝑙u
𝑊𝑠𝑖𝑛(𝜓o) + 𝐹|𝑠𝑖𝑛(𝜓o) + 𝐹}𝑐𝑜𝑠(𝜓o)

 (1.11) 

 

1.6 LEM analysis results 

The planar sliding mechanism and also a possible toppling mechanism of the 
entire slope have been analysed. Each stability analysis was performed with 
the equations and data assumptions described in the previous sections. 

1.6.1 Sector A 

The sector A is subject to a planar sliding along the discontinuity K2, as 
described in the stereographic analysis. In the Table 1.2, all the input 
parameters are enclosed to carry out the LEM analysis, while in the plot 
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(Figure 1.12) the safety factor is represented in function of the case study and 
of the persistence. 

Table 1.2: Input parameters for sector A analysis 

Height [𝒎] 40	

Length of discontinuity	[𝒎] 40.6	

Volume [𝒎𝟑/𝒎] 141	

Depth	[𝒎] 32	

Weight [𝒌𝑵/𝒎] 3668	

Dip [°] 80°	

Cohesion [𝒌𝑷𝒂] 35000	

Friction angle [°] 35°	

Rock specific weight [𝒌𝑵/𝒎𝟑] 26	

Water specific weight [𝒌𝑵/𝒎𝟑] 10	

Water pressure force [𝒌𝑵/𝒎] 8123	

Vertical seismic force [𝒌𝑵/𝒎] 116	

Horizontal seismic force [𝒌𝑵/𝒎] 231	

 

 
Figure 1.12: LEM analysis of Sector A under four different loading cases 
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1.6.2 Sector B 

The sector B is subject to a planar sliding along the discontinuity K4, as 
described in the stereographic analysis. In the Table 1.3 are enclosed all the 
input parameters for the LEM analysis, while in the plot (Figure 1.13) the 
safety factor is represented in function of the case study and of the persistence. 

Table 1.3: Input parameters for sector B analysis 

Height [𝒎] 40	

Length of discontinuity	[𝒎] 41.4	

Volume [𝒎𝟑/𝒎] 214	

Depth	[𝒎] 29	

Weight [𝒌𝑵/𝒎] 5573	

Dip [°] 75°	

Cohesion [𝒌𝑷𝒂] 35000	

Friction angle [°] 35°	

Rock specific weight [𝒌𝑵/𝒎𝟑] 26	

Water specific weight [𝒌𝑵/𝒎𝟑] 10	

Water pressure force [𝒌𝑵/𝒎] 8282	

Vertical seismic force [𝒌𝑵/𝒎] 176	

Horizontal seismic force [𝒌𝑵/𝒎] 351	

 

 
Figure 1.13: LEM analysis of Sector B under four different loading cases 
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1.6.3 Toppling analysis 

The presence of a toppling mechanism can be noticed by observing the whole 
unstable “Madonna del Sasso” cliff. In particular, the discontinuity K3 
represents the sliding plane at the base, while K2 could be considered ad a 
traction joint (Figure 1.2 b). The analysis of the toppling failure must be made 

by evaluating the safety factor as the ratio between the stabilizing moment 𝑀" 

and the overturning moment 𝑀� 

 
𝐹" =

𝑀"

𝑀�
 (1.12) 

 
In presence of the only weight force, this formula becomes 

 
𝐹" =

𝑏
ℎ ∙

1
tan	(𝜓o)

 (1.13) 

 
In this way, the safety factor is function only of geometrical parameters such 

as the width of the unstable slope base 𝑏 and its height ℎ. 

 
Figure 1.14: Qualitative analysis of the width of the unstable slope with Google Earth Pro 
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Since the width of the slope is unknown, the following assumption must be 
done: the width of the blocks A and B is about 40 meters and, then, I assumed 

a variability of 𝑏 between 20 and 10 meters, inorder to complete the stability 
study (Figure 1.15). Obviously, this analysis needs additional information 
such as block geometry and field observations in order to see if a block 
toppling mechanism is in progress and, for this reason, only the two sliding 
analyses were chosen for a final comparison. 

 
Figure 1.15: Toppling analysis of the unstable cliff 

1.7 Concluding remarks 

It can be seen that the behaviour of the two sectors is very similar in case of a 
planar sliding failure (Figure 1.16). The sector A safety factor is pretty bigger 
for the lower values of persistence and this is due to the smaller volume which 
leads to lower sliding forces than the sector B. When the persistence increases, 
instead, the difference between the sector A and sector B factor of safety 
becomes smaller. This occurs because the cohesion begins to decrease for both 
sectors and the weight force starts to become more important for the 
stabilization. In the gravitational case, for example, it is possible to see that the 

safety factor 𝐹" reaches the critical value before in the sector B (persistence of 
about 99.7 %) and after with the sector A (persistence 99,8%). 
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Figure 1.16: Factor of safety comparison between sector A and sector B in the gravitation case 

All these considerations were made by considering the discontinuities 𝐾� and 

𝐾C identical but, in reality, this is not really true: for example the discontinuity 

𝐾C has an aperture of about 50 cm which implies a different behaviour 

compared to 𝐾� discontinuity. For this reason, it would be appropriate to 
perform an analysis of the joint’s sets through the 8 parameters ISRM: 

Ø Orientation; 

Ø Spacing and Frequency; 

Ø Continuity or Persistence; 

Ø Roughness; 

Ø Resistance of the walls; 

Ø Opening; 

Ø Filling; 

Ø Infiltration; 

In this way it would be possible to estimate parameters such as the “RMR” or 
the “GSI” index, in order to better characterize the rock slope. For example, 
the “Hoek and Brown” criterion allows to obtain cohesion and friction angle 
values of the entire cluster, considering the rock matrix and the discontinuities 
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as a whole. The potentially unstable rock cliffs behaviour, indeed, is strongly 
affected by the structural discontinuity pattern affecting the rock mass. 
Persistence, opening, roughness, and orientation of fractures play, indeed, a 
fundamental role in the stability of a rock slope. Classical geological surveys 
and geotechnical analyses on the accessible cliff sides provide useful 
information about the structural setting, but these data are limited to outcrop 
observations and they are blind with respect to the inner structure. Finally, 
the biggest limit of the analysis performed is the lack of mechanical data, in 
fact, the data used are referred to intact rocks but we need information related 
to the rock mass. This is the reason why the safety factor obtained is probably 
higher than the real case. 



25 

 

 

Chapter 2 

Fracture mechanics 

The behaviour of rock slopes is strongly affected by their geometric 
configuration and by the discontinuities in the rock mass. For this reason, in 
the LEM analysis the rock mass is considered as rigid body and the presence 
of discontinuities is taken into account by choosing strength parameters lower 
than the those characteristic of the rock material. However, this continuum 
assumption leads to ignore the effect of the crack tip stress concentrations. By 
considering the rock discontinuities as a critical crack, the fracture mechanics 
offers a new way to study a rock mass stability when the crack tip stress, and 
hence the propagation of the joints, is the main cause of rock slope instability. 
In short, LEM analysis is concerned with failure in a continuum sense, where 
the rock mass undergoes permanent damage, affecting its ability to sustain 
load. In contrast, fracture mechanics is concerned with the joint propagation. 
This new approach allows to accurately predict a potential rock mass failure. 

2.1 Concepts of linear elastic fracture mechanics (LEFM) 

LEFM is based on the assumption [8] that the crack propagation can be 
studied through the superposition of the effects of three independent loading 
modes (Figure 2.1). Mode I, which is also called the opening (tensile) mode, is 
so called because the crack tip is subjected to a normal stress and the crack 
faces separate symmetrically with respect to the crack front, so that the 
displacements of the crack surfaces are perpendicular to the crack plane. The 
crack carries no shear traction and no shear displacement is visible. Mode II 
is the edge sliding (or in-plane shearing) mode, where the crack tip is 
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subjected to an in-plane shear stress and the crack faces slide relative to each 
other so that the displacements of the crack surfaces are in the crack plane and 
are perpendicular to the crack front. Mode III is the tearing mode, as the crack 
tip is subjected to an out-of-plane shear stress. The crack faces move relative 
to each other so that the displacements of the crack surfaces are in the crack 
plane, but are parallel to the crack front. The Figure 2.2 shows cases of cracks 
in rock structures subjected to mode I and mode II conditions. 

 
Figure 2.1: Three primary failure modes 

 
Figure 2.2: Cracks in mode I and mode II conditions in rock structures: (a) tunnel; (b) slope [9] 
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Figure 2.3: Reference axes and variables [9] 

LEFM is also based on the stress intensity factor (SIF), 𝐾, which quantifies the 
intensity of the stress singularity at the crack tip. Fracture mechanism states 
that a crack will propagate when its stress intensity reaches a critical value, 

𝐾�, assuming that the crack tip is in a state of planar strain. The state of stress 

in plane conditions at a point 𝑃 (Figure 2.3) very close to the crack tip is given 
as  

 

⎩
⎪⎪
⎨

⎪⎪
⎧𝜎k =

1
√2𝜋𝑟
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𝜃
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�𝐾� �1 + sinC
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2
� +

3
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�𝐾 cosC

𝜃
2
−
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2
𝐾C sin 𝜃�																																					

𝜏k� =
1

2√2𝜋𝑟
	cos

𝜃
2
[𝐾� sin 𝜃 + 𝐾C(3 cos 𝜃 − 1)]																							

 (2.1) 

 

where 𝑟 and 𝜃 are the polar coordinates of point P with respect to the crack 

tip. For 𝜃 = 0, i.e. for a point at a distance 𝑟 along the line of the crack 

 

�
𝜎� = 𝐾�/√2𝜋𝑟
𝜎  = 𝐾�/√2𝜋𝑟
𝜏�  = 𝐾C/√2𝜋𝑟

 (2.2) 
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In the Equations 2.1 and 2.2, it can be seen that stresses in the immediate 

vicinity of the tip tend to infinity for 𝑟 → 0. This eliminates the traditional 
strength of materials approach. In these circumstances, even very small loads 
give rise to stresses at the tip tending to infinity so that the material’s finite 
strength is always exceeded and the crack will invariably propagate. 

The meaning of the stress intensity factors can be shown by reference to the 

simple instance of a crack length 2𝑎, located in a plate subjected to a uniform 

vertical tensile stress 𝜎. In this case the vertical stress 𝜎  around the crack tip 

is given by the theory of elasticity 

 
𝜎  = 𝜎

√𝜋𝑎
√2𝜋𝑟

 (2.3) 

 

Comparison with the Equation 2.2 shows that, whereas the 1/√𝑟 type 
variation is common to all crack configuration, the specific boundary 

condition affect the value of 𝜎  through a constant term 𝐾� 

 
𝐾� = 𝜎√𝜋𝑎 (2.4) 

 
The value of K is deemed to be representative of the stress field around the 
crack tip. In fact, because of the extremely high stress values involved, a zone 
of material exhibiting non-linear behaviour (process zone) always forms at the 
crack tips, where the actual evolution of stresses is found to deviate from the 
theoretical elastic values. However, when this zone is small compared with 
the size of the structure (e.g. in slopes or tunnels), the actual evolution of 

stresses will still be governed by 𝐾, and the LEFM procedure can still be 
applied. 

Finally, the Linear Elastic Fracture Mechanism states that a crack will 

propagate when its stress intensity factor reaches a critical value 𝐾?A  (fracture 
toughness), but natural fractures can grow at lower stress intensities. In such 
cases, we talk about subcritical crack propagation. 
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2.2 Fracture mechanism approach 

One of the limits of the LEM analysis is the impossibility of considering an 
evolution over time of the rock’s mechanical parameters. The area where the 
rock formation mostly degrade is concentrated at the discontinuities and at 
the joints, in fact, if discontinuities are filled with a material that is weaker 
than the surrounding intact rock, this material might exhibit ductile creep 
behaviour under shear loading. Furthermore, the asperities along rough joints 
will likely be concentrators of shear stress, promoting the crack propagation. 
Therefore, the probability of failure over the life of an unstable rock mass can 
be much higher compared with the time-independent analysis. A fracture 
mechanism approach was developed by J. Kemeny [10], where the 
importance of time-dependence for brittle fractured rock was illustrated. In 
particular, it is shown that the effects of degradation of rock joint can be 
evaluated through a time-dependent reduction of rock bridge along the 
discontinuity. In this model the rock bridge is modelled as a patch of intact 
material between two coplanar cracks (Figure 2.4). The boundary conditions 

consist of a rock bridge of width 2𝑎 contained in a body of width 2𝑤 under a 

far-field shear stress 𝜏 and normal stress 𝜎i. 

 
Figure 2.4: Fracture mechanics models, a) single rock bridge under far field normal and shear 

stresses, b) multiple rock bridges under far field normal and shear stresses [10] 



Chapter 2: Fracture mechanics 

 

 

30 

The rock bridge decreases due to subcritical crack growth, which is analysed 
in a closed-form solution for joint cohesion as a function of time. The 
formulation for the reduction of the rock bridge, thus, is developed on the 
subcritical crack growth theory and it is a function of applied loads and of 
time. Furthermore, tests on rock fractures subjected to quasi-static loading or 
creep indicate a power-law dependence of crack velocity on the stress 
intensity factor. According to the Charles power-law [11], the variation of rock 
bridge width over the time is given by:  

 
𝑎e(𝑡) = 𝐴 �

𝐾?
𝐾?A

�
i

	 (2.5) 

 

where 𝑎′(𝑡) is the derivative of time-dependent reduction in the rock bridge 

width, and 𝐴 and 𝑛 are subcritical crack growth parameters. 

Developing the Charles’ power formulation, Kemeny arrived at the following 
formula: 

 

𝑎(𝑡) = ¥𝑎¦
�§iC − ¨1 +

𝑛
2© 𝐴𝑡 ¥

2𝑤(𝜏 − 𝜎i𝑡𝑎𝑛𝜑)
𝐾??A√𝜋

ª
i

ª
�/(C§i)

 (2.6) 

 

where 𝑡	is the time expressed in seconds. Therefore, the goal is to identify the 

subcritical crack growth parameters 𝐴 and 𝑛, the mode-I fracture toughness 

𝐾?A  and the mode-II fracture toughness 𝐾??A . 

2.3 Fracture toughness testing method 

The International Society for Rock Mechanics (ISRM) in 1988 suggested the 
use of the two-core based specimens with chevron-notches for the 
determination of static fracture toughness of rock: the Chevron Bend (CB) and 
the Short Rod (SR) specimens. These two methods to determine rock Mode I 
fracture toughness have several disadvantages, such as very low loads 
required to initiate failure, relatively large amounts of intact rock core 
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required at the correct orientation, complicated loading fixtures and complex 
sample preparation for SR specimens. A first attempt to solve these problems 
was done with the Semi-Circular Bend specimen [12], but these limits have 
been overcome finally with the Cracked Chevron Notched Brazilian Disc 
(CCNBD) and the Cracked Straight Through Brazilian Disc (CSTBD) 
specimens which are also suitable for mixed fracture mode testing 
[13][14][15]. 

