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SUMMARY 

Frequently, buildings and infrastructures are in regions prone to 

earthquake excitations. These structures are continuously exposed to 

main-shock earthquakes throughout their lifetime. Repeated shocks can 

cause a strong reduction of structural capacity leading to collapse and, 

as consequence, to a devastating impact on the urban context in terms 

of both human losses and economic stability. 

Considering the prospect of potential future destructive events, risk 

assessment has to focus on probabilistic models able to best predict 

future scenarios and consider the high uncertainties involved in the 

analysis. 

The present study proposes a comparison between three probabilistic 

approaches for the seismic risk estimation of different bridge piers. In 

the all three methods, the probability of occurrence related to seismic 

main-shocks as well as the effects induced on the structure are evaluated 

separately by applying the total probability theorem. In the first one, 

conceived by Ghosh et al. (2015), the accumulation of damage is based 

on predictive regression models. Whereas, Iervolino et al. (2015) 

describe the progressive structural degradation using a homogeneous 

Markov process in discrete time. The last methodology includes the 

seismic risk assessment through the classic frequentist approach. The 

results deriving from the above-mentioned methods are described, 

compared and finally discussed. 
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1 INTRODUCTION 
 

1.1 Background  

Around the globe, many critical infrastructure elements, such as 

strategic buildings or highway bridges, are in regions inclined to 

earthquake excitations. Past catastrophic events, such as the 1971 San 

Fernando earthquake and the more recent ones the 1994 Northridge 

earthquake, have demonstrated that bridges are one of the most 

vulnerable components of transportation systems. Exposure to repeated 

quake pulses may lead to damage accumulation, eventually causing 

exceedance of limiting threshold capacity and imminent structural 

collapse. (J. Ghosh, 2015 ) By way of example, a study of the Californian 

OES (Office Emergency Services) reports that the 1994 Northridge 

earthquake caused 57 casualties, 10.000 injuries and extensive damages 

to infrastructures and households throughout the county of Los Angeles 

and surrounding valleys worth $ 46,000 million. Primarily because of 

the importance of  the dealt topics, there is an increasing interest in the 

life-cycle analysis of civil constructions that requires the modelling of  

structural performance across the service life. In that sense, seismic risk 

assessment has a central role and it need to be in the same time 

prospective and scientifically credible. 

The Seismic risk is the probability of losses occurring due to 

earthquakes in a given period in terms of human lives, social 

disruption as well as economic one. Hence a qualitative definition 

SEISMIC RISK = SEISMIC HAZARD •VULNERABILITY• EXPOSURE 

Seismic Hazard is dependent on the characteristics of the physical 

event and the geological characteristics of the area in which the 

event occurs: the greater the frequency and intensity of the events 



11 
 

that characterize a geographical area, the greater its danger.  In a 

rigorous way it could be evaluated as the level of damage caused by 

the seism and the corresponding probability of its occurrence. 

Vulnerability is connected to the susceptibility of the structure to 

suffer when exposed to a quake effect in terms of potential life and 

economic loss. Exposure is a quantification of the potential losses 

and so density of people and buildings, number of commercial 

activity, the amount and type of important infrastructure and 

buildings concentrated in the area assessed.  

The assess of seismic risk require seismological and engineering 

bases in order to formulate earthquake prediction models which permit 

to assess the risk of loss as a result of a catastrophic event and so the 

estimation of seismic damage. 

1.2 Research Objective and Scope  

 The primary focus of the present study is structural damage estimation 

in reinforced concrete piers under multiple excitations, considering 

various specific details of the structure including design features and 

seismic hazard of the site. The FEM model of the piers is used for 

carrying out the structural analyses that are the basis to realise the 

hazard assessment. A comparison between three different methods to 

evaluate structural degradation will be carried out below.  To 

accomplish this objective, the following research tasks have been 

conducted: 

• Critically review current bridge condition assessment procedures 

• Application of the previous methodologies mentioned therein to 

two structural models of bridge's piers with increasing 

slenderness 
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• Comparison of the results obtained with the three methodologies 

in order to establish the advantages and disadvantages of each 

one 

This work aims to evaluate the efficiency of each method in order to 

establish which is the most advantageous and accurate for the seismic 

risk assessment. 

1.3 Outline of the Thesis 

This report is organized in six sections. The second part consists in a 

description of the Engineering demand parameters chosen for the 

following analysis. The third part begins with and overview of the three 

methodologies used for the damage evaluation. Section four presents the 

analytical models of the bridge piers, calibration of the hysteretic and 

fatigue model used in the analyses and the process of random generating 

of the ground motion selection. Then there is a chapter in which the 

illustrative application of the three methods are shown. Relevant 

findings from the study and suggestion for additional work are discussed 

in the final part. 

 

 

 

 

 

 

 

 

 

 



13 
 

2 ENGINEERING DEMAND PARAMETERS AND 

DAMAGE INDEX  
 

The extensive injury caused by earthquakes on reinforced concrete 

structures has shown that they are highly vulnerable to seismic action 

due to their characteristic low-ductility. This has given impetus to the 

development of the so-called Performance-based design (PBEE) as a 

functional tool for risk assessment and the development of retrofitting 

techniques that reduce structural vulnerability. Therefore, there is the 

need to use probabilistic demand models to describe the relationship 

between the structural response and the measurement of the intensity 

of ground movements (IM). They are widely used in the field of civil 

engineering, with particular reference to the structures in RC, as they 

allow us to describe the structural response in terms of engineering 

demand parameters (EDPs). 

This latter quantity are indicators used to predict damage to structural 

and non-structural components and systems. There are two categories 

pf EDPs: global and local. The first one describes the general structural 

behaviour and reduce the computational effort. But, in case of low- 

ductility structure they can lead to not appropriate or gross results. In 

this case is better to use local EDPs that permits a more realistic 

description of failure mechanisms for structural vulnerability. 

In order to have a good evaluation of the performance of the structural 

system under seismic pulse it is necessary to choose EDPs adequately. 

In this work probabilistic methods are developed by using the Park and 

Ang damage index as global EDP but, because we are studying a complex 

model with a high number of degrees of freedoms, it is necessary 

monitoring also the local response of all structural members. Different 

EDPs are considered in order to highlight the most significant failure 
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modalities in RC low-ductility structure such as bridge’s piers. In the 

following paragraphs the global and local EPDs used in this work will be 

illustrated. 

2.1 Global EDP: Park and Ang damage index 

A large number of damage indices have been proposed in literature, they 

can be grossly categorized in two main classes: displacement-related 

and energy-related.Errore. L'origine riferimento non è stata trovata.  

In the first group, the achievement of a certain limit state is due to the 

exceeding of a maximum displacement threshold and therefore, the 

maximum deformation. The other one refers to structures in which 

damaging is linked to the amount of energy dissipated by hysteretic 

loops. Nevertheless, there are hybrid indices, that captures the 

combined effect of deformation and dissipated energy demand in order 

to have a better assessment of the cyclic load effect. The most 

representative, as well as used for this work, is the Park and Ang damage 

index. As can be seen from the following formula, it ensues from a linear 

combination of the maximum deformation induced by the earthquake 

and the hysteretic energy dissipated. (Park, 1985. ) 

In terms of damage index this is represented by the following equation  

𝐷 =
𝑢𝑚𝑎𝑥

𝑢𝑢
+ 𝛽

𝐸ℎ

𝐹𝑦𝑢𝑢
           

Where  D is the Park and Ang damage index, 𝑢𝑚𝑎𝑥 is the maximum 

displacement caused by the earthquake, 𝑢𝑢is the ultimate displacement 

under monotonic loading, Eh is the total hysteretic energy dissipated, Fy 

is the yield force, and β is a dimensionless constant usually assumed to 

be 0.05 for reinforced concrete (RC) structures. (J. Ghosh, 2015 ) 

In order to correlate empirical observed damages with calculated 

damage indices Park et Ang suggested a classification of damage levels 

shown below:  
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Table 1.Damage level classification and correlation with calculated damage indices and damage measures 

Level Damage index (D) Damage measure 

I D<0.1 No damage, localized 

minor cracking 

II 0.1<D<0.25 Minor damage; light 

cracking 

III 0.25<D<0.4 Moderate damage, 

severe cracking 

IV 0.4<D<1 Severe damage, 

crushing of concrete 

V D>1 Loss of element load 

resistance 

 

 

 

2.2 Local EPDs 
 

The already mentioned global EDP permits to drastically reduce the 

computational effort but, its use may lead to incorrect results in the 

cases of existing low-ductile structures. For this reason, it is necessary 

to introduce local EDPs. (Freddi, 2016)They are used in order to directly 

capture the modifications of the frame response and of the capacity 

induced by low-cycle of fatigue and other non-linear phenomena. To 

choose the response quantity we analyse the collapse modes of our 

structure and evaluate the parameters that can cause failure. 

In particular, the local EDPs adopted to monitor the seismic demand on 

the frame due to flexural and axial forces are the maximum-over-time 

values of: 
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• the core concrete compressive strain ε
c_core

 

• the cover concrete compressive strain ε
c_cover

 

• the cover concrete tensile strain ε
t_cover

 

• the steel strain ε
s 
under compression 

 

Table 2 ultimate value for local EDPs. 

EDPs Limit value 
ε

c_core
 0.035 

ε
c_cover

 0.00428 

ε
t_cover

 0.00125 

ε
s
 0.08 

 

 

 

Figure 2.1. Section of a fibre beam-column element, we can distinguish 3 elements: a) steel reinforcement in 
red; b) unconfined concrete in withe c) confined concrete in grey. 

 

 

 

 

Unconfined 
concrete fibres
Confined 
concrete fibres

Reinforcing steel fibres
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3 OVERVIEW OF THE STOCHASTIC APPROACHES FOR 

THE EVALUATION OF LIFETIME MAIN-SHOCK 

HAZARD 
 

3.1 Risk assessment  

Failure can be interpreted as failure of a system due to exceedance of a 

limit state or also as failure resulting in the generation of an earthquake. 

The probability of the generic cumulative engineering demand 

parameter D, exceeding the value d, can be expressed through total 

probability theorem as: 

𝑃[𝐷 ≥ 𝑑] = ∑ 𝑃[𝐷 ≥ 𝑑|𝑛 𝑠ℎ𝑜𝑐𝑘𝑠]  ∙ 𝑃[𝑛, 𝑇]∞
𝑛=1        (1) 

Where 𝑃[𝐷 ≥ 𝑑|𝑛 𝑠ℎ𝑜𝑐𝑘𝑠]  is the probability that the demand exceeds d, 

conditional to having n shocks, and  𝑃[𝑛, 𝑇] is the probability of having n 

shocks in the design life time T. 

