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Abstract

An anthropomorphic arm, is a programmable structure with functions
similar to those of a human arm. These arms can be used to perform a
variety of tasks with great accuracy. The first step in the robotic arm
design is developing a proper mathematical model for the motion of
the mechanism. This work of thesis, which lies within the PARLOMA
framework, focuses on the kinematic aspect of an anthropomorphic
arm developed to convey information through the exchange of tactile
sign languages. There is also enough considerations given to model the
mechanical system of a robotic finger.
The PARLOMA project aims to design and develop a low-cost system
for remote communication between deaf-blind people. The focus is on
the development of arm. The requirements posed by such challenging
project are carefully revised. Then the thesis can broadly be divided
into three main categories:

The direct kinematics: the arm has seven revolute joints and
seven degrees of freedom: three at shoulders, one at elbow and three at
the wrist. The direct kinematics is calculated according to the Denavit
Hartenberg convention.

The inverse kinematics: This is modelled by using the redun-
dancy parameterization. The arm angle is used to calculate the unique
values for the computation of the joint angles.

Modelling of the robotic fingers: To make the hand cost effec-
tive and light weight, we need to use the minimum possible mechanical
components. Using the Lagrangian method, three generalized differ-
ential equations are calculated. These equations can now be used to
calculate the values of any unknown parameter in the system, like the
spring constants.
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Chapter 1

Introduction

An anthropomorphic robotic arm is a bio-inspired mechanical struc-
ture which mimics (most of) the form and movement of a human arm.
The anthropomorphic arm which is sufficiently compact, powerful and
flexible to be functional is to be designed. The number of degrees of
freedom endowed in a robotic arm is what makes it capable of execut-
ing a wide range of tasks, including dexterous hand movements. A well
developed robotic arm is capable of sensing and interpreting incoming
external force to perform a plethora of tasks that are used in most of
the industries today. To accomplish a desired task by the manipulator,
we need to study the robots kinematics structure, so that hand is able
emulate the capability of the human hand by providing similar degrees
of freedom , ranges of motion, link and sizes.

Anthropomorphic hand, on the other hand, often needs com-
plicated joint mechanism such as hinges, gimbals, springs linkages, or
gears and belts in order to achieve the right number of DOFs and to
mimic the kinematic characteristics of the human hand. The signifi-
cance of designing the hands likely originates from the expectation of
using motorized prosthetic hand to achieve optimal dexterity.
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1.1. The PARLOMA project

1.1 The PARLOMA project

Figure 1.1: PARLOMA

I have worked within PARLOMA, which is a research environment that
aims to design and develop a remote communication system between:

• Deaf-blind people

• Deaf person and deaf-blind person

• Deaf-blind person and a person with impaired hearing who has a
prior knowledge of a Tactile Sign language

PARLOMA, is a project which provides a novel system to
aid communication between deaf-blind people remotely. PARLOMA
essentially works as a ”telephone” for deaf-blind people. This technol-
ogy will dramatically improve the quality of life of deaf-blind people.
PARLOMA has been presented and supported by the main Italian deaf-
blind association, Lega del Filo d’Oro. End users are also involved in
the design phase.

1.1.1 Tactile sign language

Humans are social beings. It is this trait of ”social” that makes them
interact and communicate with one another. Communication keeps
them bonded with each other, help the fellow beings and also keeps
them informed. The art of communication has been an integral part of
the human society, the origin of which can never be traced previously.

2



1.1. The PARLOMA project

Being able to communicate was probably the main reason that people
came together and gradually a society was formed. However, the crucial
link in the society or rather the human race was language. It was the
ability to precisely convey thoughts and feelings to one another verbally.
But then language was conveyed in an acoustic-vocal way. And more
importantly, this way of interaction worked for the ”normal” people
who had the ability to talk, hear and also see. However, deaf people
cannot communicate through this way. Hence, the gestural way comes
into play. This means that the communication is codified in poses made
by hands using gestures and facial expressions. This is then received
through the optical apparatus(or eyes). Sign Languages are similar
to vocal languages, in the sense that they have complete grammars
and can convey every possible meaning, but at the same time, they
are totally independent from the latter. A sign language is a language
which typically involves conveying messages using hand gestures along
with facial expressions and body movements. In sign language , the
speaker, to expresses his/her thoughts may use one hand or both to
produce gestures as a means of communication. These gestures, in
sign language have specific meaning and are codified and assimilated.
Each and every gesture has a specific meaning. Languages of sign use
visual gestational channel, so the message is expressed by the body
and perceived with sight. It is interesting to note that similar to the
fact that any language has variants from region to region in any given
country, the sign language also differs from place to place.