2.3.1 Semi-Circular Bend (SCB) specimen 

The specimen is semi-circular in shape and made from typical cores taken 
from the rock with any relative material directions noted (Figure 2.5). The 
specimens are tested in three-point bending using a laboratory com- pression 
test instrument. The failure load along with its dimensions is used to 
determine the fracture toughness. Most sedimentary rocks which are layered 
in structure may exhibit fracture properties that depend on the orientation 
and therefore measurements in more than one material direction may be 
necessary. The fracture toughness measurements are expected to yield a size-
independent material property if certain minimum specimen size 
requirements are satisfied [12]. The advantages of using the SCB specimens 
are represented by the small material requirement per specimen, the relatively 
simple machining and the only maximum compressive load required to 
determine the fracture toughness. 
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Figure 2.5: SCB specimen geometry and schematic loading arrangement [12] 

2.3.2 Cracked Chevron Notched Brazilian Disc (CCNBD) specimen  

The main advantage of the CCNBD specimen is the possibility to achieve a 
complete anisotropic fracture toughness investigation because the crack 
orientations of three specimens can be easily arranged to be orthogonal to 
each other if they are machined from the same rock core. The general case for 
the cracked Brazilian disc problem is when the sample is loaded diametrically 

with the crack inclined at an angle 𝜃 to the loading direction (Figure 2.6). In 
this way, different combinations of mode I and mode II fractures intensities 

can be obtained simply by changing the angle. For the special case when 𝜃 =

0° the problem is reduced to the mode I fracture situation. For the mode II 
CCNBD test proposed in the literature, mode II loading is achieved by 

inclining the notch at a specific angle 𝛽with respect to the diametrical loading 
direction. 
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Figure 2.6: CSTBD and CCNBD specimen geometries [14] 

Additional advantages are also the higher failure loads and the larger 
tolerance on the specimen machining error. The CCNBD specimen is 
characterized by a chevron or “V-shaped notch” cut along the core diameter. 
The chevron notch causes a crack propagation which starts from the tip of the 
V alignment proceeds radially outwards in a stable fashion until the point 
where the fracture toughness is evaluated. Finally, the CSTBD specimen is 
very similar to CCNBD one, but there is the difference in the shape of the 
notch cut that is straight and not “V”-shaped, and this leads to a lower 
stability in the crack propagation. 

2.3.3 Discussion about the most suitable test 

After the description of the suggested method to determinate the fracture 
toughness, it was decided to perform the tests using the CCNBD specimen: it 
allows to analyse mixed modes in a simple way (by the rotation of the 
specimen), and it requires only an ordinary laboratory equipment. In 
addition, it has been proved theoretically and experimentally that the failure 
load of the CCNBD rock specimen is respectively 6.6 times and 15 times 
bigger than the CB and SR specimen’s failure load. This is of great significance 
for engineering purposes as the accuracy requirement on the testing rigs' low 
load range test abilities and the system error can be reduced. Finally, I 
preferred the CCNBD instead of the CSTDB specimen because the chevron 
notch causes a crack propagation that starts from the tip of the V alignment 
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and proceeds radially outwards in a stable fashion until the point where the 
fracture toughness is evaluated. On the contrary, in the CSTBD specimen, the 
propagation of the fracture is less controlled. 

Table 2.1: Comparison between the various rock fracture toughness testing methods 

Item of comparison	 CCNBD	 CSTBD	 SCB	 CB	 SR	

Method of obtaining 
mixed-mode	

Rotate 
specimen	

Rotate 
specimen	

Vary notch 
angle	 None	 None	

Size of specimen	 Small	 Small	 Small	 Long	 Small	

Preparation 
apparatus	 Simple	 Simple	 Simple	 Simple	 Complex	

Set-up of equipment	 Simple	 Simple	 Simple	 Complex	 Complex	

Loading machines	 Compressive	 Compressive	 Compressive	 Compressive	 Tensile	

Loading method	 Compressive 
loading	

Compressive 
loading	

Three-point 
bending	

Three-point 
bending	

Tensile 
loading	

Reproducible data	 Excellent	 Excellent	 Excellent	 Reasonable	 Reasonable	

Requirement of 
testing machine	 Ordinary	 Ordinary	 Ordinary	 High	 High	

Behaviour of 
fracture propagation	 Stable	 Unstable	 Unstable	 Stable	 Stable	

Method of obtaining 
mixed-mode	

Rotate 
specimen	

Rotate 
specimen	

Vary notch 
angle	 None	 None	

Size of specimen	 Small	 Small	 Small	 Long	 Small	

Preparation 
apparatus	 Simple	 Simple	 Simple	 Simple	 Complex	
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Chapter 3 

Preliminary characterization of 
granite of Alzo 

The goal of the preliminary characterization is to verify if the two granite 
blocks (“granite of Alzo”) have the same properties and consequently if they 
could be used for the same fracture toughness investigation. Little differences 
are expected since the two blocks of granite seem to have a slightly different 
mineralogical composition. Several tests were carried out for the 
characterization of the rock block A and the rock block B such as: the 
evaluation of porosity, P- and S-wave velocity (dry and saturated case), and 
electrical tests (with different solutions). The samples of the two rock block 
have been named respectively GA and GB with the addition of the 
corresponding number. Some parameters (Formation Factor, Tortuosity, 
crack density, aspect ratio) have been identified, through the processing of the 
data, in order to make a comparison between the two rock blocks. As we can 
see on the following pages, in according to existing works [16][17], elastic 
properties in rocks are strongly affected by thin microcracks naturally present 
in the rock microstructure. Because P- and S-wave velocities directly depend 
on the rock elastic constants, those are also strongly effected by microcracks.  

The preliminary analysis was carried out through the following steps: 

Ø Samples cutting in disks of height between 1 and 2	𝑐𝑚, and with a 
diameter of about 3.9	𝑐𝑚; 

 
Ø Sample drying in the oven at a temperature of 105°	𝐶 for one week; 
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Ø Dry Sample weighing and measuring, Propagation of seismic waves test 
and Pycnometer test; 

 
Ø Air removal from the microcracks of the samples which were left to get 

saturation for a week in a tap water solution (conductivity of 0.33	𝑚𝑆/𝑐𝑚); 
 

Ø Saturated samples weighing, Propagation of seismic waves test and 
Electrical test; 

 
Ø Saturation for a week in a 0.15	% in weight solution of 𝑁𝑎𝐶𝑙 and water 

(conductivity of 4	𝑚𝑆/𝑐𝑚); 
 

Ø Saturated samples weighing, Propagation of seismic waves test and 
Electrical test; 

 
Ø Saturation for a week in a 1.5	% in weight solution of 𝑁𝑎𝐶𝑙 and water 

(conductivity of 32.4	𝑚𝑆/𝑐𝑚); 
 

Ø Saturated samples weighing, Propagation of seismic waves test and 
Electrical test; 

 
Ø Saturation for a week in a 3	% in weight solution of 𝑁𝑎𝐶𝑙 and water 

(conductivity of 50.9	𝑚𝑆/𝑐𝑚); 
 

Ø Sample drying in the oven at a temperature of 105°	𝐶 for one week; 
 

Ø New propagation of seismic waves test on the dry sample; 

3.1 Porosity analysis 

In granites, no porosity is expected, in fact the porosity that we measured is 
due to the existence of microcracks. For this reason, the porosity can give 
information about the internal state of damage of the rock. 

3.1.1 Pycnometer test 

The pycnometer allows to evaluate the volume of gas particles (such as the 
Helium) which flow into the microcracks of the rock formation and therefore 

the volume of the connected pores 𝑉0�k¬". The bulk volume 𝑉®¯°, on the other 
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hand, can be calculated by using the volume formula of a cylinder (sample’s 
shape): 

 𝑉®¯° = 	𝜋𝑟C ∙ 𝐻 (3.1) 

 

Consequently the matrix volume	𝑉~��ku� is given by: 

 𝑉~��ku� = 𝑉®¯° − 𝑉0�k¬" (3.2) 

 
Finally, the porosity can be evaluated as (Table 3.1): 

 
𝜙 =

𝑉0�k¬
𝑉±��

 (3.3) 

 
Table 3.1: Final result of the Pycnometer test 

3.1.2 Indirect method 

Another way to investigate the porosity is represented by the indirect method. 

It consists of evaluating the porosity 𝜙 through the comparison of the 

saturated mass 𝑊"��	with the dry one 𝑊ok . Indeed, a good approximation of 

the pores volume is given by: 

Sample 𝐕𝐛𝐮𝐥𝐤	[𝐦𝐦𝟑] 	𝐕𝐦𝐚𝐭𝐫𝐢𝐱	[𝐦𝐦𝟑] 	𝐕𝐩𝐨𝐫𝐞	[𝐦𝐦𝟑] 𝛟	[%] 

GA1	 13370.3	 13134.6	 235.7	 1.76	

GA2	 14380.5	 14133.7	 246.8	 1.72	

GA3	 20309.5	 19971.7	 337.8	 1.66	

GA4	 15138.7	 14886.6	 252.1	 1.67	

GA5	 12723.6	 12489	 234.6	 1.84	

GB1	 22100.5	 21724.3	 376.2	 1.70	

GB2	 20007.9	 19681.1	 326.8	 1.63	

GB3	 20170.6	 19846.9	 323.7	 1.60	

GB4	 16380.8	 16112.3	 268.5	 1.64	

GB5	 16262.9	 15999.6	 263.3	 1.62	
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𝑉0�k¬" =

𝑊"�� −𝑊ok 

𝜌w��¬k
	 (3.4) 

 

where 𝜌w��¬k is the water density which is used to fill the pores. 

Since the achievement of a complete saturation is a very long process in rocks 
like granite, two indirect analyses have been carried out with different time of 
saturation (1 week and 2 weeks), in order to be sure to have fully saturated 
samples (Table 3.2). 

Table 3.2: Final results of the indirect method to find the porosity 

 

  

Sample 𝐖𝐝_𝟏𝐰	[𝐠] 𝐖𝐬_𝟏𝐰	[𝐠] 𝐖𝐬_𝟐𝐰	[𝐠] 	𝐕𝐩_𝟏𝐰	[𝐦𝐦𝟑] 𝐕𝐩_𝟐𝐰	[𝐦𝐦𝟑] 𝛟𝟏𝐰	[%] 𝛟𝟐𝐰	[%] 

GA1	 34.884	 34.990	 35.002	 106.7	 118.5	 0.80	 0.89	

GA2	 37.855	 37.952	 37.973	 96.5	 118.1	 0.67	 0.82	

GA3	 52.857	 52.992	 53.036	 134.7	 179.3	 0.66	 0.88	

GA4	 39.531	 39.643	 39.661	 112	 129.6	 0.74	 0.86	

GA5	 32.928	 32.996	 33.028	 67.7	 99.4	 0.53	 0.78	

GA6	 46.565	 46.689	 46.712	 123.6	 146.4	 0.70	 0.82	

GA7	 47.654	 47.780	 47.799	 125.8	 145	 0.70	 0.80	

GA8	 40.225	 40.328	 40.355	 103.3	 130	 0.64	 0.81	

GB1	 57.615	 57.870	 57.877	 255.4	 261.9	 1.16	 1.19	

GB2	 52.676	 52.890	 52.894	 213.7	 218.1	 1.07	 1.09	

GB3	 52.690	 52.896	 52.922	 206.3	 232.1	 1.02	 1.15	

GB4	 42.936	 43.106	 43.114	 170.5	 178.7	 1.04	 1.09	

GB5	 42.529	 42.714	 42.716	 185.4	 187	 1.14	 1.15	

GB6	 46.607	 46.806	 46.810	 199.3	 203.2	 1.11	 1.13	

GB7	 46.980	 47.178	 47.184	 198.2	 203.7	 1.10	 1.13	

GB8	 45.786	 45.972	 45.982	 185.4	 195.4	 1.05	 1.11	

GB9	 47.423	 47.610	 47.619	 187	 196.1	 1.04	 1.09	

GB10	 56.574	 56.800	 56.808	 226.5	 233.7	 1.05	 1.09	
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3.1.3 Conclusions 

First of all, it is possible to observe that the porosities calculated with the 
Pycnometer test are almost the same for both rock blocks: the average effective 

porosity is about 1,7	% for the block A (Figure 3.1) and 1,65	% for the block B 
(Figure 3.2). Much more interesting results have been obtained from the 
indirect method. In this test, indeed, porosity is lower for both rock blocks 
compared with the pycnometer’s one, and this is probably due to the 
microcracks which are so small that the water particles cannot access them, 
on the contrary the helium particles can get in them because they are smaller. 
Furthermore, the effective porosity difference between the two tests is more 
accentuated for the samples of block A than those of block B. This could mean 
that microcracks of block B are globally more accessible from water in a short 
time. It is clear that after one more week of saturation (2 weeks in total) we 
expect to obtain a porosity values equal or slightly higher than those 
previously calculated. From the data obtained, it is possible to identify an 
increase in porosity much more accentuated in the block A than in B. This 
could confirm the hypothesis of the presence of more microcracks hardly 
reachable from water in samples A. Finally, these results show that during the 
first week the complete saturations was note completely reached. 

 
Figure 3.1: Porosity analysis rock A 
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Figure 3.2: Porosity analysis rock B 

3.2 Electrical conductivity analysis 

The electrical conductivity of a rock formation depends on four kind of 
electrical conduction: 

Ø Ionic conduction; 
Ø Surface conduction; 
Ø Mineralogical conduction; 

Ø Sulfide conduction; 

In the case study, the Sulfide and Mineralogical conductions can be neglected, 
and we can focus on the Ionic and Surface conductions. In particular, the ionic 
conduction depends on the pore water conductivity which is related to the 
temperature, to the kind of ions and to their concentrations. Therefore, an 
higher salinity solution, through which is saturated the sample, means a more 
conductive rock formation. Hence, the conduction of the sample saturated 
with the tap water is expected to be lower than the one of the samples saturated 
with a salty solution, since the conductivity of the air is practically null.  
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Through the electrical test, it is possible to calculate the impedance value of 
the rock samples. This value can be approximated to that of the electrical 

resistance for a signal frequency value close to 1	kHz. Indeed, in the scientific 
community, it is a good rule to assume the impedance value obtained by a 
frequency of 1 kHz as the electrical resistance that often corresponds to a 
phase close to zero. This choice is necessary because, around this frequency, 
the resistance values are rather constant, with a low variability, and this 
allows for replicability of the data in the laboratories. Obviously, the 
resistance represents an extensive value, and not a parameter of the material. 
For this reason, it is necessary to calculate the resistivity R through the 
following relation: 

 
𝑅 =

𝑟 ∙ 𝐴
𝐿  (3.5) 

 

where 𝑟 is the electrical resistance [Ω], 𝑅 is the electrical resistivity [Ω ∙ m], 𝐿 is 

the length of the electrical path [m], 𝐴 is the cross-sectional area perpendicular 

to the electrical flow path [mC]. 