The probability of having n shocks in the design life time T can be 

evaluated based on the mean annual frequency (MAF) of earthquakes of 

any significant intensity, veq, by introducing the Poisson assumption of 

the occurrence of events: 

𝑃[𝑛, 𝑇] =
(𝜈𝑒𝑞𝑇)

𝑛

𝑛!
𝑒−𝜈𝑒𝑞𝑇  (2) 

On the other hand, three different approaches can be employed for 

evaluating  shocksP D d n   , as described below: Ghosh method, 

Iervolino method and frequentist approach. 
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3.2 Ghosh et al. Method 

This approach focuses on the assessment of damage accumulation under 

repeated shocks, based on probabilistic regression model, taking into 

account two possible scenarios: mainshocks and aftershocks. Only the 

first scenario has been examined in this work. 

The use of probabilistic demand models allows us to introduce an 

approximate function for the structural response. According to Cornell's 

research, for a single shock event, the relationship between the median 

structural demand, EDP, and the IM (intensity measure) can be 

approximated by a power law model (linear model in the log-log space): 

 

( )bEDP a IM=    (3) 

where a and b are regression coefficients. 

For structure with nonlinear behaviour, as cases study, the linear 

regression model in the log-log space could be not valid for the entire IM 

range of interest.Errore. L'origine riferimento non è stata trovata.  

Different regression models have been applied to the examined columns, 

analysing several EDPs and finding that a good fit of local EDPs such as 

material stress and strain can be obtained by adopting a bilinear 

regression. (Freddi, 2016) This is a convenient solution because of its 

simplicity and the small number of parameters involved in the fitting. 

The used regression model is described by the following expression: 

ln(𝐷1) = 𝛼1 + 𝛽1 𝑙𝑛(𝐼𝑀1)         (4) 

where D1 is the damage index after the first earthquake pulse, α1 and β1 

are regression coefficients, and IM1 is the ground motion intensity of the 

first earthquake shock. 

In case of multiple earthquakes damage index evaluation depends on the 

history of shock occurrences. 
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It can be described through a multilinear regression model as follows: 

ln(𝐷𝑛) = 𝛼𝑛 + 𝛽𝑛 𝑙𝑛(𝐼𝑀𝑛) + 𝛾𝑛 ln(𝐷𝑛−1) + 𝛿𝑛 𝑙(𝐼𝑀𝑛)ln (𝐷𝑛−1)    (5) 

where Dn is the damage index after the nth earthquake shock with 

ground motion intensity IMn; αn, βn, γn, and δn are regression coefficients; 

and Dn-1 is the damage index after (n -1 )earthquake shocks. 

This procedure is a sort of extension of the first regression; to apply the 

equation above the structure has to be subjected to a series of shocks. 

PGA is chosen as earthquake intensity measure (IM) because of its ability 

to predict damage index. (J. Ghosh, 2015 ) 

 

3.2.1  Modified regression model 

The nonlinear bridges’ behaviour is also expected to induce an increased 

dispersion of the EDPs values, because of the reduced efficiency of an IM 

that is based on the elastic system properties. To solve these issues and 

accurately describing the EDP a modification in regression model has 

been introduced. The adjustment takes into account that not all 

earthquakes cause damage to the structure, this depends on their 

intensity. Thus, the demand model can be divided in two parts: 

 

log(𝐷1) = {
0                                   𝐼𝑀 < 𝐼𝑀∗

𝛼𝑛 + 𝛽𝑛 log(𝐼𝑀𝑛)      𝐼𝑀 ≥ 𝐼𝑀∗  
                                     (6) 

 

log(𝐷𝑛) =

{
log(𝐷𝑛−1)                                                                                                   𝐼𝑀 < 𝐼𝑀∗

𝛼𝑛 + 𝛽𝑛 log(𝐼𝑀𝑛) + 𝛾𝑛 log(𝐷𝑛−1) + 𝛿𝑛 log(𝐼𝑀𝑛) log(𝐷𝑛−1)       𝐼𝑀 ≥ 𝐼𝑀∗  
(7) 

By introducing this modification, it is possible to improve the 

regression since the previous model underestimated the damage for 
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𝐼𝑀 < 𝐼𝑀∗ and overestimated the damage for 𝐼𝑀 ≥ 𝐼𝑀∗ as we can se 

in the following figure. 

 

 
Figure 3.1 Comparison between Ghosh method and Ghosh modified. 

 

3.2.2 Exceedance probability  

The chance of exceeding limiting values of the damage index given a 

time period of interest such as the service life of a structure. Using 

the total probability theorem, as shown before. 

In this case the probability that the demand exceeds a certain level d 

can be computed as  

𝑃[𝐷 > 𝑑|𝑛 𝑠ℎ𝑜𝑐𝑘𝑠] =  
1

𝑁𝑀𝐶
∑ 𝐼[𝐷𝑛𝑖 > 𝑑]𝑖     (8) 

where NMC is the total number of Monte Carlo trials, Dni is a realization 

of the damage index after n shocks for the ith Monte Carlo trial, and 

I[·]  is the indicator function (which equals 1 when [·] is true or 0 if  

[·] is false. 
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3.3 Iervolino et al. Method  

This study focuses on the stochastic modelling of seismic damage 

accumulation, as one of the components of life-cycle analysis of 

structures.  

The method is based on the hypothesis that the dependence between 

the increases of the damage requires that the structural vulnerability, 

i.e. susceptibility to increase the damage in an earthquake, note the 

characteristics of the shock, depends only from the state of the 

structure at the time of the seismism. (Iunio Iervolino, 2015) 

The study deals with the stochastic modelling of structures that 

accumulate seismic damage when the structural fragility is state-

dependent, and the hazard is represented by random earthquake 

occurrence with random intensity. 

To describe the degradation considering the vulnerability as a state-

dependent phenomenon, a discrete-time homogeneous Markovian 

process is used. Also, the domain of the structural performance is 

discretized in terms of several damage states (D) and, given the 

occurrence of shocks we can derive transition probabilities. The 

probability of having n shocks in the design life time T is described 

through a homogeneous Poisson Process, a classical assumption in 

seismic hazard analysis.  To obtain a complete characterization of the 

damage process we combine the probabilistic description of 

earthquake occurrence with the transition matrix, that give us the 

unit-time transition probabilities between states. 

 

3.3.1 Markov-type seismic damage accumulation process 

The evaluation of the damage to a structure based on state-

dependent vulnerability, by modelling the transition matrix between 

a DS and the next, allows to predict the behaviour of the already 
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damaged structure in a probabilistic way and then to predict the 

structure's path from the first levels of damage up to collapse as the 

occurrences increase. In this study the progressive damage is 

modelled by a time-dependent and discrete-state Markovian process 

in which the time t is discretized in intervals of fixed width equal to 

Δ, which may be considered to be the time unit (e.g. one year) and  

the domain of the considered damage index that is the structural 

performance measure is subdivided in order to have a finite number 

n of DS. The various DSi, i = {1, 2, …, n}, are the  limit states, identifying 

intervals of the damage metric considered, between as-built 

conditions and failure, the structure has to walk (not necessarily one-

by-one) to reach collapse. (Iunio Iervolino, 2015) Having said that, 

we can evaluate Pi,j  the transition probabilities between the i-th and 

j-th generic DS, given the occurrence of an earthquake. These 

represent the probabilities that after one event the structure pass 

from the i-th DS (before the shock) to the j-th DS after the earthquake. 

Arranging Pi,j in a matrix, which contains probabilities of observing 

transitions between any possible couple of DS we obtain  a 

Markovian transition matrix in the form of  the following equations 

 

[𝑃] =

[
 
 
 
 
1 − ∑ 𝑃1,𝑗

𝑛
𝑗=2    𝑃1,2 … …  𝑃1,𝑛
0 1 − ∑ 𝑃2,𝑗

𝑛
𝑗=3 … …  𝑃2,𝑛

… … … … …
0 … 0 1 − 𝑃(𝑛−1),𝑛 𝑃(𝑛−1),𝑛
0 … … 0 1 ]

 
 
 
 

   (9) 

 

The matrix is structured to have rows and columns that correspond 

to damage levels placed in ascending order; the first level represents 

the structure as-new while the last one represents the collapse. the 
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failure level is defined as an absorbing state since once the condition 

has been reached it is not possible to go back, as consequence the 

transition matrix is triangular higher because of the monotonic 

nature of the deterioration.                                                                                                               

The following image describe the discretization of degradation states 

of a damage-accumulating structure: 

 

 

Figure 3.2. scheme of degradation states of a damage-accumulating structure. 

If the frequency unit-time event of earthquake shock is small enough 

to afford to neglect the probability of observing more than one 

earthquake in the range of unit time; for each pair of DS (i ≠ j), the 

probability that the structure passes from one to another in a unit 

time interval (k, k + 1) can be calculated as the rate of earthquakes 

filtered by the probability that the structure move between the two 

states, given the presence of an event.  