Deaf-blind people can use neither vocal nor sign language, in
their communication. This is because, by using sign language, they lack
a way to receive the communication expressed by the original ”signer”,
as the optical apparatus is absent. Due to this, their communication is
different from the conventional sense. The ”receiver’s” hands are placed
on the hands of the ”signer” in order to follow the signs made. Since
the communication is still based on sign language, this variant is called
Tactile Sign Language (t-SL). While it is possible for two ”seeing”
speakers or two ”signers” to communicate in presence of one another
or remotely (either through phone calls or video-calling systems), at
the moment, there is no way for two deaf-blind people to communicate
with each other as the ”touch” receiver is absent.

As of now, no solutions exist that enables two (or more) deaf-
blind people to communicate remotely. Using tactile Sign Language
(t-SL), deaf-blind people can communicate with each other. But for
this, a physical presence is essential, as they need to touch the hands
of the people they are communicating with, to exchange responses.

3



1.1. The PARLOMA project

The aim of the PARLOMA project is to enable a remote com-
munication, to develop an interface that would be able to reproduce
of Tactile Sign Language that would allow the communication to be
”normal” and instant for deaf-blind people.

Figure 1.2: Alphabets of the Italian Sign Language

The PARLOMA project, has targeted the Italian Tactile Sign
Language, a variant used by Italian deaf-blind people and the ones in-
volved with this community. The aim is to extended this support to
other tactile languages spoken in other parts of the world. Italian sign
language is like a real language with its structure and syntax. Though
it is different from the Italian spoken language, it shares certain sim-
ilarities with others spoken languages. As illustrated in Fig. 1.2, a
variety of different sign combinations positioning the individual fingers
and the orientation of the hand in a three dimensional space are de-
picted. This means that the final design of the robotic hand will have

4



1.1. The PARLOMA project

to try to move in all three degrees of freedom similar to the human
arm.

1.1.2 The architecture of the system

The communication system used by PARLOMA, is to be composed of
different blocks: the ”signer” makes his/her signs in front of a sign ac-
quisition and recognition module, which codifies the information before
sending it over the internet and to robotic arms. These robotic arm
are then able to reproduce the signs that are received. The ”receiver”
is the able to touch these arms and understand what the “signer” is
implying. To realize this system, the team made an analysis on the
possible alternatives for each component. Then, after the research ac-
tivity, the most suitable solution was decided and studied.
The architectural pattern supports the development of Hand Gesture
Recognition-based Human Robot Interaction systems leveraging on all
the functionalities offered by Robot Operating System (ROS). The
pipeline is formed in three blocks:

1. Input Module which consists of acquisition node, for acquiring
the frames from the input camera, a tacking node that tracks the
hands’ motion and recognizes their gestures. This module aims at
gathering data from a depth camera and at recognizing gestures
performed by the user. Fast and reliable remote transmission is
ensured by the ROS framework.

2. Gesture conversion and transmission, wherein the gesture con-
verter node offers the desired abstraction, since it generates spe-
cific commands to proper control various and several robotic in-
terfaces.

3. Output Module which is responsible for gesture synthesis through
an haptic interface. This module aims at controlling the output
robotic and haptic interface(s).

In addition, since ROS provides hardware abstraction for machines ex-
ecuting nodes and it implements a distributed paradigm, remote com-
munication is achieved in a simple manner, and is capable of control-
ling different robotic interfaces and input cameras, even in cases where
multiple I/O devices are connected. The input device is composed of
a computer and a Kinect, which is tasked with recognizing the signs of

5



1.1. The PARLOMA project

the tactile sign language. These signs, then appropriately encoded by
the gesture conversion module, are transmitted via the internet network
to the output node. The output node, in turn consists of anthropo-
morphic arms that are designed to reproduce the signs in a way such
that they are understood by the user.

1.1.3 Input Module

The Input Module is in charge of extrapolating and processing in real-
time 3D information captured by the input camera to recognize the
gesture performed by the user. It consists of three ROS nodes, namely:

• the Hand Tracker node that computes the hand joints’ positions
from depth images and can be composed of different sub modules
depending on the implemented computer vision technique.

• the Gesture/Handshape Classifier node which classifies and rec-
ognizes gestures that the ”signer” performs in front of the input
camera that are sent to this node from the hand tracker node.

• The Camera Driver node reads the stream of images from the in-
put camera and embeds it within a ROS topic. This node supports
the video streams coming from a wide range of sensors (e.g, a sin-
gle RGB camera, a depth camera, a multi-camera system, etc.)
and of different types (e.g., 3D information, RGB, grayscale, etc.),
even if successive nodes use only depth information for reliability.