The value of rock resistivity is influenced by the resistivity of the water that 
fill the pores of the samples. For this reason, it is necessary to get a 
dimensionless the value: the Formation Factor F. It is related to the complexity 
of the electrical flow path inside a rock formation and therefore it is an index 
of the size, shape and amount of pores channels. According to Waxman & 
Smith [18], we can define the following formula: 

 
𝐶¦ =

𝐶w
𝐹 + 𝐶" (3.6) 

 

where 𝐶¦ is the rock formation conductivity [𝑆/𝑚], 𝐶" is surface conductivity 

[𝑆/𝑚], 𝐶w is the pore water conductivity [𝑆/𝑚], 𝐹 is the formation factor. From 
the first Archies’ law, it is possible to compute the formation factor F as: 

 𝐹 = 𝑎𝜙Ò~ (3.7) 
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where, 𝑎 is an empirical constant (typically 𝑎 = 1 for unconsolidated 

sediments), 𝑚 is the cementation index (typically 𝑚 = 2 for unconsolidated 

sediments), 𝜙 is the connected porosity. 

Finally, in low porosity igneous rocks, the electrical tortuosity 𝜏 is more used 
than the cementation index providing an alternate view at relationships 
between pore space and electrical transmissivity:  

 𝐹 = 𝜏𝜙 (3.8) 
 
Where τ is related to the geometrical complexity of the path followed by the 
electrical current in the fractured pore space or, in a more general sense, to the 
efficiency of electrical flow processes. In the case study, four electrical tests 
were performed to obtain a better characterization of the rock. These tests 
differ in the pore water resistivity:  

Ø In the first test, samples were saturated in tap water (conductivity of 
0.33	𝑚𝑆/𝑐𝑚); 

 

Ø In the second test, samples were saturated in a solution of 0.15	% in 
weight of water and 𝑁𝑎𝐶𝑙	(conductivity of 4	𝑚𝑆/𝑐𝑚); 

 

Ø In the third test, samples were saturated in a solution of 1.5	% in weight 
of water and 𝑁𝑎𝐶𝑙	(conductivity of 32.8	𝑚𝑆/𝑐𝑚); 

 

Ø In the fourth test, samples were saturated in a solution of 3	% in weight 
of water and 𝑁𝑎𝐶𝑙 (conductivity of 50.9	𝑚𝑆/𝑐𝑚); 

In all electrical tests, the conductivity of the solution was calculated by a 
chemical analysis, except for the third test in which the samples were 

saturated with a solution of 1,5	% weight of water. In this case, the electrical 
conductivity of the solution was evaluated by chemical formulation. The 

electrical conductivity of a fluid 𝑆 is a function of the ions nature 𝑙u	[	𝑚𝑆 ∙

𝑚C/𝑚𝑜𝑙] and their concentrations 𝑐u	[𝑚𝑜𝑙/𝐿] such that: 

 𝑆 = 𝑐� ∙ 	 𝑙� 	+ 	𝑐C ∙ 	 𝑙C (3.9) 
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Given that at 25°	𝐶, 𝑙𝑁𝑎+= 5.0	𝑚𝑆 ∙ 𝑚2/𝑚𝑜𝑙 and 𝑙𝐶𝑙−= 7.63	𝑚𝑆 ∙ 𝑚2/𝑚𝑜𝑙, 
performing the computation also for the different concentrations, we obtain 
the following data (Table 3.3). Due the similarity between the empirical and 
theoretical values, we can assume the conductivity approximately equal to 

32.4	𝑚𝑠/𝑐𝑚 for the third test. 

Table 3.3: Electrical resistivity computation 

 𝐍𝐚§𝐂𝐥Ò	𝟎, 𝟏𝟓%	 𝐍𝐚§𝐂𝐥Ò	𝟏, 𝟓%	 𝐍𝐚§𝐂𝐥Ò	𝟑%	

𝐂	[𝐦𝐨𝐥/𝐥] 0.0256	 0.256	 0.513	

𝐒	[𝐦𝐒/𝐜𝐦] 3.24	 32.4	 64.7	

 

The complete chemical analysis is resumed in the following tables (3.4 → 3.7). 

Table 3.4: First electrical test on samples saturated with tap water 

 

Sample 𝑯	 
[𝒎𝒎] 

𝑫	 
[𝒎𝒎] 

𝒓 
[𝛀] 

𝑹𝒓 
[𝛀 ∙ 𝒎] 

𝑪𝟎 
[𝒎𝑺/𝒎] 

𝑪𝒘 
[𝒎𝑺/𝒎] 

𝑹𝒘  
[𝒎] 

𝑭∗ 
[-] 

GA1	 11.25	 38.90	 1843808.0	 194783.5	 0.005	 33.3	 0.03003	 6486	

GA2	 12.10	 38.90	 229632.2	 22554.7	 0.044	 33.3	 0.03003	 751	

GA3	 17.08	 38.91	 343554.7	 23917.8	 0.042	 33.3	 0.03003	 796	

GA4	 12.85	 38.73	 275102.2	 25221.8	 0.040	 33.3	 0.03003	 840	

GA5	 10.80	 38.73	 351364.4	 38328.2	 0.026	 33.3	 0.03003	 1276	

GA6	 15.08	 38.74	 292181.1	 22838.1	 0.044	 33.3	 0.03003	 761	

GA7	 15.35	 38.74	 383254.2	 29429.8	 0.034	 33.3	 0.03003	 980	

GA8	 13.00	 39.72	 706847.3	 67373.7	 0.015	 33.3	 0.03003	 2244	

GB1	 18.74	 38.75	 256109.4	 16117.2	 0.062	 33.3	 0.03003	 537	

GB2	 17.08	 38.62	 246783.7	 16925.6	 0.059	 33.3	 0.03003	 564	

GB3	 17.13	 38.72	 91208.3	 6269.6	 0.160	 33.3	 0.03003	 209	

GB4	 13.89	 38.75	 173163.7	 14702.4	 0.068	 33.3	 0.03003	 490	

GB5	 13.79	 38.75	 167687.5	 14340.7	 0.070	 33.3	 0.03003	 478	

GB6	 15.06	 38.92	 244814.1	 19339.6	 0.052	 33.3	 0.03003	 644	

GB7	 15.14	 38.90	 200166.6	 15712.8	 0.064	 33.3	 0.03003	 523	

GB8	 14.83	 38.90	 290280.4	 23263.0	 0.043	 33.3	 0.03003	 775	

GB9	 15.36	 38.53	 239870.6	 18208.5	 0.055	 33.3	 0.03003	 606	

GB10	 18.33	 38.63	 319864.8	 20452.4	 0.049	 33.3	 0.03003	 681	
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Table 3.5: Second electrical test on samples saturated in a 0.15	% salty solution 

 

Sample 𝑯	 
[𝒎𝒎] 

𝑫	 
[𝒎𝒎] 

𝒓 
[𝛀] 

𝑹𝒓 
[𝛀 ∙ 𝒎] 

𝑪𝟎 
[𝒎𝑺/𝒎] 

𝑪𝒘 
[𝒎𝑺/𝒎] 

𝑹𝒘  
[𝒎] 

𝑭∗ 
[-] 

GA1	 11.25	 38.90	 45476.5	 4804.2	 0.208	 400.0	 0.00250	 1922	

GA2	 12.10	 38.90	 30396.8	 2985.6	 0.335	 400.0	 0.00250	 1194	

GA3	 17.08	 38.91	 40414.1	 2813.6	 0.355	 400.0	 0.00250	 1125	

GA4	 12.85	 38.73	 26678.2	 2445.9	 0.409	 400.0	 0.00250	 978	

GA5	 10.80	 38.73	 20175.7	 2200.8	 0.454	 400.0	 0.00250	 880	

GA6	 15.08	 38.74	 26415.8	 2064.8	 0.484	 400.0	 0.00250	 826	

GA7	 15.35	 38.74	 68548.5	 5263.8	 0.190	 400.0	 0.00250	 2106	

GA8	 13.00	 39.72	 41655.8	 3970.5	 0.252	 400.0	 0.00250	 1588	

GB1	 18.74	 38.75	 24183.6	 1521.9	 0.657	 400.0	 0.00250	 609	

GB2	 17.08	 38.62	 31015.5	 2127.2	 0.470	 400.0	 0.00250	 851	

GB3	 17.13	 38.72	 19061.3	 1310.3	 0.763	 400.0	 0.00250	 524	

GB4	 13.89	 38.75	 21750.5	 1846.7	 0.542	 400.0	 0.00250	 739	

GB5	 13.79	 38.75	 18524.9	 1584.3	 0.631	 400.0	 0.00250	 634	

GB6	 15.06	 38.92	 22964.0	 1814.1	 0.551	 400.0	 0.00250	 726	

GB7	 15.14	 38.90	 21841.2	 1714.5	 0.583	 400.0	 0.00250	 686	

GB8	 14.83	 38.90	 21147.8	 1694.8	 0.590	 400.0	 0.00250	 678	

GB9	 15.36	 38.53	 21754.0	 1651.3	 0.606	 400.0	 0.00250	 661	

GB10	 18.33	 38.63	 24707.0	 1579.8	 0.633	 400.0	 0.00250	 632	
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Table 3.6: Third electrical test on samples saturated in a 1.5	% salty solution 

 

Sample 𝑯	 
[𝒎𝒎] 

𝑫	 
[𝒎𝒎] 

𝒓 
[𝛀] 

𝑹𝒓 
[𝛀 ∙ 𝒎] 

𝑪𝟎 
[𝒎𝑺/𝒎] 

𝑪𝒘 
[𝒎𝑺/𝒎] 

𝑹𝒘  
[𝒎] 

𝑭∗ 
[-] 

GA1	 11.25	 38.90	 7832.7	 827.5	 1.209	 3240.0	 0.00031	 2681	

GA2	 12.10	 38.90	 3698.4	 363.3	 2.753	 3240.0	 0.00031	 1177	

GA3	 17.08	 38.91	 4955.1	 345.0	 2.899	 3240.0	 0.00031	 1118	

GA4	 12.85	 38.73	 4511.5	 413.6	 2.418	 3240.0	 0.00031	 1340	

GA5	 10.80	 38.73	 5452.3	 594.8	 1.681	 3240.0	 0.00031	 1927	

GA6	 15.08	 38.74	 3772.1	 294.8	 3.392	 3240.0	 0.00031	 955	

GA7	 15.35	 38.74	 7573.7	 581.6	 1.719	 3240.0	 0.00031	 1884	

GA8	 13.00	 39.72	 6489.2	 618.5	 1.617	 3240.0	 0.00031	 2004	

GB1	 18.74	 38.75	 3506.7	 220.7	 4.531	 3240.0	 0.00031	 715	

GB2	 17.08	 38.62	 3304.5	 226.6	 4.412	 3240.0	 0.00031	 734	

GB3	 17.13	 38.72	 3141.5	 215.9	 4.631	 3240.0	 0.00031	 700	

GB4	 13.89	 38.75	 4325.0	 367.2	 2.723	 3240.0	 0.00031	 1190	

GB5	 13.79	 38.75	 2617.5	 223.9	 4.467	 3240.0	 0.00031	 725	

GB6	 15.06	 38.92	 2777.5	 219.4	 4.558	 3240.0	 0.00031	 711	

GB7	 15.14	 38.90	 2647.3	 207.8	 4.812	 3240.0	 0.00031	 673	

GB8	 14.83	 38.90	 3310.7	 265.3	 3.769	 3240.0	 0.00031	 860	

GB9	 15.36	 38.53	 3377.6	 256.4	 3.900	 3240.0	 0.00031	 831	

GB10	 18.33	 38.63	 3546.5	 226.8	 4.410	 3240.0	 0.00031	 735	
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Table 3.7: Fourth electrical test on samples saturated in a 3	% salty solution 

 

The formation factor 𝐹∗ is an approximated value because it has been 

calculated neglecting the surface conduction 𝐶". Anyway, it is possible to 
obtain a graph similar to the Figure 3.3 by plotting the pore fluid conductivity 

𝐶w in function of the rock formation conductivity 𝐶¦. The surface conduction 
can be neglected for high values of the pore fluid conductivity and for this 
reason the Archie’s law is reduced to 

 
𝐶¦ =

𝐶w
𝐹  (3.10) 

 

Sample 𝑯	 
[𝒎𝒎] 

𝑫	 
[𝒎𝒎] 

𝒓 
[𝛀] 

𝑹𝒓 
[𝛀 ∙ 𝒎] 

𝑪𝟎 
[𝒎𝑺/𝒎] 

𝑪𝒘 
[𝒎𝑺/𝒎] 

𝑹𝒘  
[𝒎] 

𝑭∗ 
[-] 

GA1	 11.25	 38.90	 3680.3	 388.8	 2.572	 5090.0	 0.00020	 1979	

GA2	 12.10	 38.90	 1520.1	 149.3	 6.698	 5090.0	 0.00020	 760	

GA3	 17.08	 38.91	 2152.7	 149.9	 6.673	 5090.0	 0.00020	 763	

GA4	 12.85	 38.73	 2612.8	 239.5	 4.174	 5090.0	 0.00020	 1219	

GA5	 10.80	 38.73	 1990.2	 217.1	 4.606	 5090.0	 0.00020	 1105	

GA6	 15.08	 38.74	 1621.6	 126.8	 7.889	 5090.0	 0.00020	 645	

GA7	 15.35	 38.74	 3458.8	 265.6	 3.765	 5090.0	 0.00020	 1352	

GA8	 13.00	 39.72	 2685.0	 255.9	 3.907	 5090.0	 0.00020	 1303	

GB1	 18.74	 38.75	 1299.9	 81.8	 12.224	 5090.0	 0.00020	 416	

GB2	 17.08	 38.62	 1498.0	 102.7	 9.734	 5090.0	 0.00020	 523	

GB3	 17.13	 38.72	 1278.2	 87.9	 11.381	 5090.0	 0.00020	 447	

GB4	 13.89	 38.75	 1882.8	 159.9	 6.256	 5090.0	 0.00020	 814	

GB5	 13.79	 38.75	 977.7	 83.6	 11.960	 5090.0	 0.00020	 426	

GB6	 15.06	 38.92	 1186.7	 93.7	 10.668	 5090.0	 0.00020	 477	

GB7	 15.14	 38.90	 1317.9	 103.5	 9.666	 5090.0	 0.00020	 527	

GB8	 14.83	 38.90	 1313.4	 105.3	 9.501	 5090.0	 0.00020	 536	

GB9	 15.36	 38.53	 1768.6	 134.3	 7.449	 5090.0	 0.00020	 683	

GB10	 18.33	 38.63	 1818.8	 116.3	 8.599	 5090.0	 0.00020	 592	
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Figure 3.3: Example of fluid’s and rock’s conductivity relationship (Courtesy of Prof. Violay) 