𝑃[𝑗 − 𝑡ℎ 𝑠𝑡𝑎𝑡𝑒 𝑎𝑡(𝑘 + 1)|𝑖 − 𝑡ℎ 𝑠𝑡𝑎𝑡𝑒 𝑎𝑡 𝑘] =  𝜈𝐸 ∙ 𝑃𝑖,𝑗    (10) 

The matrix reporting the probabilities of the structure moving 

between any two states in a unit-time interval, (k, k+1), is given by 

Equation. 
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[𝑃𝐸(k, k + 1)] = 𝜈𝐸 ∙ [𝑃] + (1 − 𝜈𝐸) ∙ [𝐼]

=

[
 
 
 
 
 
 
 
 1 −∑𝜈𝐸 ∙ 𝑃1,𝑗

𝑛

𝑗=2

𝜈𝐸 ∙ 𝑃1,2 … … 𝜈𝐸 ∙ 𝑃1,𝑛

0 1 −∑𝜈𝐸 ∙ 𝑃2,𝑗

𝑛

𝑗=2

… … 𝜈𝐸 ∙ 𝑃2,𝑛

… … … … …
0 … 0 1 − 𝜈𝐸 ∙ 𝑃(𝑛−1),𝑛 𝜈𝐸 ∙ 𝑃(𝑛−1),𝑛
0 … … 0 1 ]

 
 
 
 
 
 
 
 

     (11)

= [𝑃𝐸]               

 
 

Through transition matrix we can completely define the damage 

accumulation process as an homogeneous Markovian chain. If we 

want to know the transition matrix from m time units: [𝑃𝐸(k,k+m)] 

we should raise to mth power the unit transition matrix previous 

seen, obtaining: 

 
[𝑃𝐸(k, k + m)]

=

[
 
 
 
 
 
 
 
 1 −∑𝜈𝐸 ∙ 𝑃1,𝑗

𝑛

𝑗=2

𝜈𝐸 ∙ 𝑃1,2 … … 𝜈𝐸 ∙ 𝑃1,𝑛

0 1 −∑𝜈𝐸 ∙ 𝑃2,𝑗

𝑛

𝑗=2

… … 𝜈𝐸 ∙ 𝑃2,𝑛

… … … … …
0 … 0 1 − 𝜈𝐸 ∙ 𝑃(𝑛−1),𝑛 𝜈𝐸 ∙ 𝑃(𝑛−1),𝑛
0 … … 0 1 ]

 
 
 
 
 
 
 
 
𝑚

       (12)

= [𝑃𝐸]
𝑚 

 

 

The probability that the damage does not exceed a level d up to time 

n is  

𝑃[𝐷 < 𝑑|𝑛] = ∑ 𝑝𝑖𝑗
𝑚 = 𝑄𝑚𝑛

𝑖=1       (13) 

 

Where 𝑄𝑚=𝑝𝑖𝑗
𝑚 is the m-th product of Q= (pij, I, j<d). 
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To evaluate the probability of finding the structure in any of the 

possible states at time k+m in any of the possible states given a vector 

(size 1× n) collecting the (initial) probabilities of structure being in 

one of the states at k [P01 P02 … P0n] we have to multiply this vector 

for the previous one: 

 

[𝑃1
0 𝑃2

0…𝑃𝑛
0] ∙ 𝑄𝑚      (14) 

 
 

Thus, the exceedance probability is equal to: 
 
 

𝑃[𝐷 > 𝑑|𝑛] = 1 − [𝑃1
0 𝑃2

0…𝑃𝑛
0] ∙ 𝑄𝑚      (15) 
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3.4 Frequentist probability 

The theoretical probability of an event is the ratio between the 

number of favourable cases and the number of supposed possible 

cases all equally possible 

 

 

𝑃[𝐷 > 𝑑|𝑛] =
∑𝑁(𝐷>𝑑)

𝑁𝑡𝑜𝑡
       (16) 

 

 

Where 𝑁(𝐷 > 𝑑) is the number of samples that exceed a given level 

d while Ntot is the number of total samples used for the analysis. 
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4 STRUCTURAL MODELS  

4.1 Introduction  

Performance-based earthquake engineering (PBEE) addresses the 

economic impact on structural damage for a given level of danger. 

Therefore, it is necessary to devise models to predict the damage 

corresponding to a given earthquake. this has led to the emergence of 

modern modelling techniques such as the fibre-based finite element 

technique, the most advantageous method for non-linear analysis of 

frame structures. 

 This technique involves in dividing the cross-section of the element into 

a number of fibres placed at certain points of the element called 

"integration points". 

Each fibre is assigned a uniaxial non-linear material model that allows 

to describe its behaviour. Every material that makes up the section as 

reinforcing steel, confined and unconfined concrete is treated as 

separate material models at the section level. Therefore, the response of 

the component is mainly controlled by the inelastic response of the cross 

section. 

4.2 Finite element model of RC bridge columns 

Two bridge piers of different heights are employed in this study. These 

columns are taken from the experimental test units reported in (Lehman 

DE, 2000).The same ID as used in the experiment is employed here to 

identify these columns. In t (Kashani M. , 2017)he following Table are 

summarised the details of the selected columns and their references, in 

this table is possible to find information about  the column length L , the 

L/D ratio is column length to column diameter ratio, ρl is the ratio of 

longitudinal reinforcement area to total cross sectional area, ρh is the  
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volumetric ratio of horizontal reinforcement and P/(Agfc) is the axial 

force ratio, where P is the axial force on the column, Ag is the gross cross 

section area of column and fc is the compressive strength of concrete. 

 

Table 3. Details of column dataset 

ID Reference L(mm) L/D ρl (%) ρh (%) P/(Ag fc) 

3 Lehman and 

Moehle 815 

4876.8 8 1.49 0.01 0.07 

4 Lehman and 

Moehle 1015 

6096 10 1.49 0.01 0.07 

 

 

 

 

 

 

 

Figure4.1Schematicview of the experimental units tested by Lehman and Moehle (2000) 

In order to formulate distributed plasticity frame models Kashani uses a 

force-based formulation in which the internal force fields are expressed 

as functions of the nodal forces. A fibre beam-column element is a line 

element in which the moment–curvature response at selected locations 

(along the element known as integration points) is determined from the 

fibre section assigned to that integration point.  

The choice of a force-based element is due to its adaptability to non-

linear analysis because they grant the diffusion of plasticity over the 

length of the member using one element that has multiple integration 

 

 

Length L

610 mm

2500 mm

610 mm
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points. These elements have a limit, they can lose their objectivity at a 

locally or globally depending on section hardening or softening 

behaviour. This implies that the buckling will occur at the first critical 

section of the column, so we choose the integration length of this section 

equal to the buckling length. In the present work two force-based 

elements are used to model the RC columns.  For the first element with 

total length of 6 Leff, where Leff is the buckling length, are used three 

integration points (using Gauss–Lobatto integration scheme).  

Using this method, the length of the first element at the bottom of the 

column is adjusted based on the buckling length for each column.  

The second element, aimed to model the top part of the column, presents 

five integration points. The strain penetration and the slippage of 

reinforcement anchored to the foundation are modelled through a zero-

length section element available in the OpenSees. Below is shown a 

schematisation of the used model. 

 

 

                       

Unconfined 
concrete fibres
Confined 
concrete fibres

Reinforcing steel fibres





















Element 2
5 Integration Points

Element 1
3 Integration Points

Zero Length
Section Element

Element
Section

Bar Slip
Section

a) b)  

Figure 4.2 Schematization of a fibre beam-column element with bar buckling and bar slip model. 
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4.3 Materials  

In the last decades the non-linear analysis of reinforced concrete 

structures has taken hold, this has led to the development of the fibre 

element technique. In this approach the member cross section is 

decomposed into several steel and concrete fibres at selected 

integration points. The material nonlinearity is represented through a 

uniaxial constitutive material model of steel, in tension and 

compression, and concrete, confined core concrete and unconfined 

cover concrete. In  the following pages the uniaxial materials employed 

for the structural model will be illustrated. 

 

4.3.1 Confined and unconfined concrete model 

To model concrete behaviour the uniaxial material Concrete04 available 

in OpenSees is used; it is employed to model the unconfined concrete 

behaviour in cover concrete and a in confined concrete. For loading in 

compression, the envelope to the stress-strain curve follows the model 

proposed by Popovics (Popovics, 1988;)until the concrete crushing 

strength is achieved and for strains beyond that corresponding to the 

crushing strength.  The confined concrete is modelled using the 

confinement parameters developed by Mander et al. (Mander JB, 1988) 

Fig.4.3 (a)  shows the confined and unconfined concrete models with 

unloading–reloading cycling rules. Fig.4.3 (b)  shows the concrete model 

in tension with unloading– reloading cycling rules. 
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Figure 4.3 Cyclic response of concrete model employed in the analyses: (a) unconfined and confined concrete 
response in compression including cyclic response; (b) tension. 

 

4.3.2 Reinforcing steel model  

The uniaxial Hysteretic material model in the OpenSees is the generic 

hysteric model is used to model stress–strain behaviour of a material or 

force–displacement behaviour of steel reinforcement. Buckling of 

vertical reinforcing bars is one of the most common observed collapse 

mechanisms of RC structures in the past earthquakes which ultimately 

results in crushing of core concrete in RC columns. 

Therefore, in the recent years several researchers have put efforts to 

develop analytical models to capture the buckling behaviour of vertical 

reinforcing bars within the RC elements. In this research the Dhakal and 

Maekawa analytical model is used to explain the post-yield buckling 

behaviour of reinforcing bars, taking into account the interaction of the 

vertical reinforcement and horizontal tie reinforcement.  In this model, 

the post-yield buckling response of reinforcement is defined as a 

function of a compound variable called the nondimensional slenderness 

ratio 𝜆𝑝 as defined in the following equation: 

 

𝜆𝑝 = √
𝜎𝑦

100

𝐿

𝐷
                                                      (17) 

 

 

where 𝜎𝑦 is the yield strength of reinforcement in MPa. 
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Figure 4.4  Dhakal and Maekawa buckling model. 

The stress–strain envelope shown in the previous figure is described 

by the following equations: 

𝜂 =  

{
 
 

 
 

𝜉;                                                         𝜉 ≤ 1
(𝜂2−1)

(𝜉2−1)
 (𝜉 − 1) + 1                 1 ≤ 𝜉 ≤ 𝜉2

   𝜂2 − 0.02, (𝜉 − 𝜉2)                𝜉2  ≤  𝜉, 𝜂 ≥ 0.2               
        0.2                                                            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(18) 

 

where, the empirical relationships for (𝜉2, 𝜂2) are given below: 

𝜉2 = 55 − 2.3𝜆𝑝;                 𝜉2 ≥ 7                           (19) 

𝜂2 = 𝛼(1.1 − 0.016𝜆𝑝)𝜂2
∗       𝜂2 ≥ 0.2                     (20) 

Where 𝜂2
∗   is the non-dimensional piecewise stress corresponding to 

the𝜂2 . The value of 𝛼  is a softening coefficient and depends on the strain 

hardening of reinforcement assumed equal to 0.75. 

 

4.3.3 Low-cycle fatigue degradation model 

To account for the effect of low-cycle fatigue it has been used a uniaxial 

Fatigue material model available in OpenSees. It can be wrapped to any 

steel model without changing the stress–strain state of the parent 

material. The model employs a modified rain-flow cycle counter to track 

strain amplitudes. The cycle counter is used in conjunction with Coffin–
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Manson relationship and Miner’s Rule to describe the low-cycle fatigue 

failure: 

𝜀𝑝 = 𝜀𝑓(2𝑁𝑓)
−𝛼

                                               (21)   

where 𝜀𝑝 is the plastic strain amplitude (𝜀𝑝 = 𝜀𝑎 − 𝜀𝑒  where, 𝜀𝑎 is the 

total strain amplitude and 𝜀𝑒is the elastic strain), 2Nf is the number of 

half-cycles to failure and 𝛼 and  𝜀𝑓 are material constants.  By wrapping 

this model to any steel model, once the Fatigue material reaches a 

damage state of 1.0, the stress of the parent material becomes zero. An 

example graph of the Fatigue material model wrapped to Steel02 is 

shown in Fig. 4.6. 