Therefore, the slope of the plot represents the inverse of the formation factor 

𝐹. On the other hand, when the pore fluid conductivity is low, the surface 

conductivity is dominant and, for this reason, 𝐶" can be defined as the 
intercept with the y-axis. In this way, a good approximation of the formation 
factor and of the surface conductivity have been evaluated, and furthermore 

the cementation index 𝑚 and the tortuosity 𝜏 were computed by the inverse 
formula of the Equation 3.7 and 3.8. The porosity found with the pycnometer 
has been used for the calculations because of the better resolutions, and an 
average value has been utilized for the sample not analysed for the porosity. 
It is evident the quite high value of the tortuosity and also of the cementation 
factor (Table 3.8). This means a great complexity of the electrical flow path, 
typical of granite rocks. In the Figure 3.4 the actual data of formation factor 
have been compared with literature’s ones and they seem to be consistent. 
Furthermore, formation factor values are higher for the rock A and this could 
be due to a greater tortuosity of the microcracks, which could explain why 
they are less accessible by the water particle. 
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Table 3.8: Formation factor, tortuosity and cementation index of the samples 

 

 
Figure 3.4: Formation factor 𝐹 and pycnometer porosity 𝜙 
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Sample 𝑯	 
[𝒎𝒎] 

𝑫	 
[𝒎𝒎] 

𝝓 
[%] 

𝑭 
[-] 

𝑪𝒔 
[𝒎𝑺/𝒎] 

𝒎 
[−] 

𝝉  
[−] 

GA1	 11.25	 38.90	 1.76	 1429	 0.0252	 12.8	 2519	

GA2	 12.10	 38.90	 1.72	 476	 0.0067	 11.4	 817	

GA3	 17.08	 38.91	 1.66	 500	 0.0056	 12.2	 832	

GA4	 12.85	 38.73	 1.67	 1111	 0.0633	 13.8	 1850	

GA5	 10.80	 38.73	 1.84	 625	 0.0213	 10.5	 1152	

GA6	 15.08	 38.74	 1.73	 417	 0.0377	 11.0	 721	

GA7	 15.35	 38.74	 1.73	 909	 0.0198	 12.4	 1573	

GA8	 13.00	 39.72	 1.73	 833	 0.0251	 12.3	 1442	

GB1	 18.74	 38.75	 1.70	 313	 0.0574	 10.8	 532	

GB2	 17.08	 38.62	 1.63	 400	 0.0218	 12.2	 653	

GB3	 17.13	 38.72	 1.60	 357	 0.1047	 12.4	 573	

GB4	 13.89	 38.75	 1.64	 526	 0.025	 12.7	 863	

GB5	 13.79	 38.75	 1.62	 313	 0.0532	 11.9	 506	

GB6	 15.06	 38.92	 1.64	 370	 0.0063	 12.0	 607	

GB7	 15.14	 38.90	 1.64	 385	 0.0165	 12.0	 631	

GB8	 14.83	 38.90	 1.64	 385	 0.0644	 12.0	 631	

GB9	 15.36	 38.53	 1.64	 526	 0.0049	 12.7	 863	

GB10	 18.33	 38.63	 1.64	 588	 0.0461	 12.9	 965	
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3.3 Ultrasonic propagation test 

The ultrasonic propagation test is one of the most important analysis for the 
characterization of the elastic properties of rocks. In fact, it is possible to 

compute fundamental elastic parameters such as Young's modulus 𝐸, 

Poisson's ratio 𝑣, shear modulus 𝐺, bulk modulus 𝐾, P-wave modulus 𝑀, 

Lame’s coefficient 𝜆. The purpose of the test is to identify the time travel 𝛥𝑇 
of the P- and S- ultrasonic waves which pass through the sample, and then to 

compute their velocities. Thus, it is essential to calculate initially the height	𝐻 
of the cylindrical specimen and then to use the following formula for speed: 

 
𝑉 =

𝐻
Δ𝑇 (3.11) 

 
The experiment procedure is very simple, in fact, the cylindrical sample is 
placed between two piezoelectric transducers and an electric pulse is 
converted into a seismic wave by the first piezoelectric transducer and it is 
sent to the specimen. On the other side of the sample, the other piezoelectric 
transducer converts the seismic wave into an electric signal, which is 
displayed on an oscilloscope (Figure 3.5). It is essential to choose adequately 
the wavelength, which should be bigger than grainsize and not too much 

bigger than the sample (usually 1	𝑀𝐻𝑧 of frequency). In the setup there was 

also a 10𝑥 signal amplifier that allowed me to have easier data to analyse. The 

precision of the measurement of the time interval is equal to 10ÒC 
microsecond. Two tests were carried out on the dry specimens because, 
during the first test, the results related to the P- seismic wave velocity were 
too difficult to interpret due to the background noise. On the contrary, during 
the second test, cleaner graphics have been obtained. For this reason, only the 
data obtained during the second analysis are considered. In the Figures 3.6 
and 3.7, it is possible to observe the difference of data noise between the first 
and the second dry test. Finally the ultrasonic propagation test was done also 
for saturated sample in order to identify the variation of the propagation 
velocity (Table 3.9 and 3.10). 
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Figure 3.5: Pulse transmission sketch 

 
Figure 3.6: P wave of the dry GB1 sample (test 1) 

 
Figure 3.7: P wave of the dry GB1 sample (test 2) 
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Table 3.9: Final results of the seismic test on the rock A 

 

Table 3.10: Final results of the seismic test on the rock B 

 

The average propagation velocities of the seismic P- and S-waves are similar 
for the two rock blocks, but not identical. On average, there is a greater 
propagation speed in the B specimens than in the A samples. The difference 
in velocity could be due to a slightly different structure of the rocks, and this 

could be supported by different formation factor 𝐹 of the two rocks. 
Furthermore, it should be recalled that the A samples have also a slightly 

Sample 𝐕𝐩(𝐃𝐫𝐲)	 
[𝐦/𝐬] 

𝐕𝐬(𝐃𝐫𝐲)	 
[𝐦/𝐬] 

𝐕𝐩(𝐒𝐚𝐭	𝟏𝐰)	 
[𝐦/𝐬] 

𝐕𝐬(𝐒𝐚𝐭	𝟏𝐰) 
[𝐦/𝐬] 

𝐕𝐩(𝐒𝐚𝐭	𝟐𝐰)	 
[𝐦/𝐬] 

𝐕𝐬(𝐒𝐚𝐭	𝟐𝐰) 
[𝐦/𝐬] 

GA1	 3430	 2296	 5625	 2961	 5859	 3108	

GA2	 3580	 2101	 5708	 2867	 5874	 3010	

GA3	 3573	 2333	 5405	 2866	 5770	 2945	

GA4	 3278	 2100	 5310	 2907	 5841	 3134	

GA5	 3699	 2379	 5806	 2951	 5870	 2967	

GA6	 3507	 2089	 5756	 3116	 5669	 3195	

GA7	 3473	 2180	 5367	 2822	 5643	 2822	

GA8	 3533	 2338	 5556	 2708	 5752	 2802	

Average 3509	 2227	 5567	 2900	 5785	 2998	

Sample 𝐕𝐩(𝐃𝐫𝐲)	 
[𝐦/𝐬] 

𝐕𝐬(𝐃𝐫𝐲)	 
[𝐦/𝐬] 

𝐕𝐩(𝐒𝐚𝐭	𝟏𝐰)	 
[𝐦/𝐬] 

𝐕𝐬(𝐒𝐚𝐭	𝟏𝐰) 
[𝐦/𝐬] 

𝐕𝐩(𝐒𝐚𝐭	𝟐𝐰)	 
[𝐦/𝐬] 

𝐕𝐬(𝐒𝐚𝐭	𝟐𝐰) 
[𝐦/𝐬] 

GB1	 4021	 2421	 5645	 3023	 5679	 3042	

GB2	 4028	 2271	 5770	 3028	 5849	 3018	

GB3	 4178	 2379	 5672	 2943	 5907	 3027	

GB4	 4159	 2420	 5836	 3186	 5836	 3186	

GB5	 3918	 2353	 5843	 3078	 5843	 3177	

GB6	 4070	 2383	 5837	 2820	 5837	 2953	

GB7	 4092	 2388	 5649	 2957	 5735	 2992	

GB8	 4213	 2447	 5839	 3014	 5885	 3051	

GB9	 3938	 2502	 5408	 2954	 5565	 2920	

GB10	 3917	 2477	 5623	 3076	 5875	 2938	

Average 4053	 2404	 5712	 3008	 5801	 3030	



Chapter 3: Preliminary characterization of granite of Alzo  

 

 

52 

higher porosity, and consequently this could explain the lower seismic waves 
propagation than the B samples (Figure 3.8 and 3.9). On the other hand, 
analysing the results of the seismic wave propagation in saturated specimens, 
it is possible to notice that there is an important increase in velocities in both 
rocks samples and it is important to underline how the difference in speed 
that we had between A and B samples decreases in an important way 
compared to the case of dry samples (Figure 3.10): 

Ø For the P waves velocity, the difference goes from about 500	𝑚/𝑠 to 
150	𝑚/𝑠; 

 

Ø For the S waves velocity, the difference goes from about 180	𝑚/𝑠 to 
100	𝑚/𝑠; 

 
Figure 3.8:	r𝑉0	– 𝑝𝑜𝑟𝑜𝑠𝑖𝑡𝑦s	𝑝𝑙𝑎𝑛𝑒 comparison between saturated samples (1 week), saturated 

samples (2 weeks) and dry samples 
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Figure 3.9:	(𝑉"	– 𝑝𝑜𝑟𝑜𝑠𝑖𝑡𝑦)	𝑝𝑙𝑎𝑛𝑒 comparison between saturated samples (1 week), saturated 

samples (2 weeks) and dry samples 

 
Figure 3.10: r𝑉0	– 𝑉"s	𝑝𝑙𝑎𝑛𝑒 comparison between saturated samples (1 week), saturated samples (2 

weeks) and dry samples 

3.3.1 Seismic data comparison with literature and considerations 

In the drained case, the measured propagation velocity is about 3500 −

4000	𝑚/𝑠 for the P-waves, and 2200 − 2400	𝑚/𝑠 for the S-waves. According 
to existing work [16][17], elastic properties in rocks are strongly affected by 
microcracks naturally present in the rock microstructure. Since P- and S-wave 
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velocities directly depend on the rock elastic constants, consequently they are 
also strongly effected by microcracks. In fact, the typical P- and S-wave 

velocities in literature are of about 6000	𝑚/𝑠 and 3200	𝑚/𝑠 in crack-free 
granites or granites when cracks are closed [19]. In the case study, the 
velocities of the P-waves and of the S-waves are lower than the theoretical 
speed in crack-free granite. In order to confirm this analysis, it is sufficient to 
observe the propagation velocity of the seismic waves in the saturated 

specimens. In fact, these speeds are equal to 5800	𝑚/𝑠 for P-waves and 

3000	𝑚/𝑠	for S-waves, which are very close to those typical of an intact rock. 
This happens because the water present in the microcracks has a 
compressibility module much higher than the air, and when the high 
frequency seismic wave arrives, the water acts like a solid. This is the reason 
why we obtain values close to those of an intact rock, and therefore this 
implies the presence of microcracks within the analysed rock. Then, the next 
goal is to identify two parameters: 

Ø Crack density 𝜌; 

Ø Aspect ratio 𝜀 (relation between the smallest and the biggest radius of 
the microcracks); 

The first is the computation of the bulk modulus	𝐾, of the shear modulus 𝐺 

and of the Poisson’s coefficient 𝜈. The values of the two moduli have been 

evaluated in the dry case (𝐾ok ,𝐺ok ), saturated (𝐾"��, 𝐺"��), and in the ideal 

case without microcracks (𝐾~, 𝐺~) assuming a theoretical P- and S-wave 

velocities of 6000	𝑚/𝑠 and 3200	𝑚/𝑠. The computation has been carried out 
with the relations reported by Adelinet [20]: 

 

𝑉" = ð
𝐺ok 
𝜚 								𝑉0 = ð𝐾 +

4
3𝐺
𝜚 								𝑉0 = ð

3𝐾(1 − 𝜈)
(1 + 𝜈)𝜚  (3.12) 

 
Therefore, a system of three unknowns and three equations can be solved 

identifying a rather high Poisson’s coefficient equal to 𝜈 = 0.3, that proves the 
presence of microcracks in the granite tested. The next step is the 
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determination of the crack density 𝜌 solving one of the following two 
relationships:  

 

⎩
⎪
⎨

⎪
⎧ 𝐾~
𝐾ok 

= 1 + 𝜌
16
9
1 − 𝜈~C

1 − 2𝜈~
																		

𝐺~
𝐺ok 

= 1 + 𝜌
32
45
(5 − 𝜈~)(1 − 𝜈~)

(2 − 𝜈~)

 (3.13) 

 

In the drained case, 𝐾ok  and 𝐺ok  are independent from the aspect ratio 𝜀. 

Then, for a better evaluation of the crack density 𝜌 an average was made 
between the two values identified. Finally, the following equation has been 

used to calculate the epsilon aspect ratio 𝜀: 

 𝐾~
𝐾"��

= 1 + 𝜌
16
9
1 − 𝜈~C

1 − 2𝜈~
�

𝛿¬¯
1 + 𝛿¬¯

� (3.14) 

 

where, 𝛼¬¯ = 𝐾d/𝐾~ stands for the ratio of fluid-to-solid bulk moduli (𝐾d =

2	𝐺𝑃𝑎 for water), 𝛿¬¯ accounts for the fluid compressibility and the 
microcracks geometry characterized by the aspect ratio ε. In the case of an 
oblate spheroid: 

 
𝛿¬¯ =

𝜋𝜀
4

𝐸~
1 − 𝜈~C

�
1 − 𝛼¬¯
𝐾~𝛼¬¯

� (3.15) 

 

where, 𝐸~ is the Young’s modulus of the host medium (𝐸~ = 40	𝐺𝑃𝑎 from 
triaxial test carried out on the same rock). 