 
Figure 4.5 Fatigue material model to predicting the fracture of reinforcement due to low-cycle fatigue 

 

4.3.4 Bond-slip displacement model for zero length element 
 

4.3.4.1 Tensile stress–slip model for reinforcing steel 

In seismic design of RC bridge piers, plastic hinges are designed to form 

at the column ends (column to   foundation/capping beam connection). 

This will result in slippage of longitudinal bars due to the substantial 

strain penetration along the bars into the foundation. (Kashani, 2016) 
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Figure 4.6 Bar slip model 

Using the model in Fig. 4.7 the bar stress–slip relationship can be 

calculated using the Eqs: 

 

𝑠𝑙𝑖𝑝 = ∫ 𝜏𝑒
𝜋𝑑𝑏

𝐴𝑏

1

𝑥
𝑥

𝑙𝜎𝑠
0

𝑑𝑥 ⇒  𝑠𝑙𝑖𝑝 =  
2𝜏𝑒𝑙𝜎𝑠

2  

𝐸𝑑𝑏
 ∀ 𝜎𝑠 < 𝜎𝑦                   (22) 

 

𝑠𝑙𝑖𝑝 = ∫
4𝜏𝑒

𝑑𝑏

1

𝐸
𝑥

𝑙𝑒
0

𝑑𝑥 + ∫ (
𝜎𝑦

𝐸
+ 𝜏𝑦

4(𝑥−𝑙𝑒)

𝑑𝑏𝐸
)

𝑙𝑒+𝑙𝑦 
𝑙𝑒

𝑑𝑥                        (23) 

⇒ 𝑠𝑙𝑖𝑝 =  
2𝜏𝑒𝑙𝑒

2  

𝐸𝑑𝑏
+
𝜎𝑦𝑙𝑦

𝐸
+
𝜏𝑦𝑙𝑦

2  

𝐸ℎ𝑑𝑏
                                                    (24) 

𝑙𝜎𝑠 =
𝜎𝑠

𝜏𝑒
⋅
𝐴𝑏

𝜋𝑑𝑏
                                                                      (25) 

𝑙𝑒 =
𝜎𝑦

𝜏𝑒
⋅
𝐴𝑏

𝜋𝑑𝑏
                                                                      (26) 

𝑙𝑦 =
𝜎𝑠−𝜎𝑦

𝜏𝑦
⋅
𝐴𝑏

𝜋𝑑𝑏
                                                                  (27) 

 

where 𝜎𝑠 is bar stress at the column-foundation perimeter; 𝜎𝑦 is yield 

strength of reinforcing bar; E is steel elastic modulus; Eh is steel 

hardening modulus assuming a bilinear stress–strain response; 𝜏𝑒 is 

bond strength for elastic steel; 𝜏𝑦 is bond strength for yielded steel; Ab is 
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nominal bar cross section area; and db is nominal bar diameter and le and 

ly, are the lengths along the reinforcing bar for which steel stress is less 

than and greater than the yield stress respectively. 

The suggested value of steel hardening ratio (Eh/E) is suggested to be 

taken as 0.1. The stress–slip model of confined concrete model used in 

zero length section is shown in Fig. 4.7.  

 

 

Figure 4.7 Bar stress–slip model used in zero length section. 

 

4.3.4.2 Compressive stress–slip model for concrete 

 The slippage of longitudinal bars in tension combined with the 

compression due to flexure and axial force results in a highly localised 

compressive stress in concrete in compression zone. This will cause a 

localised damage in confined concrete over a so-called dcomp depth as 

shown in Fig. 4.8.  
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Figure 4.8 Assumed compressive depth 

The recommended value of decomp to be 0.5c where c is the depth of 

neutral axis. In this study dcomp = 0.3D is used in the analyses where D is 

the column diameter. The uniaxial material Concrete01 available in the 

OpenSees (concrete model with zero tension) is used to model the 

concrete in zero length section. The stress–strain behaviour of this 

model is modified by multiplying the strain by dcomp. It should be noted 

that the whole zero length section was considered for confined concrete. 

The stress–slip model of confined concrete model used in zero length 

section is shown in Fig. 4.9. 

 

 
Figure 4.9 Stress-slip model 
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5 ILLUSTRATIVE APPLICATIONS OF THE THREE 

METHODS TO THE MODELS  

5.1 Introduction  

During the internship at the university of Strathclyde in Glasgow the 

foundations of this work were laid. In order to evaluate different 

coupling between the dynamic system and the properties seismic input 

frequency content, the two columns with different characteristic 

periods, previously introduced, are considered to assess the seismic 

response. Specifically, the first phase involved the study of the models 

implemented with the finite element program OpenSees. Then, the 

abovementioned ones have been subjected to multiple earthquakes, 

with a number of occurrences pre-arranged, randomly extracted 

through Montecarlo simulation. In this approach, many earthquake 

intensity measures are sampled (300,1000,2500,3000) based on 

earthquake occurrence probabilities corresponding to site-specific 

seismic hazard curves.  A dynamic analysis was carried out with which 

it was possible to evaluate stress, strain and displacements of interest, 

essential for the damage assessment. In the following paragraphs the 

results obtained from the application of the methodologies explained in 

chapter 3 are shown. 
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5.2 Ground motion selection 

The uncertainties in the seismic input, record-to-record variability, are 

described by a statistical model. Generally, we can adopt two approaches 

for the probabilistic representation of ground motion.  The first one, 

required the selection of a set of real ground motion records to represent 

the variability effects conditional to an IM value, whereas the second 

one, used for this work, is based on a fully stochastic representation of 

the seismic input. (Tubaldi, 2017) The most used stochastic ground 

motion models are the Atkinson and Silva (AS) ground motion (GM) 

model; in which the IM is described by defining a seismic source 

characterized by the moment magnitude Mm, the hypo-central distance 

R and the specification of a stochastic ground motion model accounting 

for the properties of the construction site.  In the following table are 

reported the input data for our structures: 

Table 4 Input data for ground motion generation. 

ID Rmean [Km] Mmax Mmin T [s] veq 

815 10 8 5.5 0.69 0.0997 

1015 10 8 5.5 0.94 0.0997 
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Where Rmean is the average hypo-central distance Mmax and Mmin are the 

maximum and minimum magnitude T is the period of the considered 

structure and veq is the mean annual frequency of earthquake of any 

magnitude.  

 

Through GMAS method we have generated 5000 accelerograms. Then, 

with the Montecarlo method we have randomly extracted Intensity 

measures (IM) among those previously generated. The result is an 

increasing number (200, 300, 1000, 2500, 3500) of multiple 

earthquakes constituted by 20 occurrences that represent the seismic 

events that can occur in the life time of the structure that we have 

applied to the piers. 

 

 

 

 

 

Figure 5.1 Rapresentation of multiple earthquake. 
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5.3 Results of Lehman and Mohel column 815 

5.3.1 Ghosh et a. model 

The work started for Ghosh et al. approach that focuses on the 

assessment of damage accumulation under repeated shocks while 

accounting for the probabilistic nature of the hazard. After choosing 

EDPs, regression models are developed. A preliminary investigation is 

carried out with increasing number of samples in order to find the 

number of samples that maximize the prestation of the regression 

model. Once defined this value, through a convergence study, to arrive 

at accurate estimates of damage index exceedance probabilities this 

study employs 50,000 Monte Carlo trials. Below you can find the results 

of applying this method for each EDPs. 

 

5.3.1.1 Park and Ang damage index 

The Park and Ang index for damage measurement results from a 

combination of ductility demand induced by the earthquake and the 

dissipated hysteretic energy.  

𝐷 =
𝑢𝑚𝑎𝑥
𝑢𝑢

+ 𝛽
𝐸ℎ
𝐹𝑦𝑢𝑢

 

Pertinent structural characteristics required for the damage index 

estimation, are presented in Table 4: 

 
Table 5 Structural characteristic for column 815 

Characteristic Value 
𝒖𝒖    [m] 0.6 
𝒖𝒚    [m] 0.024 

𝑭𝒚   [kN] 125 

𝜷 0.05 
 
The fitted multilinear regression models now follow the form shown in 

Equation 5-6, conditioned on the PGA intensity of the latest pulse and 
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the damage incurred up to the previous shock. The images below show 

the results of linear and multilinear regression with the respective 

regression coefficients, with a number of sampled earthquakes 

increasing from 300 to 3500. 

 

 

LINEAR REGRESSION  

Looking at the figures it is possible to see that, despite the results from 

the analyses are very dispersed, the regression is quite good as shown 

by the value of the standard deviation of residuals (root mean square 

error) which leans towards zero.  

 

  

                                 a                                                                                      b 

  

                                           c                                                                                     d 

Figure 5.2  Linear regression model for predicting the damage index following single shock. Regression is 

carried out with an increasing number of samples a)300 b)1000 c)2500 d)3500 
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In the footer table the values of the regression coefficients are 

summarized with the respective errors. It should be noted that the 

increase in samples used for the regression does not significantly affect 

the results that remain almost unchanged. 

 

 

                                           Table 6 Regression coefficient and respective RMSE 

Samples α β γ Sa*[m/s2] ε1 ε2 

300 -4.59 -0.48 0.9 1.55 0.61 0.37 

1000 -3.73 0.45 1.03 1.35 0.47 0.35 

2500 -3.71 0.53 1.02 1.46 0.46 0.37 

3500 -3.77 0.51 1.04 1.36 0.44 0.37 
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MULTILINEAR REGRESSION  

The regression surface seems to approximate very well the course of 

damage resulting from the analysis. It can be seen how increasing the 

number of samples significantly does not significantly improve the 

quality of the regression therefore, we will try to find the minimum 

number of samples that guarantees acceptable results. 

   

                                 a                                                                                      b 

  

                                           c                                                                                     d  

Figure 5.3 multilinear regression model for predicting the damage index after n shocks as a function of the 
PGA of the nth shock and the damage index of the previous one. Regression is carried out with an increasing 
number of samples a)300 b)1000 c)2500 d)3500 
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Even in this case, increasing the number of samples, no significant 

improvements were found. 

Table 7 Regression coefficient and respective RMSE. 