The average aspect ratio 𝜀 is 0.05 and 0.049 respectively for the rock block A 
and B (Table 3.11). This means that the microcracks inside the samples are 

almost similar. On the contrary, a greater microcracks density 𝜌 is found in 

the A-samples equal to 0.63%, while 0.38% in the B-samples, and this 
confirms the hypothesis done in the porosity analysis and explains why the 
P- and S-wave velocities are slightly lower in the A-rock then in the B-rock in 
dry conditions. 
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Table 3.11: Results of the microcracks aspect ratio and density investigation 

 

3.4 Triaxial test 

One triaxial test was performed on an intact sample of “granite of Alzo” with 

the aim of detecting the residual friction angle	𝜑k. First, an isotropic 

compression (step 1) was applied until a pressure of	5	𝑀𝑃𝑎 with load control, 
and subsequently only the axial stress was increased until the specimen 
failure (step 2), while the confining pressure was kept constant. The second 
step was done in displacement control in order analyse the post-peak phase. 
After the peak, when the residual strength value was achieved, the confining 

pressure value was increased up to 7	𝑀𝑃𝑎. Then, the same procedure was 

Sample 𝛠	 
[𝐤𝐠/𝐦𝟑] 

𝐆𝐝𝐫𝐲	 
[𝐆𝐏𝐚] 

𝐆𝐬𝐚𝐭	 
[𝐆𝐏𝐚] 

𝐆𝐦 
[𝐆𝐏𝐚] 

𝐊𝐝𝐫𝐲	 
[𝐆𝐏𝐚] 

𝐊𝐬𝐚𝐭	 
[𝐆𝐏𝐚] 

𝐊𝐦	 
[𝐆𝐏𝐚] 

𝛒	 
[%] 

𝛆	 
[−] 

GA1	 2609	 13.8	 25.2	 25.1	 12.4	 56.0	 60.5	 0.68	 0.074	

GA2	 2632	 11.6	 23.8	 25.3	 18.2	 59.0	 61.0	 0.60	 0.028	

GA3	 2603	 14.2	 22.6	 25.0	 14.3	 56.6	 60.3	 0.58	 0.053	

GA4	 2611	 11.5	 25.7	 25.1	 12.7	 54.9	 60.5	 0.76	 0.108	

GA5	 2588	 14.6	 22.8	 24.9	 15.9	 58.8	 60.0	 0.51	 0.014	

GA6	 2620	 11.4	 26.7	 25.2	 17.0	 48.5	 60.7	 0.63	 0.022	

GA7	 2634	 12.5	 21.0	 25.3	 15.1	 55.9	 61.1	 0.64	 0.080	

GA8	 2497	 13.7	 19.6	 24.0	 13.0	 56.5	 57.9	 0.61	 0.021	

GB1	 2607	 15.3	 24.1	 25.1	 21.8	 51.9	 60.4	 0.38	 0.086	

GB2	 2633	 13.6	 24.0	 25.3	 24.6	 58.1	 61.0	 0.41	 0.028	

GB3	 2612	 14.8	 23.9	 25.1	 25.9	 59.2	 60.6	 0.35	 0.011	

GB4	 2621	 15.3	 26.6	 25.2	 24.9	 53.8	 60.8	 0.34	 0.061	

GB5	 2615	 14.5	 26.4	 25.1	 20.8	 54.1	 60.6	 0.42	 0.070	

GB6	 2601	 14.8	 22.7	 25.0	 23.4	 58.4	 60.3	 0.37	 0.017	

GB7	 2611	 14.9	 23.4	 25.1	 23.9	 54.7	 60.5	 0.37	 0.053	

GB8	 2598	 15.6	 24.2	 25.0	 25.4	 57.7	 60.2	 0.33	 0.019	

GB9	 2648	 16.6	 22.6	 25.4	 19.0	 51.9	 61.4	 0.41	 0.102	

GB10	 2633	 16.2	 22.7	 25.3	 18.9	 60.6	 61.1	 0.41	 0.086	
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performed for the confining pressure values of: 10	𝑀𝑃𝑎, 12	𝑀𝑃𝑎, 15.15	𝑀𝑃𝑎 
(Figure 3.11) The test parameters are the following: 

Ø Diameter	𝐷 = 36.75	𝑚𝑚; 

Ø Height 𝐻 = 75.80	𝑚𝑚; 

Ø Cross-sectional surface S = 1060.73	𝑚𝑚C; 

Ø Hydrostatic load velocity (step 1)	= 35	𝑁/𝑠 = 20	𝑀𝑃𝑎/𝑚𝑖𝑛; 

Ø Axial displacement velocity (step 2)	= 0.000758	𝑚𝑚/𝑠; 

 
Figure 3.11: Triaxial test result 

During the residual phase, an axial stress value 𝜎� can be identified for each 

confining pressure 𝜎k (Table 3.12). Then, the stress state have been plotted in 

(𝑡 − 𝑠) deviatoric plane (Figure 3.12). 

 
𝑡 = üýÒüþ

C
     𝑠 = üý§üþ

C
 (3.16) 

 
Table 3.12: Residual phase stress condition 

 

 

 

 

 

𝛔𝐫	[𝐌𝐏𝐚] 𝛔𝐚	[𝐌𝐏𝐚] 

5	 56	

7	 66.5	

10	 83.5	

12	 94.5	

15.15	 111	
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Figure 3.12:	(𝑡 − 𝑠) deviatoric plane 

Finally, the residual friction angle	𝜑k and the cohesion 𝑐 (Table 3.13) can be 
obtained with the following relationship from the equation of the fitting 
function: 

 𝜑k = 𝑎𝑟𝑐𝑠𝑒𝑛(𝑡𝑎𝑛𝛼)  𝑐 = 𝑎/𝑐𝑜𝑠𝜑k (3.17) 

 

where 𝑎 is the value of the y-axis intercepts, and 𝛼 is the slope of the line. 

Table 3.13: Residual friction angle	𝜑k and the cohesion 𝑐 of the rock 

 

3.5 Concluding remarks 

The preliminary analyses led to the conclusion that there is a little difference 
between the two rock blocks, but the variation of the analysed parameters are 
so small that it is reasonable to think that the two rock blocks could have the 
same mechanical behaviour. For this reason, the mechanical characterization 
were carried out initially on the rock of block B, but subsequently also the rock 
block A has been used, after having checked a pretty similar response for both 
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rocks. For this reason, the samples are named only with the letter G and a 
number from this point forward. Furthermore, from the triaxial test it is 
possible to identify the friction angle friction and cohesion of the granite that 
could have been used in the LEM analysis. Since the analysed rock is intact, 
the mechanical parameters are very high and consequently, with a 
conservative approach, it has been chosen to keep using the assumption done 
in the chapter 1. 

 
Figure 3.13: Photo of the specimen after the triaxial test
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Chapter 4 

Fracture toughness investigation 

In this chapter, the fracture toughness of the granite of Alzo is 
investigated. In particular, thermally cracked disc specimens have been tested 
on the mode I fracture toughness response to an increasing, to a constant and 
to cyclic loading, in order to compare the different responses and to compute 
the sub-critical crack growth parameters in different cases. Finally, the mode 
II fracture toughness has been investigated. All the tests were carried out on 
Cracked Chevron Notched Brazilian Disc (CCNBD) rock specimens. 
Summing up, the main features of these four types of tests are: 

Ø First type of test with increasing load until the failure in order to 
analyse the mode I fracture toughness as a function of the degree of 
internal damage due to the different temperature of thermal treatment;  

 

Ø Second type of test with constant load lower than the SUL (obtained in 
the first test) in order to analyse the creep behaviour of the material as 
a function of the applied load, keeping a constant thermal treatment 
and internal damage; 

 
Ø Third type of test with cyclic load in order to investigate the fatigue 

behaviour of the granite of Alzo as a function of the applied load, 
keeping a constant thermal treatment and internal damage and 
comparing the results with the creep ones; 

 

Ø Fourth type of test with increasing load until the failure in order to 
analyse the mode II fracture toughness response. 
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4.1 Sample preparation 

As discussed in the section 2.3, the Cracked Chevron Notched Brazilian Disc 
(CCNBD) specimen has been chosen to carry out the fracture toughness 
investigation.  

4.1.1 Cutting phase 

Therefore, cylindrical samples with a thickness of 30	𝑚𝑚 and a diameter of 

80	𝑚𝑚 were obtained from the original rock block. Subsequently, the chevron 

notch was made with a circular diamond saw with a diameter of 50	𝑚𝑚. Two 
cuts from both sides of the disc and a special designed jig recommended by 
the ISRM [21] was used to ensure that the chevron notched were exactly in the 
centre of the disc (Figure 4.1).  

 
Figure 4.1: Special jig recommended by the ISRM with the circular diamond saw 

4.1.2 Thermal treatment 

After cutting the sample, a thermal treatment was performed by increasing 
the temperature with a rate of 1 °C/min until the attainment of the target 
temperature, in order to avoid an excessive difference between the outside 
and the inside of the sample. Once the desired temperature has been reached, 
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it has been kept constant for one hour, and finally the sample has been left to 
cool down inside the off oven (Figure 4.2). The thermal treatment purpose is 
to emulate the degradation that the rock can may undergo in situ. Indeed, the 
two rock blocks analysed before are pretty intact, while it is reasonable to 
think that the in situ rock formation is degraded in particular along the 
discontinuities. The temperature variation caused microcracks in rock 
because the mineralogical components have a different thermal expansion 
coefficients. For the first type of test, with increasing load until the failure, the 
specimens has been tested in absence of thermal treatment, and also with a 

thermal treatment of 100°𝐶,	200°𝐶,	300°𝐶, and	400°𝐶, in order to analyse the 
decreasing mode I fracture toughness in function of the increasing thermal 

damage. The thermal treatment was stopped before to reach 500°𝐶, close to 

the temperature of 𝛼/𝛽 phase transition in quartz. All the other tests have 
been carried out with a fixed thermal damage, in order to represent the 
unfavourable weathered conditions of the rock mass on site, and it has been 

chosen an average degree of internal damage corresponding to a 200°𝐶 
thermal treatment. 

 
Figure 4.2: CCNBD sample into the oven ready for the thermal treatment 
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4.1.3 Sensors positioning 

 Two radial and two axial strain gauges were positioned close to the crack tips 
in order to investigate the local deformation and to determine where the first 
crack propagation occurred. The crack mouth opening displacement (CMOD) 
was measured, instead, by an extensometer placed on two metal plates glued 
across the notch. The CMOD data are fundamental in order to determinate 
the exact time of the specimen’s failure and also the subcritical crack growth 
parameters. Only for the mode II fracture toughness investigation the CMOD 
and the strain gauges were not placed on the sample because only the force 
applied was needed. 

4.1.4 Acoustic emission’s sensors 

Only for the second type of test with constant load lower than the SUL in 
order to analyse the creep behaviour of the rock, twelve piezoelectric 
transducers have been positioned on the samples, four of them radially, four 
on the upper face and four on the lower face (Figure 4.3). The aim of these 
sensors it to detect the evolution of acoustic emissions during the test, indeed, 
they are elastic waves generated during the crack propagation. 

 
Figure 4.3: CCNBD specimen with all the sensors placed on it (AE sensors, strain gauges and 

extensometer) and ready for the test 
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4.1.5 CCNBD geometry 

According to the ISRM suggestions [21], all the dimensions of the CCNBD 
specimen geometry (Figure 4.4) should be converted into dimensionless 

parameters with respect the radius 𝑅 and diameter 𝐷. 

 

⎩
⎪
⎨

⎪
⎧
𝛼¦ = a¦/𝑅
𝛼� = a�/𝑅
𝛼( = 𝐵/𝑅	
𝛼" = 𝐷"/𝐷
𝛼~ = a*/𝑅

 (4.1) 

 

where D is the diameter, B is the thickness, a¦ is the initial chevron-notched 

crack length, a� is the final chevron-notched crack length, a* is the critical 

crack length, and finally D, is the saw’s diameter. 

 
Figure 4.4: CCNBD specimen’s geometry [15]
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However, due to the plane strain constraint, not all geometries of the CCNBD 
are valid to be used for fracture testing. Studies [13] [14] showed that CCNBD 
geometries must fall within a particular range in order to yield valid fracture 
toughness results. These ranges can also be expressed below:  

 

																

⎩
⎪
⎨

⎪
⎧
𝛼� ≥ 0,4																								
𝛼� ≥ 𝑎(/2																					
𝛼( ≤ 1,04																					
𝛼� ≤ 0,8																								
𝛼( ≥ 1,1729 ∙ 𝛼�

�,////

𝛼( ≥ 0,44																					

 (4.2) 

 
Surveys proved that the CCNBD specimens within the outlined range will 
generate valid fracture toughness values, which are consistent with the results 
obtained by reference tests with the ISRM suggested CB and SR methods. The 
fracture toughness values obtained from the specimens with geometries far 
outside the range vary considerably. Therefore, in order to have a valid 
fracture toughness test, the valid geometry requirements should be strictly 

observed. The initial crack length 𝑎¦ for specimen preparation could be set 

between	(0,2 − 0,3)𝑅. Surveys show that, in order to have a valid test, the 

CCNBD specimen diameter 𝐷 is recommended to be at least 75	𝑚𝑚 unless a 

smaller size has been validated beforehand, furthermore, the diameter 𝐷 
should be related to the size of the largest grain in the rock by the ration of at 

least 10:1. After the test, the geometrical dimension 2𝑎¦ should be measured 
from the broken sample and the result should be considered invalid if the 

crack deviates from symmetrical crack plane more than	0,05𝐷. The Table 4.1 
contains the geometrical data of the samples used in the tests, while in the 
Figure 4.5 the validity of the chosen geometry is respected. 
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Table 4.1: Summary of geometrical data 

 

 
Figure 4.5: ISRM suggested valid geometry for CCNBD specimen’s valid geometry 
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𝐒𝐚𝐦𝐩𝐥𝐞 Test Thermal 
treatment 𝑩	[𝒎𝒎] D [mm] 𝟐𝒂𝟏	[𝒎𝒎] 𝟐𝒂𝟎	[𝒎𝒎] 

G1	 Mode	II	 200°	C	 29.66	 79.60	 49.45	 20.0	

G2	 Mode	II	 200°	C	 30.01	 79.55	 49.24	 23.0	

G4	 Mode	I	 400°	C	 30.65	 79.57	 49.42	 22.0	

G9	 Mode	I	 300°	C	 30.64	 79.56	 48.37	 16.0	

G6	 Mode	I	 200°	C	 30.44	 79.57	 48.96	 19.0	

G7	 Mode	I	 100°	C	 30.87	 79.64	 48.79	 17.0	

G8	 Mode	I	 none	 30.78	 79.58	 48.18	 16.0	

G10	 Mode	I	(creep)	 200°	C	 30.57	 79.52	 48.48	 17.0	

G12	 Mode	I	(creep)	 200°	C	 30.49	 79.55	 48.65	 19.0	

G16	 Mode	I	(creep)	 200°	C	 31.07	 79.49	 48.75	 19.0	

G18	 Mode	I	(creep)	 200°	C	 27.33	 79.72	 49.38	 26.0	

G17	 Mode	I	(cyclic)	 200°	C	 30.68	 79.52	 48.68	 19.0	

G24	 Mode	I	(cyclic)	 200°	C	 30.12	 79.50	 48.94	 21.0	

G36	 Mode	I	(cyclic)	 200°	C	 30.10	 79.62	 48.58	 23.0	
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4.2 Mode I fracture toughness investigation 

The CCNBD specimen is subjected to pure mode I failure when the angle 𝜑 
between the crack line and the loading direction is zero. According to ISRM 
suggestions [21], mode I fracture toughness for the CCNBD specimen can be 
evaluated as: 

 
𝐾?A =

𝑃~��
𝐵√𝑅

𝑌~ui∗  (4.3) 

 

where 𝑃~��	is the maximum load at the failure, 𝑅 is the radius of the disc, 𝐵 is 

the disc’s thickness, and 𝑌~ui∗  is a critical non-dimensional stress intensity 

factor, which depends on the dimensionless parameters 𝛼¦, 𝛼� and 𝛼(, and 
calculated as: 

 𝑌~ui∗ = 𝑓(𝛼¦, 𝛼�, 𝛼() = 𝑢𝑒|<= (4.4) 

 

where 𝑢	and	𝑣 are the constants given by the ISRM recommendation [21] in 

terms of on 𝛼¦ and 𝛼(. 