Samples α β γ δ Sa*[m/s2] ε1 ε2 

300 -0.79 0.54 0.52 0 3.37 0.16 0.32 

1000 -0.73 0.58 0.52 0 3.34 0.15 0.31 

2500 -0.71 0.58 0.51 0 3.34 0.15 0.31 

3500 -0.61 0.69 0.37 0 2.1 0.11 0.28 
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COMPUTATION OF DAMAGE INDEX EXCEEDANCE PROBABILITIES 

Applying the procedure described in paragraphs 3.2.2, the following 

curves are obtained: 

 

Figure 5.4 Probability of failure with an increasing number of occurrences. 

  

 

They represent the probability of collapse for an increasing number of 

occurrences. Increasing the number of occurrences, the probability of 

collapse rises considerably reaching, after about ten earthquakes, the 

100% of probability to overcome the first level of damage. We can see 

that to push the analysis beyond ten occurrences is useless since the 

curves for a number of earthquakes major than ten coincide. 
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CONVERGENCE STUDY 

In order to optimize the treatment of Ghosh et al. by minimizing the 

number of samples to be analysed, a convergence study was performed.  

The procedures described above were performed with an increasing 

number of randomly extracted samples. The aim was to understand the 

number of samples beyond which it was not useful to push the analyses. 

The results of this study are visible in the figure 5.4. 

 

In the first instance the 

following cases were studied: 

200, 1000, 2500 and 3500 

samples. It was then realized 

that over 1000 the solutions 

coincided so it was useless to 

go beyond this value. 

Therefore, we sought values 

in the range between 200 

and 1000 that would allow 

the analysis to be lightened 

without affecting its quality. 

The study was conducted for 

300 and 500 samples, leading 

to the conclusion that by 

choosing a population of 300 

samples we can optimize the 

results. 

 

 

Figure 5.5 Probability of failure evaluated with an increasing number of 
samples 
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5.3.1.2 Maximum strain of confined concrete under compression 

The confined concrete is modelled using the confinement 

parameters developed by Mander et al. The following figure shows 

the confined and unconfined concrete models with unloading–

reloading cycling rules.  

 

 

Figure 5.6 Cyclic response of confined concrete model under compression, employed in the analyses 

 

Concrete failure may occur due to exceeding the maximum compressive 

strength and/or exceeding the maximum relative strain. In this case the 

maximum admissible deformation is 0.035. 
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LINEAR REGRESSION  

Also in this case, even if the results from the analyses are very dispersed, 

the regression is quite good as shown by the value of the standard 

deviation of residuals (root mean square error) which leans towards 

zero. It is important to note the presence of a first horizontal section in 

the regression. This initially might seem an anomaly as the deformation 

of the concrete should have a monotonous increasing trend. However, 

this trend becomes logical if we consider that until a certain acceleration 

is reached, the axial forces prevail, which being constant do not lead to a 

deformation increase. 

  

                                 a                                                                                      b 

  

                                           c                                                                                     d  
Figure 5.7 Linear regression model for predicting the damage index following single shock. Regression is 

carried out with an increasing number of samples a)300 b)1000 c)2500 d)3500 

The following table contains the regression with the respective errors. 

We can notice that the increasing the number of samples used for the 
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regression does not significantly improve the results that remain almost 

unchanged. 

 

Table 8 Regression coefficient and respective RMSE 

Samples α β γ Sa*[m/s2] ε1 ε2 

300 
-7.67 0.90 0.19 1 

0.39 0.34 

1000 -7.81 0.96 0.05 1 0.39 0.37 

2500 -7.884 
 

0.967 -0.038 1 0.4 0.41 

3500 -7.7 1.02 0.22 1 0.44 0.41 
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MULTILINEAR REGRESSION  

Although the visible data dispersion, the regression model shows good 

accuracy. Increasing largely the number of samples does not 

significantly improve the quality of the regression therefore, we will try 

to find the minimum number of samples that guarantees acceptable 

results. 

   

                                 a                                                                                      b 

  

                                              c                                                                                     d 

Figure 5.8 multilinear regression model for predicting the damage index after n shocks as a function of the 
PGA of the nth shock and the damage index of the previous one. Regression is carried out with an increasing 
number of samples a)300 b)1000 c)2500 d)3500 

                                            

Table 9 Regression coefficients and respective RMSE. 

Samples α β γ δ Sa*[m/s2] ε1 ε2 

300 
-0.64 0.88 -1.75 -0.49 4.15 

0.14 0.54 

1000 -0.65 
 

0.88 
 

-1.88 
 

-0.51 4.02 0.14 0.5 

2500 -2.40 0.54 1.37 0 6.1 0.2 0.60 

3500 -2.53 0.52 1.39 0 6.09 0.19 0.63 
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COMPUTATION OF EDPs EXCEEDANCE PROBABILITIES 

The procedure described in paragraphs 3.2.2, lead to the following 

results: 

 

Figure 5.9 Probability of failure with an increasing number of occurrences. 

  

This figure shows how the increase in the number of earthquakes that 

can occur in the life of the structure increases the probability of 

collapse. After about ten earthquakes the 100% of probability to 

overcome the first level of damage is reached. We can see that to push 

the analysis beyond ten occurrences is useless since the curves for a 

number of earthquakes major than ten coincide. 
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CONVERGENCE STUDY 

Also in this case a convergence study was performed in order to optimize 

Ghosh et al. method, by minimizing the number of samples to be 

analysed.  We perform the procedures described in chapter 3 with an 

increasing number of randomly extracted samples. The aim was to 

understand the number of samples beyond which it was not useful to 

push the analyses. The results of this study are visible in the Figure 5.9. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.10 Probability of failure evaluated with an increasing number of samples. 
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5.3.1.3 Maximum strain of unconfined concrete under compression 

The unconfined concrete is modelled using the confinement parameters 

developed by Mander et al. The following figure shows the confined and 

unconfined concrete models with unloading–reloading cycling rules.  

 

 

Figure 5.11 Cyclic response of unconfined concrete model under compression, employed in the analyses. 

 

Concrete failure may occur due to exceeding the maximum compressive 

strength and/or exceeding the maximum relative strain. In this case the 

maximum admissible deformation is 0.00428. 

 

 

 

LINEAR REGRESSION  

The regression carried out with an increasing number of samples 

returned the results shown in the figure 5.11. Looking at the figures it is 

possible to see that, despite the results from the analyses are very 

dispersed, the regression is quite good as shown by the value of the 

standard deviation of residuals (root mean square error) which leans 

towards zero.  
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                                 a                                                                                      b 

  

                                           c                                                                                     d  

Figure 5.12 Linear regression model for predicting the damage index following single shock. Regression is 
carried out with an increasing number of samples a)300 b)1000 c)2500 d)3500 

 

 

 

 

Table 10 Regression coefficients and respective RMSE. 

Samples α β γ Sa*[m/s2] ε1 ε2 

300 
-7.56 0.74 1 1 

0.38 0.35 

1000 -7.81 0.97 0.05 1 0.39 0.37 

2500 -7.63 0.84 1 1 0.45 0.43 

3500 -7.57 0.79 1 1 0.50 0.44 
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MULTILINEAR REGRESSION  

As can be seen from the images below, the regression produced good 

results. However, increasing the number of samples significantly does 

not significantly improve the quality of the regression therefore, we will 

try to find the minimum number of samples that guarantees acceptable 

results. 

 

   

                                 a                                                                                      b 

  

                                     c                                                                                     d 

Table 11 Multilinear regression model for predicting the damage index after n shocks as a function of the PGA 
of the nth shock and the damage index of the previous one. Regression is carried out with an increasing number 
of samples a)300 b)1000 c)2500 d)3500                                         

Table 12 Regression coefficients and respective RSME. 

Samples α β γ δ Sa*[m/s2] ε1 ε2 

300 
-0.57 0.90 -1.70 0 3.9 

0.14 0.51 

1000 
-0.65 0.88 -1.88 

0 4.3 0.14 0.50 

2500 -1.31 0.79 0.66 0 2.36 0.10 0.44 

3500 -0.21 0.63 1.10 0 4.28 0.15 0.56 
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COMPUTATION OF EDPs EXCEEDANCE PROBABILITIES 

Applying the procedure described in paragraphs 3.2.2, the following 

curves are obtained: 

 

 

Figure 5.13 Probability of failure with an increasing number of occurrences. 

  

As said before it is sufficient consider 10 occurrences in the design life 

of the structure, in this case equal to 50 years, because beyond this value 

the failure probability became insensitive with respect to the number of 

occurrences. 
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CONVERGENCE STUDY 

In order to optimize the treatment of Ghosh et al. by minimizing the 

number of samples to be analysed, a convergence study was performed.  

The procedures described above were performed with an increasing 

number of randomly extracted samples. The aim was to understand the 

number of samples beyond which it was not useful to push the analyses. 

The results of this study are visible in the Fig. 5.13 

In the first instance 

the following cases 

were studied: 200, 

1000, 2500 and 3000 

samples. It was then 

realized that over 

1000 the solutions 

coincided so it was 

useless to go beyond 

this value. Therefore, 

we sought values in 

the range between 

200 and 1000 that 

would allow the 

analysis to be 

lightened without 

affecting its quality. 

The study was 

conducted for 300 and 

500 samples, leading to the conclusion that by choosing a population of 

300 samples we can optimize the results. 

Figure 5.14 Probability of failure evaluated with an increasing number of 
samples. 
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5.3.1.4 Maximum strain of unconfined concrete under tension 

 The unconfined concrete is modelled using the confinement parameters 

developed by Mander et al. The following figure shows the concrete 

model in tension with unloading–reloading cycling rules. 

 

Figure 5.15 Cyclic response of unconfined concrete model under tension, employed in the analyses 
Concrete failure may occur due to exceeding the maximum tensile 

strength and/or exceeding the maximum relative strain. In this case the 

maximum admissible deformation is 0.00125. 

 

LINEAR REGRESSION  

Looking at the figures it is possible to see that, despite the results from 

the analyses are very dispersed, the regression is quite good as shown 

by the value of the standard deviation of residuals (root mean square 

error) which leans towards zero. We have to underline the presence of a 

first horizontal trend in the regression. This initially, might seem an 

anomaly as the deformation of the concrete should have a monotonous 

increasing trend. However, this tendency becomes logical if we consider 

that until a certain acceleration is reached, the axial forces prevail, which 

being constant do not lead to a deformation increase. 
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                                 a                                                                                      b 

  

                                           c                                                                                     d 

Figure 5.16 Linear regression model for predicting the damage index following single shock. Regression is 
carried out with an increasing number of samples a)300 b)1000 c)2500 d)3500 

In the footer table the values of the regression coefficients are 

summarized with the respective errors. 