4.2.1 Mode I fracture toughness with increasing load until failure 

CCNBD samples were axially loaded with a crack inclination angle of zero 

(𝜑 = 0°) to provide a pure mode I loading condition. The tests were carried 
with displacement control until failure and with a displacement rate of 

0.01	𝑚𝑚/𝑠. Five specimens with different internal damage were analysed 
following the ISRM instruction [21] and the final aim is to investigate the 
variation of the mode I fracture toughness in function of the internal damage 
of the rock. The axial load, the axial displacement, the crack mouth opening 
displacement (CMOD), and the radial and axial strain closer the two crack tips 
were continually recorded during the test with an acquisition frequency of 

200	𝐻𝑧. Finally the acoustic emission recording were performed with a 

frequency of 10	𝑀𝐻𝑧 in a continuous way. 
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Figure 4.6: Stress intensity factor in function of the axial displacement for each samples during 

the mode I fracture toughness tests (increasing load) 

 
Figure 4.7: Stress intensity factor in function of the CMOD for each samples during the mode I 

fracture toughness tests (increasing load) 

In the Figures 4.6 and 4.7, it is plotted respectively the axial displacement and 

CMOD in function of the increasing stress intensity factor 𝐾? for each sample 
thermally cracked. The highest point of each curve represents the mode I 

fracture toughness 𝐾?A  of a specific thermal treated specimen. Then, from 
these first two graphs, it is possible to appreciate the reduction of the mode I 
fracture toughness due to the increase of internal damage, and also how the 
failure occurs for similar values of Crack Mouth Opening Displacement 
CMOD. 
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Figure 4.8: 𝐾?/𝐾?A in function of the axial displacement (increasing load tests) 

 
Figure 4.9: 𝐾?/𝐾?A in function of the CMOD (increasing load tests) 

Finally, in the Figures 4.8 and 4.9, the ratio 𝐾?/𝐾?A	is plotted in function 
respectively of the axial displacement and CMOD for each thermally treated 
sample. This helps to investigate any difference in the ultimate axial 
displacement and in the ultimate CMOD, which is almost identical in all the 
specimens at the failure. 
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Figure 4.10: 𝐾?/𝐾?A,CD in function of 𝑉0/𝑉0,CD 

 
Figure 4.11: 𝐾?/𝐾?A,CD in function of the temperature of the thermal treatment 

In the Figure 4.10, the ratio between the fracture toughness of the thermal 

treated sample 𝐾?A  and the intact one 𝐾?A,CD is provided as a function of the 

ratio between the P-waves velocity of the thermal treated sample 𝑉0 and the 

intact one 𝑉0,CD. In the Figure 4.11, instead, it is shown the decrease of the 

fracture toughness in relation to the temperature of the thermal treatment.  

All the main data related to the mode I fracture toughness test with increasing 

load are summarized in the Table 4.2. Furthermore, the 𝐾?A  values obtained 
seem to be consistent because they are very similar to the results of past 
studies [19][22][23][24][25][26].  
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Table 4.2: Summary of the mode I fracture toughness investigation 

 

In the following figures (4.12 → 4.26), the number of acoustic emissions per 

second is plotted in function of the stress intensity factor 𝐾? and of the CMOD. 
It is possible to notice how the number of microcracks increases exponentially 
close to the failure point, and then it decreases progressively after the 
breakage. Furthermore, it is evident that the amount of recorded events tends 
to be lower for the most damaged samples with the thermal treatment. In fact, 
in the damaged samples there is already a high number of microcracks, which 
favours the rupture of the sample. Then, it is reasonable to expect that the 
energy generated by the microcracks is also lower for the damaged samples. 
The number of acoustic events has been calculated by analysing the acoustic 
emission signals filtered with an high threshold value of the energy. Thus, the 
amount of events in the plots is related to quite big crack propagation in the 
rock formation. This choice was necessary in order to avoid the saturation of 
the signal nevertheless all the unfiltered signals will be used in the energetic 
dissipation analysis. 

Sample Thermal 
treatment 𝑷𝒎𝒂𝒙	[𝒌𝑵]  𝑲𝑰𝑪	[𝑴𝑷𝒂√𝒎] 𝑲𝑰𝑪/𝑲𝑰𝑪,𝟐𝟓	[%] 𝑽𝒑	[𝒎/𝒔] 

G4	 400°	C	 4.93	 0.65	 65.6	 2712	

G9	 300°	C	 6.13	 0.77	 77.7	 3127	

G6	 200°	C	 6.09	 0.79	 79.8	 3667	

G7	 100°	C	 7.01	 0.88	 88.9	 3882	

G8	 none	 7.93	 0.99	 100	 3998	
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Figure 4.12: Stress intensity factor evolution coupled with AE of test G8 (no treated) 

 
Figure 4.13: CMOD evolution coupled with AE of test G8 (no treated) 

 
Figure 4.14: Acoustic emission cumulative evolution of test G8 (no treated) 
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Figure 4.15: Stress intensity factor evolution coupled with AE of test G7 (100° C) 

 
Figure 4.16: CMOD evolution coupled with AE of test G7 (100° C) 

 
Figure 4.17: Acoustic emission cumulative evolution of test G7 (100° C) 
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Figure 4.18: Stress intensity factor evolution coupled with AE of test G6 (200° C) 

 
Figure 4.19: CMOD evolution coupled with AE of test G6 (200° C) 

 
Figure 4.20: Acoustic emission cumulative evolution of test G6 (200° C) 
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Figure 4.21: Stress intensity factor evolution coupled with AE of test G9 (300° C) 

 
Figure 4.22: CMOD evolution coupled with AE of test G9 (300° C) 

 
Figure 4.23: Acoustic emission cumulative evolution of test G9 (300° C) 
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Figure 4.24: Stress intensity factor evolution coupled with AE of test G4 (400° C) 

 
Figure 4.25: CMOD evolution coupled with AE of test G4 (400° C) 

 
Figure 4.26: Acoustic emission cumulative evolution of test G4 (400° C) 
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In the following figures (4.27 → 4.31), it is possible to appreciate the samples 
before and after the mode I failure. The fracture propagations are linear 
according to ISRM standards for all the samples. Furthermore, we can see a 
greater tendency to linear propagation of the fracture in the samples thermally 
treated at higher temperatures. Finally, the Figure 4.32 shows the sample G8 
while the test was running and just after the crack propagation . 

  
Figure 4.27: Picture of G8 sample (no thermally treated) before and after the test

 
Figure 4.28: Picture of G7 sample (100° C) before and after the test 

 
Figure 4.29: Picture of G6 sample (200° C) before and after the test 
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Figure 4.30: Picture of G9 sample (300° C) before and after the test 

 
Figure 4.31: Picture of G4 sample (400° C) before and after the test 

 
Figure 4.32: G8 sample during the test and just after the crack propagation 
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4.2.2 Mode I fracture toughness with constant load (creep) 

CCNBD samples were axially loaded with a crack inclination angle of zero 

(𝜑 = 0°) to provide a pure mode I loading condition. Four tests were carried 

out on 200°	𝐶 thermally treated samples in order to investigate the behaviour 
in relation to different values of load. It has been decided to analyse a 
thermally damaged sample, instead of an intact one, in order to identify the 
subcritical crack growth parameters representative of the rock in situ, in fact 
it is plausible to assume that there is degradation of the rock, especially along 
the discontinuity. The specimens were initially loaded until the “target load” 
in such a way to reach it in one minute (loading control), and then the loading 
was kept constant until failure (Figure 4.33). The axial load, the axial 
displacement, the crack mouth opening displacement (CMOD), and the radial 
and axial strain closer the two crack tips were continually recorded during the 

test with an acquisition frequency of 200	𝐻𝑧. Finally the acoustic emission 

recording were performed with a frequency of 10	𝑀𝐻𝑧 in a passive way. 

 
Figure 4.33: Stress intensity factor evolution coupled with AE of test G10 (creep) 

According to the Griffith theory, the failure occurs when the stress intensity 

factor 𝐾? reaches the mode I fracture toughness 𝐾?A , but in these creep tests 

the crack propagation happened for lower 𝐾? value. In this case, we talk about 
subcritical crack growth.  
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Figure 4.34: Comparison of CMOD between the mode I fracture behaviour in the creep tests 

In the Figure 4.34, furthermore, it is possible to observe the same behaviour 

for all the samples: the presence of a well-defined gap in the (K	D − CMOD) plot 
before the sample failure. These gaps are probably due to the propagation in 
different times of the fracture along the superior and inferior side of the 
sample. This probably depends on the different stiffness of the components in 
contact with the rock specimen. Furthermore, the lower the failure load, the 
more this phenomenon is accentuated; in fact, it is not present for the tests 
with stress intensity factor values close to the fracture toughness. Finally, as 
expected, it is possible also to notice how the duration of the creep phase 
increases progressively with the decrease of the applied load. All the main 
data related to the mode I creep test are summarized in the Table 4.3. 

Table 4.3: Summary of the mode I fracture toughness investigation under creep behaviour 

 

 

 

 

 

In the following figures (4.35 → 4.40), the acoustic emissions are plotted in 
function of the CMOD. The behaviour of the samples is very clear: there are 
peaks of acoustic emission in correspondence of the crack propagation. The 

Sample 𝑲𝑰	[𝑴𝑷𝒂√𝒎] 𝑲𝑰/𝑲𝑰𝑪	[%] 
Time 𝟏𝒔𝒕 crack 
propagation [𝒔] 

G18	 0.73	 92	 120	

G10	 0,69	 87	 230	

G16	 0,58	 73	 622	

G12	 0,54	 68	 700	
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recording of acoustic emission wan not possible for the test G18 due to the 
upgrading of the recorder machine. Finally, it is evident that the overall 
number of acoustic emissions recorded becomes bigger with the increasing 
duration of the test. 

 
Figure 4.35: CMOD evolution coupled with AE of test G10 (creep) 

 
Figure 4.36: Acoustic emission cumulative evolution of test G10 (creep) 
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Figure 4.37: CMOD evolution coupled with AE of test G16 (creep) 

 
Figure 4.38: Acoustic emission cumulative evolution of test G16 (creep) 
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Figure 4.39: CMOD evolution coupled with AE of test G12 (creep) 

 
Figure 4.40: Acoustic emission cumulative evolution of test G12 (creep) 
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4.2.3 Mode I fracture toughness with cyclic load (fatigue) 

CCNBD samples were axially loaded with a crack inclination angle of zero 

(𝜑 = 0°) to provide a pure mode I loading condition. Three tests were carried 

out on 200°	𝐶 thermally treated samples in order to investigate the behaviour 
in relation to different values of load. It has been decided to analyse a 
thermally damaged sample, instead of an intact one, in order to identify the 
subcritical crack growth parameters representative of the rock in situ, in fact 
it is plausible to assume that there is a degradation of the rock, especially 
along the discontinuity. The specimens were initially loaded with a rate of 

0.1	𝑘𝑁/𝑠 until the “average load” (loading control), and then the a cyclic load 

was applied with a total amplitude of 2.2	𝑘𝑁 and a frequency of 1	𝐻𝑧 until 
failure (Figure 4.41). The axial load, the axial displacement, the crack mouth 
opening displacement (CMOD), and the radial and axial strain closer the two 
crack tips were continually recorded during the test with an acquisition 

frequency of 200	𝐻𝑧.  

 
Figure 4.41: 𝐾?/𝐾?A evolution of test G36 (cyclic) 

In the following figures (4.42 → 4.48), the three experiments are reported and 
it is possible to notice how the CMOD rate increases when the cyclic load is 
applied. In the first two tests a well-defined failure of the samples can be 
observed while, in the third test (G24), the breakage mechanism starts to be 
very slow and progressive. All the main data related to the mode I creep test 

are summarized in the Table 4.4, where 𝐾?,~�� represents the fracture 
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toughness at the maximum peak of the cyclic load, 𝐾?,~ui the fracture 

toughness at the minimum peak of the cyclic load and 𝐾?,�|� is the average 

fracture toughness applied on the sample. 

Table 4.4: Summary of the mode I fracture toughness investigation under cyclic load 

 

 
 
 
 

 
Figure 4.42: CMOD evolution of test G36 (cyclic) 

 
Figure 4.43: 𝐾?/𝐾?A in function of the CMOD of test G36 (cyclic) 

Sample 𝑲𝑰,𝒎𝒂𝒙/𝑲𝑰𝑪 
[%] 

𝑲𝑰,𝒂𝒗𝒈/𝑲𝑰𝑪 
[%] 

𝑲𝑰,𝒎𝒊𝒏/𝑲𝑰𝑪 
[%] 

Time of 
failure [𝒔] 

G36	 90	 72	 54	 110	

G17	 87	 69.5	 52	 340	

G24	 81.5	 63.5	 45.5	 1500	
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Figure 4.44: CMOD evolution of test G17 (cyclic) 

 
Figure 4.45:	𝐾?/𝐾?A in function of the CMOD of test G17 (cyclic) 
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Figure 4.46: CMOD evolution of test G24 (cyclic) 

 
Figure 4.47: Detail of the first crack propagation in the CMOD evolution of test G24 (cyclic) 

 
Figure 4.48:	𝐾?/𝐾?A in function of the CMOD of test G24 (cyclic) 
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The comparison between the static and cyclic tests is also very interesting. In 
the Table 4.5, a comparison between these two types of test has been done 
considering the maximum stress intensity factor 𝐾?,~�� applied during the 
tests. The specimen’s failure occurs almost at the same moment for the highest 
percentage of loading, while the more the force applied decreases, the more 
there is difference between the tests. In particular, the creep test results more 
damaging for the rock than the cyclic test: the G16 samples failure occurs in 

620	𝑠 with a percentage of 73.5	% of fracture toughness applied, while, in the 

sample G24, it occurs in 1500	𝑠 with an higher percentage of fracture 
toughness applied. 

Table 4.5: Comparison between creep and cyclic tests based on 𝐾?,~��  

 

In the Table 4.6, instead, the comparison has been done considering the 
average stress intensity factor 𝐾?,�|� applied during the tests. For example, this 
could be the case of a cyclic thermal load which overlaps the pre-existing 
stress state. In this case the failure is reached much faster in the cyclic tests, 

indeed, the G16 samples failure occurs in 620	𝑠 while, in the sample G36, it 

occurs in 110	𝑠. 

Table 4.6: Comparison between creep and cyclic tests based on 𝐾?,�|� 

  

Creep tests Cyclic tests 

Sample 𝑲𝑰/𝑲𝑰𝑪 
[%] 

Time of 
failure [𝒔] Sample 𝑲𝑰,𝒎𝒂𝒙/𝑲𝑰𝑪 

[%] 
Time of 

failure [𝒔] 

G18	 92	 120	 G36	 90	 110	

G10	 86.5	 230	 G17	 87	 340	

G16	 73.5	 620	 G24	 81.5	 1500	

Creep tests Cyclic tests 

Sample 𝑲𝑰/𝑲𝑰𝑪 
[%] 

Time of 
failure [𝒔] Sample 𝑲𝑰,𝒂𝒗𝒈/𝑲𝑰𝑪 

[%] 
Time of 

failure [𝒔] 

G18	 92	 120	 G36	 72	 110	

G10	 86.5	 230	 G17	 69.5	 340	

G16	 73.5	 620	 G24	 63.5	 1500	
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4.3 Mode II fracture toughness investigation 

The mode II fracture toughness for the CCNBD specimen can be evaluated 
from: 

 

𝐾??A =
𝑃~��
√𝜋𝑅𝐵

J
𝑎
𝑅ð

𝑎� − 𝑎¦
𝑎 − 𝑎¦

𝑁??(𝑎/𝑅) (4.5) 

 

where the mode II geometry factor	𝑁?? is a function of the non-dimensional 

crack length ratio (𝑎/𝑅), where 𝑅 is the radius and a is the initial chevron-

notched crack length. The crack inclination angle 𝜑 corresponding to pure 

mode II depends also on 𝑎/𝑅. The Table 4.7 shows the values of 𝑁?? and 𝜑 for 
the CCNBD specimen derived from previous numerical and analytical 
analysis [22].  

Table 4.7: Values of φ and NII for different crack length ratios 𝑎/𝑅 in the CCNBD specimen 

 

Following the values indicated in the Table 4.7, two mode II fracture 
toughness tests were performed on samples G1 and G2, which were tilted of 

24.7° and 24.2° with respect to the vertical loading axis. The tests were carried 
with displacement control until failure and with a displacement rate of 

0.01	𝑚𝑚/𝑠. The axial load, the axial displacement, the crack mouth opening 
displacement (CMOD), and the radial and axial strain closer the two crack tips 
were continually recorded during the test with an acquisition frequency of 

200	𝐻𝑧. The samples have been thermally treated at 200 ° C in order to have 
the most consistent parameters possible in order to emulate the rock 
degradation in situ. During the two tests, although the geometries of the 
samples were not identical, I obtained an almost identical mode II fracture 
toughness which is higher than the mode I value, as expected. The final results 
are rather low compared to the values of the literature [22][23][24], but it has 

𝒂/𝑹	[−] 0.1 0.2 0.3 0.4 0.5 0.6 

𝝋	[°]	 29.6	 28.7	 27.2	 25.4	 23.3	 21.3	

𝑵𝑰𝑰	[−]	 1.764	 1.804	 1.865	 1.992	 2.184	 2.481	
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to be considered that the test was performed on thermally treated samples. 
The results are shown in the Table 4.8. 

Table 4.8: Geometrical and mechanical parameters of mode II fracture toughness test 

 

 
Figure 4.49: G1 sample during the mode II fracture toughness test 

 
Figure 4.50: Picture of the G1 sample after the failure with a tilted crack propagation

Sample 𝒂	[𝒎𝒎] 𝑹	[𝒎𝒎] 𝒂/𝑹	[−] 𝝋	[°] 𝐍𝐈𝐈	[−] 
𝐊𝐈𝐈𝐂	

[𝑴𝑷𝒂	√𝒎] 

G1	 17.4	 39.9	 0.435	 24.7	 2.059	 1.158	

G2	 18.1	 39.8	 0.454	 24.2	 2.096	 1.146	
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Chapter 5 

Subcritical crack growth 

Subcritical crack growth is time-dependent crack growth at a value of 
stress intensity factor that may be lower than the critical value of the fracture 

toughness 𝐾?A . Subcritical crack growth is an important way to evaluate the 
long- term stability problems of structures in rocks and it can be described by 
a relationship between the stress intensity factor and the crack velocity. 
According to the subcritical crack growth velocities, they were calculated 
through the derivative of the crack mouth opening displacement (CMOD) 
starting from the beginning of the creep phase until the reaching the first crack 
propagation. The lowest values were approximated to the nearest integer 
value. The results of the subcritical crack growth velocities is reported in the 
Table 5.1 and it has been done only for the creep test. 

Table 5.1: Subcritical crack growth velocity computed from the creep tests 

 

 

 

 

 

  

Sample Thermal 
treatment 

𝑲𝑰/𝑲𝑰𝑪 
[%] 

Subcritical crack 
growth velocity 

[𝒎𝒎/𝒔] 

G18	 200°	C	 92	 5 ∙ 10Ò�	

G10	 200°	C	 87	 8 ∙ 10ÒD	

G16	 200°	C	 73.5	 3 ∙ 10ÒD	

G12	 200°	C	 68	 5 ∙ 10Ò/	
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5.1 Investigation for 𝟐𝟎𝟎°	𝑪 thermally treated granite 

Under static loads, due to stress corrosion by an environment agent, crack 
velocity is often characterized by the Charles power-law [11]: 

 
𝑣 = 𝑣¦𝑒

¨Ò M
N±©𝐾?i (5.1) 

 

where,	𝑣 is the crack propagation velocity,	𝑣¦ and 𝑛 are constants, 𝐻 is the 

activation enthalpy,	𝑅 is the gas constant, 𝑇 is the absolute temperature, and 

𝐾? is the mode I stress intensity factor. In many studies [27][28][29], it is shown 
that the equation 5.1 can be reduced as: 

 
𝑣 = 𝐴∗𝐾?i = 𝐴 �

𝐾?
𝐾?A

�
i

 (5.2) 

 

where, 𝐴 and 𝑛 are subcritical crack growth parameters, and 𝐾?A  is the mode 

I fracture toughness. Sometimes 𝑛 is also called the subcritical crack growth 
index, and it is a function of the internal damage of the rock (Figure 5.1), while 

𝐴 represents the crack propagation velocity when the stress intensity factor 𝐾? 

is equal to the mode I fracture toughness 𝐾?A  [30]. By using the logarithm rules 
the following formula is derived: 

 
log(𝑣) = log(𝐴) + 𝑛𝑙𝑜𝑔 �

𝐾?
𝐾?A

� (5.3) 

 

The crack propagation velocity 𝑣 has been already calculated for each 𝐾?/𝐾?A  

ratio, then it is sufficient to plot 𝑙𝑜𝑔(𝐾?/𝐾?A) along the x-axis and log(𝑣) along 
the y-axis (Figure 5.2). In this way, through the points’ interpolation, the slope 

of the graph obtained represents the parameter 𝑛, while he parameter 𝐴 is the 
intercept with the y-axis. 
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Figure 5.1: Subcritical fracture growth patterns [29] 

 
Figure 5.2: Subcritical crack growth parameters determination for creep tests 

From the Figure 5.1, 𝑛 is 13.2 while 𝐴 is equal to 1 ∙ 10ÒO	𝑚𝑚/𝑠. The value 𝑛 is 
rather low if compare with the literature [30][31], but it is necessary to 
consider that these parameters are referred to a thermally treated granite, 

therefore it is reasonable to expect a lower parameters 𝑛 than an intact granite. 
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5.2 Investigation for different thermally treated granites 

In the chapter 5.1, the subcritical crack growth parameters of the 200°𝐶 
thermally treated granite have been computed through the analysis of the four 
creep tests. Then, we searched for a way to calculate these parameters only 

with one test. For this reason, two more tests on 200°	𝐶 samples (G3 and G23) 
have been performed by applying different increasing loads. The loads have 

been kept constant for 90	𝑠 in order to give time to the sample to creep, in fact, 
in the previous tests the minimum value of the subcritical crack velocity was 

often reached after about 50	𝑠 from the application of the load. Then, the load 

has been increased with a rate of 0.1	𝑘𝑁/𝑠 (Figure 5.3 and 5.5). The plan of the 
two tests is summarized in the Tables 5.2 and 5.3. 

Table 5.2: Loading path for the test on G3 

 

Step Control Time [𝒔] Initial load 
[𝒌𝑵] 

Final load 
[𝒌𝑵] 

𝑲𝑰/𝑲𝑰𝑪 
[%] 

1	 Load	 31	 0	 3.1 - 

2	 Load	 90	 3.1	 3.1 55 

3	 Load	 3	 3.1	 3.4 - 

4	 Load	 90	 3.4	 3.4 60 

5	 Load	 3	 3.4	 3.7 - 

6	 Load	 90	 3.7	 3.7 65.5 

7	 Load	 3	 3.7	 4 - 

8	 Load	 90	 4	 4 71 

9	 Load	 3	 4	 4.3 - 

10	 Load	 90	 4.3	 4.3 76 

11	 Load	 3	 4.3	 4.6 - 

12	 Load	 90	 4.6	 4.6 81.5 

13	 Load	 3	 4.6	 4.9 - 

14	 Load	 90	 4.9	 4.9 87 

15	 Load	 3	 4.9	 5.2 - 

16	 Load	 90	 5.2	 5.2 92 
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Table 5.3: Loading path for the test on G23 

 

The failure of the sample G3 occurred at the step 9, while for the sample G23 

it happened only at the end of the last step. In the following figures (5.3 → 5.6), 

the ratio 𝐾?/𝐾?A  and the CMOD are plotted in function of the time, and they 

are referred only to the firsts 9 steps for the sample G3.  

The final aim of these tests is to compute the subcritical crack growth velocity 

𝑣 for each ratio 𝐾?/𝐾?A  through the derivative of the crack mouth opening 
displacement (CMOD). In this way a large number of points can be plotted on 

the plane 𝑙𝑜𝑔(𝐾?/𝐾?A	) − log	(𝑣) only with one test. Hence, it is possible to 
evaluate the subcritical crack growth parameters as described in the section 5.1 

Step Control Time [𝒔] Initial load 
[𝒌𝑵] 

Final load 
[𝒌𝑵] 

𝑲𝑰/𝑲𝑰𝑪 
[%] 

1	 Load	 44	 0	 4.4 - 

2	 Load	 90	 4.4	 4.4 71 

3	 Load	 3	 4.4	 4.7 - 

4	 Load	 90	 4.7	 4.7 75.5 

5	 Load	 3	 4.7	 5 - 

6	 Load	 90	 5	 5 80.5 

7	 Load	 3	 5	 5.3 - 

8	 Load	 90	 5.3	 5.3 85 

9	 Load	 3	 5.3	 5.6 - 

10	 Load	 90	 5.6	 5.6 90 
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Figure 5.3: 𝐾?/𝐾?A evolution of test G3 

 
Figure 5.4: CMOD evolution of test G3 
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Figure 5.5:	𝐾?/𝐾?A evolution of test G23 

 
Figure 5.6: CMOD evolution of test G23 

In the Tables 5.4 and 5.5, the subcritical crack growth velocity 𝑣 are reported 

for each ratio 𝐾?/𝐾?A , while the subcritical crack growth parameters are 
analysed in the Figures 5.7 and 5.8. 
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Table 5.4: Subcritical crack growth velocity computation for G3 sample 

 

 

 

 

 

 

 
Figure 5.7: Subcritical crack growth parameters determination for sample G3 

Table 5.5: Subcritical crack growth velocity computation for G23 sample 
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Step 𝑲𝑰/𝑲𝑰𝑪 
[%] 

Subcritical crack 
growth velocity 

[𝒎𝒎/𝒔] 

2	 55	 1 ∙ 10Ò/	

4	 60	 3 ∙ 10Ò/	

6	 65.5	 7.5 ∙ 10Ò/	

8	 71	 3.5 ∙ 10ÒD	

Step 𝑲𝑰/𝑲𝑰𝑪 
[%] 

Subcritical crack 
growth velocity 

[𝒎𝒎/𝒔] 

2	 71	 1.25 ∙ 10ÒD	

4	 75.5	 2.5 ∙ 10ÒD	

6	 80.5	 4 ∙ 10ÒD	

8	 85	 7 ∙ 10ÒD	

10	 90	 3 ∙ 10Ò�	



Chapter 5: Subcritical crack growth 

 

 

99 

 
Figure 5.8: Subcritical crack growth parameters determination for sample G23 

The consistency of these tests can be demonstrated through the comparison 
of the subcritical crack growth parameters (Table 5.6). The differences 
between the values obtained are very small and this confirms the possibility 
of carrying out this type of experiment for the calculation of the subcritical 
parameters for different thermally treated samples. Finally, in the Figure 5.9 
all the points, calculated throughout all the tests, show a well-defined 
trendline. Thus, the next goal will be to analyse: 

Ø 100°C thermally treated; 
 

Ø 300°C thermally treated; 
 

Ø 400°C thermally treated; 
 

Table 5.6: Comparison of subcritical crack growth parameters for 200°	𝐶 treated samples  
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 Creep tests G3 G23 

𝒏	[−]	 13.2	 13.5	 12.4	

𝑨	[𝒎𝒎/𝒔]	 1 ∙ 10ÒO	 3 ∙ 10ÒO	 8 ∙ 10Ò�	
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Figure 5.9: Comparison between subcritical crack growth parameters 

5.2.1 𝟏𝟎𝟎°	𝑪 thermally treated sample (G32) 

The sample G32 has been tested according to the schedule shown in the Table 

5.7, leaving the sample deforming for creep 115	𝑠. The failure occurred after 

the step 12 (Figure 5.10 and 5.11), and the subcritical crack growth was visible 

only during the steps 10 and 12 (Table 5.8) that means only two points for the 
determination of the subcritical crack growth parameters (Figure 5.12). 

Table 5.7: Loading path for the test on G32 
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Step Control Time [𝒔] Initial load 
[𝒌𝑵] 

Final load 
[𝒌𝑵] 

𝑲𝑰/𝑲𝑰𝑪 
[%] 

1	 Load	 46	 0	 4.6 - 

2	 Load	 115	 4.6	 4.6 65 

3	 Load	 4	 4.6	 5 - 

4	 Load	 115	 5	 5 70,5 

5	 Load	 4	 5	 5.4  - 

6	 Load	 115	 5.4	 5.4 76 

7	 Load	 4	 5.4	 5.8 - 

8	 Load	 115	 5.8	 5.8 82 

9	 Load	 4	 5.8	 6.2 - 

10	 Load	 115	 6.2	 6.2 87,5 

11	 Load	 4	 6.2	 6.6	 -	

12	 Load	 115	 6.6	 6.6	 93	
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Figure 5.10: 𝐾?/𝐾?A evolution of test G32 

 
Figure 5.11: CMOD evolution of test G32 

Table 5.8: Subcritical crack growth velocity computation for G32 sample 

 

 

 

 

Step 𝑲𝑰/𝑲𝑰𝑪 
[%] 

Subcritical crack 
growth velocity 

[𝒎𝒎/𝒔] 

10	 87.5	 1.5 ∙ 10ÒD	

12	 93	 4.5 ∙ 10ÒD	
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Figure 5.12: Subcritical crack growth parameters determination for sample G32 

From the Figure 5.12, 𝑛 is 18 while 𝐴 is equal to 1.5 ∙ 10Ò�	𝑚𝑚/𝑠. 

5.2.2 𝟑𝟎𝟎°	𝑪 thermally treated sample (G31) 

The sample G31 has been tested according to the schedule shown in the Table 

5.9, leaving the sample deforming for creep 75	𝑠. The failure occurred after 

the step 8 (Figure 5.13 and 5.14), and the subcritical crack growth was 

analysed during the steps 2, 4, 6 and 8 (Table 5.10) that means four points for 
the determination of the subcritical crack growth parameters (Figure 5.15). 