                      

Table 13 Regression coefficients and respective RMSE. 

Samples α β γ Sa*[m/s2] ε1 ε2 

300 
-8.26 1.29 -0.56 1 

0.76 0.52 

1000 -8.3 1.43 -0.46 1 0.8 0.55 

2500 -8.39 1.46 -.48 1 0.82 0.58 

3500 -8.13 1.41 -0.36 1 0.89 0.59 
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MULTILINEAR REGRESSION  

The results of linear regression are shown below, as we can see there is 

quite high dispersion, however, regression model is able to catch the 

trend. The following figures show the result of the application of 

predictive equations in chapter 3. 

   

                                 a                                                                                      b 

  

                                           c                                                                                     d  

Figure 5.17 Multilinear regression model for predicting the damage index after n shocks as a function of the 
PGA of the nth shock and the damage index of the previous one. Regression is carried out with an increasing 
number of samples a)300 b)1000 c)2500 d)3500 

Table 14 Regression coefficients and respective RMSE. 

Samples α β γ δ Sa*[m/s2] ε1 ε2 

300 
-1.36 0.65 1.07 0 4.46 

0.26 0.68 

1000 
-1.97 0.52 1.28 

0 4.78 0.29 0.65 

2500 -2.1 0.49 1.28 0 4.89 0.29 0.65 

3500 -1.68 0.58 1.21 0 4.87 0.27 0.66 
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COMPUTATION OF EDPs EXCEEDANCE PROBABILITIES 

The probability of collapse for an increasing number of occurrences is 

obtained applying the procedure described in paragraphs 3.2.2 

 

Figure 5.18 Probability of failure with an increasing number of occurrences. 

  

The figure shows that increasing the number of occurrences, the 

probability of collapse rises considerably reaching, after about twelve 

earthquakes, the 100% of probability to overcome the first level of 

damage. We can see that to push the analysis beyond ten occurrences is 

useless since the curves for a number of earthquakes major than twelve 

coincide. 
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CONVERGENCE STUDY 

In order to optimize the treatment of Ghosh et al. by minimizing the 

number of samples to be analysed, a convergence study was performed.  

The procedures described above were performed with an increasing 

number of randomly extracted samples. The aim was to understand the 

number of samples beyond which it was not useful to push the analyses. 

The results of this study are visible in the figure 5.18. 

In the first instance 

the following cases 

were studied: 200, 

1000, 2500 and 3000 

samples. It was then 

realized that over 

1000 the solutions 

coincided so it was 

useless to go beyond 

this value. Therefore, 

we sought values in 

the range between 

200 and 1000 that 

would allow the 

analysis to be 

lightened without 

affecting its quality. 

The study was 

conducted for 300 and 

500 samples, leading to the conclusion that by choosing a population of 

300 samples we can optimize the results. 

 

Figure 5.19  Probability of failure evaluated with an increasing number 
of samples. 
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5.3.1.5 Maximum strain of steel under compression 

In this research the Dhakal and Maekawa buckling model is used for 

modelling the post-yield buckling behaviour of corroded reinforcing 

bars. In this model, the post-yield buckling response of reinforcement is 

defined as shown in the next figure: 

 

Figure 5.20 Cyclic response of steel reinforcement model under compression, employed in the analyses 

Failure may occur due to exceeding the maximum compressive strength 

and/or exceeding the maximum relative strain. In this case the 

maximum admissible deformation is 0.08.  
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LINEAR REGRESSION  

Looking at the figures it is possible to see that, despite the results from 

the analyses are very dispersed, the regression is quite good as shown 

by the value of the standard deviation of residuals (root mean square 

error) which leans towards zero. In the footer table the values of the 

regression coefficients are summarized with the respective errors. 

 

  

                                 a                                                                                      b 

  

                                           c                                                                                     d  

Figure 5.21 Linear regression model for predicting the damage index following single shock. Regression is 
carried out with an increasing number of samples a)300 b)1000 c)2500 d)3500 

 

Table 15 Regression coefficients and RMSE. 

Samples α β γ Sa*[m/s2] ε1 ε2 

300 
-7.57 0.74 0.68 --- 

0.35 --- 

1000 -7.56 0.57 1.4 3.14 0.30 0.52 

2500 -7.57 0.62 1.63 3.92 0.31 0.62 

3500 -7.51 0.52 1.53 3.37 0.32 0.58 
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MULTILINEAR REGRESSION  

The regression surface seems to approximate very well the course of 

damage resulting from the analysis. it can be seen how increasing the 

number of samples significantly does not significantly improve the 

quality of the regression therefore, we will try to find the minimum 

number of samples that guarantees acceptable results. 

   

                                 a                                                                                      b 

  

                                           c                                                                                     d 

Figure 5.22  Multilinear regression model for predicting the damage index after n shocks as a function of the 
PGA of the nth shock and the damage index of the previous one. Regression is carried out with an increasing 
number of samples a)300 b)1000 c)2500 d)3500 

 

Table 16 Regression coefficients and RMSE. 

Samples α β γ δ Sa*[m/s2] ε1 ε2 

300 
-1.25 0.80 0.66 0 2.39 

0.08 0.44 

1000 
-2.36 0.56 1.33 

0 5.35 0.18 0.60 

2500 -1.43 0.69 1.29 0 6.04 0.20 0.67 

3500 -2.31 0.55 1.37 0 5.8 0.19 0.63 
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COMPUTATION OF EDPs EXCEEDANCE PROBABILITIES 

Applying the procedure described in paragraphs 3.2.2, the following 

curves are obtained: 

 

Figure 5.23 Probability of failure with an increasing number of occurrences. 

  

They represent the probability of collapse for an increasing number of 

occurrences. Increasing the number of occurrences, the probability of 

collapse rises considerably reaching, after about ten earthquakes, the 

100% of probability to overcome the first level of damage. We can see 

that to push the analysis beyond ten occurrences is useless since the 

curves for a number of earthquakes major than ten coincide. 
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CONVERGENCE STUDY 

In order to optimize the treatment of Ghosh et al. by minimizing the 

number of samples to be analysed, a convergence study was performed.  

The procedures described above were performed with an increasing 

number of randomly extracted samples. The aim was to understand the 

number of samples beyond which it was not useful to push the analyses. 

The results of this study are visible in the Fig.  5.23. 

In the first instance 

the following cases 

were studied: 200, 

1000, 2500 and 3000 

samples. It was then 

realized that over 

1000 the solutions 

coincided so it was 

useless to go beyond 

this value. Therefore, 

we sought values in 

the range between 

200 and 1000 that 

would allow the 

analysis to be 

lightened without 

affecting its quality. 

The study was 

conducted for 300 and 500 samples, leading to the conclusion that by 

choosing a population of 300 samples we can optimize the results. 

 

Figure 5.24  Probability of failure evaluated with an increasing number 
of samples. 
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5.3.2 Hybrid method 

The application of the different methodologies has allowed us to 

evaluate the advantages and disadvantages of each ones. During the 

analysis an idea was born: a hybrid method that combines the strengths 

of individual approaches. For this reason, it was decided to create a 

method for evaluating the probability of failure given by the union of the 

Ghosh regression model and the Iervolino transition matrix. we 

therefore launched analyses for 300 samples of multiple earthquakes 

with which we performed the multilinear regression. Using the 

regression coefficients, a damage matrix was generated for 50,000 cases 

that served to summarize the transition matrix. The results deriving 

from the application of this new method are shown in the following 

paragraph. 

 

5.3.3 Comparison between different approaches  

The previous paragraphs aimed to establish the necessary number of 

samples to be used in each method to optimize the results and to have 

an accurate evaluation of the probability of collapse. Once this is laid 

down, we can proceed to compare the results obtained with the different 

approaches. The following images show the curves resulting from the 

application of the methods explained in chapter 3 for each EDPs chosen. 

As can be seen from the following graphs; the Markovian method and 

the frequentist one, both based on real results deriving from the 

analysis, lead to very similar hazard curves. Ghosh method, based on 

linear and multilinear regression, leads to results that differ from those 

previously obtained. At the base of the differences that occur in the 

results there is, probably, that the linear regression fails to capture any 

anomalous events that are taken into account using the other two 
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approaches. In any case, a careful analysis of the situation leads us to 

conclude that; since the probability evaluated by the three methods, 

although present some differences, leads to similar and equally reliable 

results; the Ghosh approach is the most useful method because it allows 

to reduce the number of samples on which to perform the analyses. The 

so-called hybrid method exploits the Ghosh regressive model that allows 

a good approximation of the results with a very low number of samples 

and the Markov transition matrix that characterizes the Iervolino 

method and that leads us to have results very close to the real ones. The 

approach is highly competitive but requires further studies and 

validations that can confirm the results obtained. In the following page 

you can see the results described up to now. 
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                                               a                                                                                        b 

 

 

                                                 c                                                                                   d 

  

                                              e                  

Figure 5.25 Probability of failure evaluated with different approaches: Ghosh method, Iervolino Method, 
frequentist approach and hybrid one  for the chosen EPDs  ( a) Park and Ang index, b) strain of confined 
concrete under compression c) strain of unconfined concrete under compression and d)tension  and e) strain 
of steel under compression) 
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5.4 Results of Lehman and Mohel column 1015 
 

5.4.1  Ghosh et al. model 

In this case the operations carried out in the previous paragraph on 

column 815 have been performed on the column 1015 which is 

slenderer than the previous one. It should be emphasized that, with the 

same seismic forcing, the second column collapses more often. 

Nevertheless, the probability of failure assessed for the second column 

shows very promising results. The results of the work carried out are 

reported below. 

 

5.4.1.1 Park and Ang damage index 

As said before, this damage index is a linear combination between 

ductility demand and dissipated energy due to earthquake. 

Pertinent structural characteristics required for the damage index 

estimation, are presented in Table 16. 

 
Table 17 Structural characteristic for column 1015 

Characteristic Value 
𝒖𝒖    [m] 0.6 
𝒖𝒚    [m] 0.06 

𝑭𝒚   [kN] 100 

𝜷 0.05 
 
The fitted multilinear regression models now follow the form shown in 

Equation 5-6, conditioned on the PGA intensity of the latest pulse and 

the damage incurred up to the previous shock. The images below show 

the results of linear and multilinear regression with the respective 

regression coefficients, with a number of sampled earthquakes 

increasing from 300 to 3500. 
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LINEAR REGRESSION  

Strictly speaking, we report the data relating to linear regression. 