Table 5.9: Loading path for the test on G31 
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Step Control Time [𝒔] Initial load 
[𝒌𝑵] 

Final load 
[𝒌𝑵] 

𝑲𝑰/𝑲𝑰𝑪 
[%] 

1	 Load	 35	 0	 3.5 - 

2	 Load	 75	 3.5	 3.5 59 

3	 Load	 3	 3.5	 3.8 - 

4	 Load	 75	 3.8	 3.8 64 

5	 Load	 3	 3.8	 4.1 - 

6	 Load	 75	 4.1	 4.1 69 

7	 Load	 4	 4.1	 4.5 - 

8	 Load	 75	 4.5	 4.5 76 
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Figure 5.13:	𝐾?/𝐾?A evolution of test G31 

 
Figure 5.14: CMOD evolution of test G31 

Table 5.10: Subcritical crack growth velocity computation for G31 sample 

 

 

 

Step 𝑲𝑰/𝑲𝑰𝑪 
[%] 

Subcritical crack 
growth velocity 

[𝒎𝒎/𝒔] 

2	 59	 2 ∙ 10ÒD	

4	 64	 4 ∙ 10ÒD	

6	 69	 7 ∙ 10ÒD	

8	 76	 2 ∙ 10Ò�	
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Figure 5.15: Subcritical crack growth parameters determination for sample G31 

From the Figure 5.15, 𝑛 is 9 while 𝐴 is equal to 2 ∙ 10ÒO	𝑚𝑚/𝑠.  

5.2.2 𝟒𝟎𝟎°	𝑪 thermally treated sample (G30) 

The sample G30 has been tested according to the schedule shown in the Table 

5.11, leaving the sample deforming for creep 60	𝑠. The failure occurred after 

the step 10 (Figure 5.16 and 5.17), and the subcritical crack growth was 

analysed during the steps 2, 4, 6, 8 and 10 (Table 5.12) that means five points 
for the determination of the subcritical crack growth parameters (Figure 5.18). 

Table 5.11: Loading path for the test on G30 
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Step Control Time [𝒔] Initial load 
[𝒌𝑵] 

Final load 
[𝒌𝑵] 

𝑲𝑰/𝑲𝑰𝑪 
[%] 

1	 Load	 31	 0	 3.1 - 

2	 Load	 60	 3.1	 3.1 60.5 

3	 Load	 3	 3.1	 3.4 - 

4	 Load	 60	 3.4	 3.4 66 

5	 Load	 3	 3.4	 3.7 - 

6	 Load	 60	 3.7	 3.7 72 

7	 Load	 3	 3.7	 4 - 

8	 Load	 60	 4	 4 78 

9	 Load	 3	 4	 4.3	 -	

10	 Load	 60	 4.3	 4.3	 84	
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Figure 5.16:	𝐾?/𝐾?A evolution of test G30 

 
Figure 5.17: CMOD evolution of test G30 

Table 5.12: Subcritical crack growth velocity computation for G30 sample 

 

 

 

 

Step 𝑲𝑰/𝑲𝑰𝑪 
[%] 

Subcritical crack 
growth velocity 

[𝒎𝒎/𝒔] 

2	 60.5	 5.510ÒD	

4	 66	 8.5 ∙ 10ÒD	

6	 72	 2 ∙ 10Ò�	

8	 78	 4 ∙ 10Ò�	

10	 84	 5.5 ∙ 10Ò�	
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Figure 5.18: Subcritical crack growth parameters determination for sample G30 

From the Figure 5.18, 𝑛 is 7.5 while 𝐴 is equal to 2 ∙ 10ÒO	𝑚𝑚/𝑠.  

5.3 Concluding remarks 

The data obtained seem to be very consistent. In fact, as expected, the internal 

damage index 𝑛 progressively decreases to increasing the temperature of the 

thermal treatment (Table 5.13). The velocity 𝐴, instead, is almost constant for 
all the samples which could mean that it is not a function of the internal 
damage. Finally, in the Figure 5.19 the difference between the tested specimen 
are clearly visible, recalling that the slope of the lines is related to the 

parameter 𝑛. 

Table 5.13: Comparison between subcritical crack growth parameters 
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Figure 5.19: Summary of all the thermally treated sample about the subcritical crack growth
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Chapter 6 

Fracture mechanism application 
to the LEM analysis 

In this chapter the fracture mechanism approach (equation 2.6), described 
in the section 2.2, is embedded in the limit equilibrium method used in the 
first chapter to compute the safety factor of the “Madonna del Sasso” unstable 
rock mass. In this way, then, it is possible to evaluate the time-dependent 
reduction in the rock bridge width, and therefore to study the safety factor’s 
variation over the time.  

 

𝑎(𝑡) = ¥𝑎¦
�§iC − ¨1 +

𝑛
2© 𝐴𝑡 ¥

2𝑤(𝜏 − 𝜎i𝑡𝑎𝑛𝜑)
𝐾??A√𝜋

ª
i

ª
�/(C§i)

 (6.1) 

 

6.1 Problem’s assumptions 

The first aspect which must be considered in a stability analysis is the level of 
degradation of the rock along the discontinuity. In fact, the majority of tests 

has been done on 200°𝐶 thermally treated samples, because we supposed that 
it could be a reasonable degree of internal damage existing along the joints. 
Therefore, the subcritical crack growth parameters and the mode II fracture 

toughness are referred to the 200°𝐶 thermally treated samples. 

According to the second assumption, only the stability of sector A is carried 

out with an initial persistence value of 99% and rock bridge is assumed in the 
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middle of the discontinuity (Figure 6.1). Thus, the parameter 2𝑤 is equal to 

40.6	𝑚 and 2𝑎 is 0.4	𝑚, by considering the geometry of the sector A.  

 
Figure 6.1: Fracture mechanics models, a) single rock bridge under far field normal and shear 

stresses, b) multiple rock bridges under far field normal and shear stresses [10] 

Finally, the last assumption is related to the stress at the level of the 
discontinuity. The only force considered in the analysis is the weight of the 

rock mass, in order to simplify the study. In this way, the normal stress 𝜎i and 

the shear stress 𝜏 can be computed by decomposing the weight force along 
the two directions. 

6.2 Analysis result 

The Figure 6.2 shows the decrease of the safety factor 𝐹" over the time in 

function of the rock bridge reduction. At the beginning, as expected, the 𝐹" is 

about equal to 4, that is the same value computed in the classical LEM 

analysis. In the first 150 years, it decreases very slowly reaching the value 3.5, 

but after about 180 years the decline is much more rapid. The safety factor 

reaches the critical value 1 after 193 years. 
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Figure 6.2: Reduction of the Safety factor over the years with n=13 

6.3 Limits of the analysis 

The fracture mechanism application used for the prediction of progressive 
rock bridge reduction appears to be rather sensitive to the input parameters 
such as the stress field and the subcritical crack growth parameters. This is an 
important limitation for the practical application of this method because to 
know the stress state inside a rock mass is very complex. Furthermore, the 

determination of parameters 𝐴 and 𝑛 might show large variability due to 
heterogeneous behaviour of rock samples. In fact, in order to better 
understand the model, some parametric analyses have been performed. 

Figure 6.3 shows the influence of the index of internal damage 𝑛, that has been 

set at 15 rather than 13. We could expect a minimal difference in behaviour 
compared to the previous case but, on the contrary, the differences are 
relevant. The failure of the unstable rock mass is expected only after 

350	years, about 160 years later than in the previous case. Finally, the 
subcritical crack growth parameters have been investigated at the laboratory 
scale, but they have been used for a large scale analysis. In slope stability 
problems, to neglect the scale effect represents a big limit for a valid prediction 
of the safety factor. Therefore, it appears that this approach still needs to be 
improved before being considered reliable for big scale application on rock 
slope stability. Nevertheless it is important to note the progressive decrease 
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of the safety factor over the time which suggests the importance of in-site 
monitoring also in areas which nowadays could be considered safe. 

 

 
Figure 6.3: Reduction of the Safety factor over the years with n=15
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Chapter 7 

Conclusions and perspectives 

The study of stability and prediction of the behaviour of an unstable rock 
mass represents one of the most difficult problems in the engineering field. Its 
complexity is linked to the difficult identification of the mechanical 
parameters to be used in the numerical analysis, and to the high variability of 
external factors such as air temperature variation, presence and evaluation of 
water pressure, seismic events, rock degradation.  

In the chapter 1, the stability analysis of the cliff of “Madonna del Sasso” has 
been carried out with the Limit Equilibrium Method (LEM) which is one of 
the most used approach in the geotechnical field for the evaluation of rock 
slope stability. In the LEM analysis the rock mass is considered as rigid body, 
and the presence of discontinuities is taken into account by choosing strength 
parameters lower than the those characteristic of the rock material. However, 
this continuum assumption leads to ignore the effect of the crack tip stress 
concentrations. Furthermore, another limits of the LEM analysis is the 
impossibility of considering an evolution over time of the rock’s mechanical 
parameters. Indeed, the area where the rock formation mostly degrade is 
concentrated at the joints and, if discontinuities are filled with a material that 
is weaker than the surrounding intact rock, this material might exhibit ductile 
creep behaviour under shear loading.  

For this reason, in the chapter 2, the facture mechanism approach developed 
by J. Kemeny has been proposed in order to overcame the LEM limits. 
According to his study, the effects of degradation of rock joint can be 
evaluated through a time-dependent reduction of rock bridge along the 
discontinuity, due to the subcritical crack growth. Then, the application of this 
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approach to the LEM analysis can allow to evaluate not only the influence of 
the existing openings, but also the evolution over time of the rock’s 
mechanical parameters due to rock degradation.  

After a preliminary analysis in the chapter 3, several laboratory experiments 
have been carried out on the granitic CCNBD specimens in the chapter 4, in 
order to investigate the subcritical crack growth parameters, the mode I and 
mode II fracture toughness. The fracture propagation has been investigated 
under three types of load: increasing until the failure, creep and cyclic. 
Furthermore, the samples have been thermally treated at different 
temperatures in order to emulate the degradation that the rock can may 
undergo in situ. Initially, different thermally treated CCNBD specimens have 
been tested under an increasing load, in order to analyse the mode I fracture 
toughness as a function of the degree of internal damage and, as expected, a 
clear decrease of the fracture toughness can be noticed in relation to the 

increasing temperature of the thermal treatment (𝐾?A  is equal to 0.99	𝑀𝑃𝑎√𝑚 

for the not treated sample, instead it is 0.65	𝑀𝑃𝑎√𝑚 for the 400°	𝐶	thermally 
treated). Furthermore, according to the acoustic emissions analysis, it is 
evident that the amount of recorded events tends to be lower for the most 
damaged samples. Then, it is reasonable to expect that the energy generated 
by the microcracks is also lower for the damaged samples. Subsequently the 

creep behaviour has been investigated for the200°	𝐶 thermally treated 
samples, where the duration of the creep phase and also the number of 
acoustic events increase progressively with the decrease of the applied load. 
Finally, the mode I fracture toughness test has been investigated under cyclic 
load in order to study the fatigue behaviour of the granite of Alzo as a function 
of the applied load, keeping a constant thermal treatment and internal 
damage. Comparing these results with those of the creep tests, it is evident 
that the failure is reached much faster in the cyclic test if it is considered the 
average stress intensity applied. In the last experiments, the mode II fracture 
toughness has been calculated always through the CCNBD specimen 

thermally treated at 200°	𝐶, in order to have data that could be representative 
of the real internal damage existing along the joints.  
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Subsequently, the subcritical crack velocity has been calculated for each creep 
test through the derivative of the crack mouth opening displacement (CMOD) 
starting from the beginning of the creep phase until the reaching of the first 

crack propagation. Then, the subcritical crack growth parameters 𝐴 and 𝑛 can 
have been found graphically. At this point, It was possible to apply the 
fracture mechanism approach to the LEM analysis in order to investigate the 
safety factor evolution over the time as function of the rock bridge reduction.  

The final result has been obtained under the assumptions of an average 
degradation of the rock mass similar to the 200°C thermally treated samples, 

and of an initial persistence value of 99	% with a rock bridge in the middle of 
the discontinuity. The results look very consistent showing that the reduction 

of the safety factor 𝐹" becomes critical after 193 years with these assumptions. 
Nevertheless, The fracture mechanism application used for the prediction of 
progressive rock bridge reduction seems to be rather sensitive to the input 
parameters such as the stress field and the subcritical crack growth 
parameters. Therefore, it appears that this approach still needs to be improved 
before being considered reliable for big scale application on rock slope 
stability.  

However, it is important to note the progressive decrease of the safety factor 
over the time which suggests the importance of in-site monitoring also in 
areas which nowadays could be considered safe. 

7.1 Perspectives 

The amount of data collected during this master’s thesis could be further 
analysed in order to investigate in depth the behaviour of the granite of Alzo.  

The acoustic emission recordings, for instance, could be used to carry out an 
analysis about the kind of failure and the amount of released energy during 
the tests. Furthermore, it is possible to try to locate the main crack 
propagations through the AE recordings. 

Furthermore, a numerical model of crack propagation could be developed 
from the experimental data. Passing from the laboratory to big scale, it could 
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be used to predict the behaviour of unstable rock slope. In this case, however, 
it would be appropriate to study the crack propagation in different lithologies 
in order to evaluate the influence of the type of rock. 

Another perspectives could be the implementation of the mechanical 
approach in a Finite Element Method (FEM) that could improve a lot the 
analysis. It is possible, with a FEM, to evaluate the stress state in each point of 
the rock mass and to compute its evolution over the time and, in this way, a 
more reliable analysis is obtained. For example, a software capable of carrying 
out this analysis is 3DEC. It is a three-dimensional numerical modelling code 
for advanced geotechnical analysis of soil, rock, ground water, structural 
support, and masonry. 3DEC simulates the response of discontinuous media 
(such as jointed rock or masonry bricks) that is subject to either static or 
dynamic loading. The numerical formulation is based on the distinct element 
method (DEM) for discontinuum modelling. 

Finally, coming back to the Limit Equilibrium Method, it can be improved 
with a field investigation, in order to obtain a valid characterization of the 
rock mass of "Madonna del Sasso". The main limit of the previous LEM 
analysis is the lack of mechanical data, indeed, the data used are referred to 
intact rocks but, in reality, mechanical data related to the entire rock cluster 
are needed. This is the reason why the safety factor obtained is probably 
higher than the real case. The calculation of “RMR” or “GSI” indexes, for 
instance, would allow to characterized in a better way the rock cluster through 
“Hoek and Brown” criterion. In this way, indeed, it is possible to obtain 
cohesion and friction angle values of the entire cluster, considering the rock 
matrix and the discontinuities as a whole. The behaviour of potentially 
unstable rock cliffs, indeed, is strongly controlled by the structural 
discontinuity pattern affecting the rock mass.
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