Looking at the figures it is possible to see that, the results from the 

analyses are very dispersed so regression model need to be improved. 

  

                                 a                                                                                      b 

  

                                           c                                                                                     d  

Figure 5.26 Linear regression model for predicting the damage index following single shock. Regression is 
carried out with an increasing number of samples a)300 b)1000 c)2500 d)3500 

 

In the footer table the values of the regression coefficients are 

summarized with the respective errors. 

 

Table 18 Regression coefficients and RMSE. 

Samples α β γ Sa*[m/s2] ε1 ε2 

300 -3.22 0.75 1.07 1.77 0.39 0.34 

1000 -3.32 0.58 1.01 1.02 0.41 0.35 

2500 -3.36 0.51 1.02 0.91 0.47 0.35 

3500 -3.55 0.33 1.02 0.71 0.49 0.35 
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MULTILINEAR REGRESSION  

The regression is quite good but need further studies. It can be seen how 

increasing the number of samples significantly does not significantly 

improve the quality of the regression therefore, we will try to find the 

minimum number of samples that guarantees acceptable results. 

 

   

                                 a                                                                                      b 

  

                                           c                                                                                     d  
Figure 5.27 Multilinear regression model for predicting the damage index after n shocks as a function of the 
PGA of the nth shock and the damage index of the previous one. Regression is carried out with an increasing 
number of samples a)300 b)1000 c)2500 d)3500 

 

Table 19 Regression coefficients and RMSE. 

Samples α β γ δ Sa*[m/s2] ε1 ε2 

300 -0.75 0.49 0.53 0 2.88 0.17 0.34 

1000 -0.73 0.514 0.58 0 2.9 0.17 0.34 

2500 -0.67 0.57 0.54 0 2.47 0.16 0.33 

3500 -0.74 0.50 0.59 0 2.88 0.17 0.35 
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COMPUTATION OF DAMAGE INDEX EXCEEDANCE PROBABILITIES 

Applying the procedure described in paragraphs 3.2.2, the following 

curves are obtained: 

 

Figure 5.28 Probability of failure with an increasing number of occurrences. 

 

They represent the probability of collapse for an increasing number of 

occurrences. Increasing the number of occurrences, the probability of 

collapse rises considerably reaching, after about ten earthquakes, the 

100% of probability to overcome the first level of damage. We can see 

that to push the analysis beyond ten occurrences is useless since the 

curves for a number of earthquakes major than ten coincide. 
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CONVERGENCE STUDY 

The results of the analyses for an increasing number of intensity 

measures are shown below. The aim of this work is evaluate the 

minimum number of samples that grant good accuracy in the regression. 

In the first instance the 

following cases were 

studied: 200, 1000, 

2500 and 3000 samples. 

It was then realized that 

over 1000 the solutions 

coincided so it was 

useless to go beyond 

this value. Therefore, we 

sought values in the 

range between 200 

and 1000 that would 

allow the analysis to 

be lightened without 

affecting its quality. 

The study was 

conducted for 300 

and 500 samples, 

leading to the 

conclusion that by 

choosing a population of 300 samples we can optimize the results. 

 

 

Figure 5.29 Probability of failure evaluated with an increasing number of 
samples. 
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5.4.1.2 Maximum strain of confined concrete under compression 

The confined concrete is modelled using the confinement 

parameters developed by Mander et al. The following figure shows 

the confined and unconfined concrete models with unloading–

reloading cycling rules.  

 

 

Figure 5.30 Cyclic response of confined concrete model under compression, employed in the analyses 

 

Concrete failure may occur due to exceeding the maximum compressive 

strength and/or exceeding the maximum relative strain. In this case the 

maximum admissible deformation is 0.035. 
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LINEAR REGRESSION  

For this parameter we can make similar considerations to the previous 

ones. 

  

                                 a                                                                                      b 

  

                                           c                                                                                     d  
Figure 5.31 Linear regression model for predicting the damage index following single shock. Regression is 
carried out with an increasing number of samples a)300 b)1000 c)2500 d)3500 

 

 

Table 20 Regression coefficients and RMSE. 

Samples α β γ Sa*[m/s2] ε1 ε2 

300 
-7.49 0.81 0.79 0.11 

0 0.34 

1000 -7.55 0.63 1.86 3.49 0.29 0.53 

2500 -7.54 0.61 1.80 3.32 0.31 0.58 

3500 -7.51 0.55 1.73 3.01 0.37 0.51 
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MULTILINEAR REGRESSION  

Thanks to the current regression model it is possible to reach a good 

level of approximation but, further analysis is needed in order to 

improve the regression and minimize the present error. 

 

   

                                 a                                                                                      b 

  

                                           c                                                                                     d 

Figure 5.32 Multilinear regression model for predicting the damage index after n shocks as a function of the 
PGA of the nth shock and the damage index of the previous one. Regression is carried out with an increasing 
number of samples a)300 b)1000 c)2500 d)3500 

 

Table 21 Regression coefficients and RMSE. 

Samples α β γ δ Sa*[m/s2] ε1 ε2 

300 
-1.11 0.79 -2.18 -0.5 3.35 

0.51 0.11 

1000 
-1.01 0.81 -2.04 

-0.53 3.65 0.53 0.17 

2500 -1.04 0.81 -2.02 -0.53 3.67 0.52 0.17 

3500 -1.02 0.81 -1.93 -0.51 3.52 0.52 0.16 
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COMPUTATION OF EDPs EXCEEDANCE PROBABILITIES 

As for the other EDPs also in this case we have applied the procedure 

described in paragraphs 3.2.2, the following curves are obtained: 

 

Figure 5.33 Probability of failure with an increasing number of occurrences. 

  

They represent the probability of collapse for an increasing number of 

occurrences. Increasing the number of occurrences, the probability of 

collapse rises considerably reaching, after about ten earthquakes, the 

100% of probability to overcome the first level of damage. We can see 

that to push the analysis beyond ten occurrences is useless since the 

curves for a number of earthquakes major than ten coincide. 
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CONVERGENCE STUDY 

The same procedure of the previous cases is applied. 

 The study was conducted an increasing number of samples, leading to 

the conclusion that by choosing a population of 300 samples we can 

optimize the results. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.34 Probability of failure evaluated with an increasing number of samples. 
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5.4.1.3 Maximum strain of unconfined concrete under compression 

The unconfined concrete is modelled using the confinement parameters 

developed by Mander et al. The following figure shows the confined and 

unconfined concrete models with unloading–reloading cycling rules.  

 

 

Figure 5.35 Cyclic response of unconfined concrete model under compression, employed in the analyses 

Concrete failure may occur due to exceeding the maximum compressive 

strength and/or exceeding the maximum relative strain. In this case the 

maximum admissible deformation is 0.00428. 

 

 

 

 

 

 

 

 

 

 

 

 



82 
 

LINEAR REGRESSION  

Similar considerations can also be made for concrete not confined in 

compression. The following images are a summary of the results 

obtained. 

  

                                 a                                                                                      b 

  

                                           c                                                                                     d  

Figure 5.36 Linear regression model for predicting the damage index following single shock. Regression is 
carried out with an increasing number of samples a)300 b)1000 c)2500 d)3500 

 

Table 22 Regression coefficients and RMSE. 

Samples α β γ Sa*[m/s2] ε1 ε2 

300 
-8.43 0.88 -0.68 1 

0.33 0.36 

1000 -8.07 0.95 -0.51 1 0.36 0.38 

2500 -8.02 0.98 -0.44 1 0.37 0.39 

3500 -7.92 1.00 -0.31 1 0.41 0.41 
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MULTILINEAR REGRESSION  

Good regression coefficients are estimated, however further 

consideration should be done to improve regression model and reduce 

Root mean square errors. 

 

   

                                 a                                                                                      b 

  

                                           c                                                                                     d  

Figure 5.37 Multilinear regression model for predicting the damage index after n shocks as a function of the 
PGA of the nth shock and the damage index of the previous one. Regression is carried out with an increasing 
number of samples a)300 b)1000 c)2500 d)3500 

In the footer table the values of the regression coefficients are 

summarized with the respective errors. 

Table 23 Regression coefficients and RMSE. 

Samples α β γ δ Sa*[m/s2] ε1 ε2 

300 
-1.05 0.81 -2.08 -0.53 3.41 

0.16 0.52 

1000 
-0.95 0.82 -2.01 

-0.54 3.55 0.17 0.54 

2500 -0.94 0.82 -1.93 -0.51 3.44 0.16 0.52 

3500 -0.94 0.83 -1.89 0.51 3.39 0.16 0.52 
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COMPUTATION OF EDPs EXCEEDANCE PROBABILITIES 

The application of Ghosh et al. method for an increasing number of 

occurrences has brought to the light that it is useless push the analyses 

beyond 10 occurrences. Indeed, overhead this value the failure 

probability unchanged by varying the number of occurrences. 

 

Figure 5.38 Probability of failure with an increasing number of occurrences. 
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CONVERGENCE STUDY 

The results of the convergence study are visible in the Fig. 5.48. 

In the first instance 

the following cases 

were studied: 200, 

1000, 2500 and 3000 

samples. It was then 

realized that over 

1000 the solutions 

coincided so it was 

useless to go beyond 

this value. Therefore, 

we sought values in 

the range between 

200 and 1000 that 

would allow the 

analysis to be 

lightened without 

affecting its quality. 

The study was 

conducted for 300 and 

500 samples, leading 

to the conclusion that by choosing a population of 300 samples we can 

optimize the results. 

 

 

Figure 5.39 Probability of failure evaluated with an increasing number of 
samples. 
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5.4.1.4 Maximum strain of unconfined concrete under tension 

 The confined concrete is modelled using the confinement parameters 

developed by Mander et al.  The following figure shows the concrete 

model in tension with unloading–reloading cycling rules. 

 

Figure 5.40 Cyclic response of unconfined concrete model under tension, employed in the analyses 

  

Concrete failure may occur due to exceeding the maximum tensile 

strength and/or exceeding the maximum relative strain. In this case the 

maximum admissible deformation is 0.00125. 
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LINEAR REGRESSION  

The results of linear regression are shown below. As we can se there is 

quite high dispersion so  

  

                                 a                                                                                      b 

                                                                      

                                          c                                                                                 d 

Figure 5.41 Linear regression model for predicting the damage index following single shock. Regression is 
carried out with an increasing number of samples a)300 b)1000 c)2500 d)3500 

 

Table 24 Regression coefficients and RMSE. 

Samples α β γ Sa*[m/s2] ε1 ε2 

300 
-8.26 1.29 -0.56 1 

0.76 0.52 

1000 -8.3 1.43 -0.46 1 0.8 0.55 

2500 -8.39 1.46 -0.48 1 0.82 0.59 

3500 
-8.12 1.4 -0.36 1 

0.89 0.59 
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MULTILINEAR REGRESSION  

The regression surface seems to approximate very well the course of 

damage resulting from the analysis. In the next paragraph we will try to 

find the minimum number of samples that guarantees acceptable 

results. 

   

                                 a                                                                                      b 

  

                                           c                                                                                     d  

Figure 5.42 Multilinear regression model for predicting the damage index after n shocks as a function of the 
PGA of the nth shock and the damage index of the previous one. Regression is carried out with an increasing 
number of samples a)300 b)1000 c)2500 d)3500 

In the footer table the values of the regression coefficients are 

summarized with the respective errors. 

Table 25 Regression coefficients and RMSE. 

Samples α β γ δ Sa*[m/s2] ε1 ε2 

300 
-1.36 0.65 1.07 0 4.46 

0.26 0.68 

1000 
-1.96 0.52 1.28 

0 4.78 0.29 0.65 

2500 -2.1 0.49 1.28 0 4.89 0.29 0.66 

3500 
-1.68 0.58 1.21 0 4.83 

0.28 0.66 
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COMPUTATION OF EDPs EXCEEDANCE PROBABILITIES 

Applying the procedure described in paragraphs 3.2.2, the following 

curves are obtained: 

 

Figure 5.43 Probability of failure with an increasing number of occurrences. 

  

They represent the probability of collapse for an increasing number of 

occurrences. Increasing the number of occurrences, the probability of 

collapse rises considerably reaching, after about ten earthquakes, the 

100% of probability to overcome the first level of damage. We can see 

that to push the analysis beyond ten occurrences is useless since the 

curves for a number of earthquakes major than ten coincide. 
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CONVERGENCE STUDY 

In order to optimize the treatment of Ghosh et al. by minimizing the 

number of samples to be analysed, a convergence study was performed.  

The procedures described above were performed with an increasing 

number of randomly extracted samples. The aim was to understand the 

number of samples beyond which it was not useful to push the analyses. 

The results of this study are visible in the Fig. 5.53. 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

From the figure we can see that the minimum number of samples that 

grants good approximation of results is 300. 

Figure 5.44 Probability of failure evaluated with an increasing number of samples 
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5.4.1.5 Maximum strain of steel under compression 

In this research the Dhakal and Maekawa buckling model is used for 

modelling the post-yield buckling behaviour of corroded reinforcing 

bars. In this model, the post-yield buckling response of reinforcement is 

defined as shown in the next figure: 

 

Figure 5.45 Cyclic response of steel reinforcement model under compression, employed in the analyses 

Failure may occur due to exceeding the maximum compressive strength 

and/or exceeding the maximum relative strain. In this case the 

maximum admissible deformation is 0.086. 
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LINEAR REGRESSION  

Looking at the figures it is possible to see that, despite the results from 

the analyses are very dispersed, the regression is quite good as shown 

by the value of the standard deviation of residuals (root mean square 

error) which leans towards zero. In the footer table the values of the 

regression coefficients are summarized with the respective errors. 

 

  

                                 a                                                                                      b 

  

                                           c                                                                                     d  
Figure 5.46 Linear regression model for predicting the damage index following single shock. Regression is 
carried out with an increasing number of samples a)300 b)1000 c)2500 d)3500 

Table 26 Regression coefficients and RMSE. 

Samples α β γ Sa*[m/s2] ε1 ε2 

300 
-7.57 0.74 0.68 / 

0.35 / 

1000 -7.56 0.57 1.40 3.14 0.30 0.52 

2500 -7.57 0.62 1.63 3.92 0.31 0.63 

3500 -7.51 0.52 1.53 3.37 0.32 0.58 
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MULTILINEAR REGRESSION  

The results of the application of predictive equation described in chapter 

3 are shown below. As we can is even if the dispersion of samples, there 

is a good approximation of the trend. 

 

   

                                 a                                                                                      b 

  

                                           c                                                                                     d  

Figure 5.47 Multilinear regression model for predicting the damage index after n shocks as a function of the 
PGA of the nth shock and the damage index of the previous one. Regression is carried out with an increasing 
number of samples a)300 b)1000 c)2500 d)3500 

 

Table 27 Regression coefficients and RMSE. 

Samples α β γ δ Sa*[m/s2] ε1 ε2 

300 
-1.25 0.8 0.66 0 2.31 

0.08 0.44 

1000 
-2.36 0.55 1.39 

0 5.35 0.18 0.60 

2500 -1.43 0.69 1.29 0 6.05 0.20 0.67 

3500 -2.31 0.55 1.37 0 5.81 0.19 0.63 
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COMPUTATION OF EDPs EXCEEDANCE PROBABILITIES 

Applying the procedure described in paragraphs 3.2.2, the following 

curves are obtained: 

 

Figure 5.48 Probability of failure with an increasing number of occurrences. 

  

They represent the probability of collapse for an increasing number of 

occurrences. Increasing the number of occurrences, the probability of 

collapse rises considerably reaching, after about ten earthquakes, the 

100% of probability to overcome the first level of damage. We can see 

that to push the analysis beyond ten occurrences is useless since the 

curves for a number of earthquakes major than ten coincide. 
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CONVERGENCE STUDY 

In order to optimize the treatment of Ghosh et al. by minimizing the 

number of samples to be analysed, a convergence study was performed.  

The procedures described above were performed with an increasing 

number of randomly 

extracted samples. The 

aim was to understand 

the number of samples 

beyond which it was not 

useful to push the 

analyses. The results of 

this study are visible in 

the Fig. 5.58. 

In the first instance the 

following cases were 

studied: 200, 1000, 2500 

and 3000 samples. It 

was then realized that 

over 1000 the solutions 

coincided so it was 

useless to go beyond this 

value. Therefore, we 

sought values in the 

range between 200 

and 1000 that would allow the analysis to be lightened without affecting 

its quality. The study was conducted for 300 and 500 samples, leading to 

the conclusion that by choosing a population of 300 samples we can 

optimize the results. 

 

Figure 5.49 Probability of failure evaluated with an increasing number of 
samples. 
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5.4.2 Comparison between different approaches  

As for column 815 also in the present case, column 1015, the results 

obtained following the application of the 4 methodologies are shown 

below. You can see how the Markovian method and the frequentist one, 

lead to very similar hazard curves. Ghosh method, instead, conducts to 

results that differ from those previously obtained. At the base of the 

differences that occur in the results there is, probably, that the linear 

regression fails to capture any anomalous events that are taken into 

account using the other two approaches. In any case, a careful analysis 

of the situation leads us to conclude that; since the probability evaluated 

by the three methods, although present some differences, leads to 

similar and equally reliable results; the Ghosh approach is the most 

useful method because it allows to reduce the number of samples on 

which to perform the analyses. The so-called hybrid method exploits the 

Ghosh regressive model that allows a good approximation of the results 

with a very low number of samples and the Markov transition matrix 

that characterizes the Iervolino method and that leads us to have results 

very close to the real ones. The approach is highly competitive but 

requires further studies and validations that can confirm the results 

obtained. The results obtained for the second column appear more in 

line with what we expected. In the following page you can see the results 

described up to now.  
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                                               a                                                                                        b 

 

 

                                                 c                                                                                   d 

  

                                              e                  

Figure 5.50 Probability of failure evaluated with different approaches: Ghosh method, Iervolino Method, 
frequentist approach and hybrid one  for the chosen EPDs  ( a) Park and Ang index, b) strain of confined 
concrete under compression c) strain of unconfined concrete under compression and d)tension  and e) strain 
of steel under compression). 
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6 CONCLUSIONS  
 

It is not yet possible to predict the time and place of environmental 

disasters such as earthquakes or tsunamis, but it is conceivable to think 

of directing the current design standards towards a design capable of 

resisting the harmful effects of the earthquake and limiting human and 

economic losses. A structure can collapse not only for a single event of 

considerable magnitude but also because of repeated quakes of minor 

magnitude that, in the long run, can cause damage accumulation and 

reduction of structural capacity. 

Thus, accumulation process can’t be neglected in reliability valuation. 

The aim of this work is to highlight the importance of taking into account 

multiple shocks and the subsequent accumulation of damage in seismic 

design and risk assessment. To reach this goal, an improvement of 

hazard assessment methodology which relates ground motion to failure 

probability has been required.    

This thesis presents a comparison between existing methodologies for 

the evaluation of structural earthquake damage under recurrent shocks 

in order to establish the most efficient and accurate approach.  

The research has included the following major activities: critical review 

of existing bridge damage evaluation procedures; advanced bridge 

performance analysis using finite element modelling; structural system 

reliability analysis. 

 A hybrid method has been also developed; it combines the strengths of 

each approach previously described and maximizes performance.  

The application of the proposed evaluation framework to the introduced 

structural model allows us to conclude that; although the Ghosh model 

presents divergences with respect to the probability assessed by mean 
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of Frequentist method, these differences are not such as to invalidate the 

goodness of the results.  

In the light of the foregoing, it can be concluded that among the existing 

methodologies, Ghosh is undoubtedly the most advantageous as it 

requires less computational burden. The hybrid approach combines the 

advantages linked to the application of the Ghosh method with the 

greater accuracy deriving from the Markovian one, but it needs further 

studies and validations that could confirm the results obtained.  

However, this research project must be considered as the incipit of a 

complex in-depth study, able to generate a realistic and reliable 

estimation of hazard scenarios, thanks to the usability and efficiency 

related to the probabilistic approach. 

In particular, the future development of the project must address the 

following matters: 

• improvement of the Ghosh’s regression model in order to better 

grasp the intensity peaks neglected by the current method; 

• joint consideration in the same framework of main-shocks and 

after-shocks scenarios. 

• development of a model that may virtually account for the 

combination of seismic damage accumulation with aging and 

other non-seismic degradation phenomena. 

The ultimate ambition of this work would be to lay the foundations for 

an integrated and planned development of the aforementioned topics so 

that the assessment of seismic risk is a valuable aid for the most current 

applications of civil engineering. Therefore, an at the forefront and 

multidisciplinary approach, continually supported by scientific 

research, is essential for responsible management of the seismic 

problem. 
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