As mentioned earlier the input device consists of a Kinect and a com-
puter. The Kinect is a device which is a proprietary of Microsoft tech-
nologies, that combines several systems of vision. A normal camera is
infringed with an infrared emitter Matrix and a reliable receiver which
allows the input node to get a map of the depth of the environment.
This kind of Technology was first seen in gaming market as a console
controller and then it was used in research as a low-cost and high-
tech innovative performance tool. The depth map is provided by Asus
Xtion that obtains the gesture recognition performed by the Kinect.
These gestures are then processed through complex computer vision
algorithms and then translated into packets. The algorithms must be
fast and should precisely recognize the gestures made by the ”signer”.
Once it has been recognized, with all the difficulties just illustrated,
the computer then deals with the sending packets, optionally coded,
via the web to the output device.

6



1.1. The PARLOMA project

1.1.4 Output Module

The Output Module is in charge of reproducing the recognized hand-
shape by using the output interface(s). This module is composed by
two main ROS nodes, namely the Gesture Converter and the Haptic
Interface Driver one. The PARLOMA architecture allows the system
to have different output devices connected, enabling one user to simul-
taneously control many remote interfaces. In fact, several interfaces, if
available, can receive the same inputs and perform the same gestures.
Nodes are hereby detailed:

• the Gesture Converter node is in charge of converting recog-
nized gestures in generic poses (i.e., intermediate representations
that do not target a specific robotic interface). This is achieved
through a pre-compiled dictionary of possible poses that asso-
ciates gestures as received from the network with a corresponding
set of commands;

• the Haptic Interface Driver node is devoted to control the robotic
hand with specific commands depending upon the employed robotic
interface. It receives as input a set of commands from the Ges-
ture Converter node and performs specific algorithms of inverse
kinematics and collision avoidance. Collision avoidance is of ex-
treme importance for mission critical tasks, i.e., when there is the
necessity that the robotic interface keeps working for a long time
without errors and without getting entangled. Behavior of the
robotic interface (e.g., allowed movements and working area) is
described in a XML file that the driver takes as input and parses
to produce proper commands for the given interface. Leveraging
on such information, this node discards input stimuli related to
tasks and movements that the robotic interface cannot accomplish
due to mechanical constraints.

The first task of the output device is to receive packets from
the web, process and reproduce the signs using the robotic hand. This
task is designated to a small computer, based on ARM, to mount the
system operative that is derived from a properly deployed Linux dis-
tribution. This Mini computer, Raspberry Pi, is an open Source, that
was developed by a nonprofit foundation to make Computer science
accessible even in the less industrialized areas of the planet. To pursue
this goal, the Raspberry Pi is sold at the cost of about thirty dollars.
This performance / price ratio, immediately made the device a top con-
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1.2. Aim of the thesis

tender for the PARLOMA project. As mentioned above, Raspberry Pi
has the task of receiving information from Network and redirect them
to an Arduino Mega 2560 r3 which, in turn, has the task to control
different actuators and acquire sensors on the hand. Finally, the real
anthropomorphic hand, by performing the signs, provides the data to
the ”receiver” for communication.

1.2 Aim of the thesis

In this thesis, we aim to find generalized solutions for the kinematics
of 7 DOF anthropomorphic arm. We go in depth into the direct kine-
matics to find adaptable solution of the manipulator. Then we look
at the inverse kinematics and using the fact that the manipulator in
question is a redundant arm, we compute the inverse kinematics us-
ing redundancy parameterization. We further delve into the mechanics
of an anthropomorphic hand and kind the novel solution of the same
using the Lagrange method.

1.2.1 General findings

Since we will be focusing on an 7 DOF manipulator, redundant manip-
ulators have an infinite number of configurations that lead to the same
end-effector desired position and orientation. Forward kinematics is a
straightforward problem. Therefore, the existing methods in the liter-
ature can be used to solve this problem. Denavit-Hartenberg method
is used in this thesis work to derive the forward kinematics.

In the case of Inverse kinematics problems are tricky and indi-
rect to solve. The existing literature on solving the inverse kinematics
problems do not provide a general solution, as solving the inverse kine-
matics problem by analytical methods usually gives exact solutions
that are unlike the numerical methods and are faster than the other
methods. However, these methods become more complicated to apply
to the manipulators that have higher degrees of freedom. Hence we use
the redundancy parameterization method.

To simplify the computation of a finger joint, and to keep the
fingers as lightweight as possible, we model a generalized robotic finger
to find it’s differential equation. We achieve this using the Lagrangian

8



1.2. Aim of the thesis

method to find the differential equations. These equations can later be
used to find the values of spring constants if need be.

1.2.2 Research outline

The structure of the thesis work is as following. Chapter 2 reviews
the literature of how an anthropomorphic arm has changed over the
years and the PARLOMA arm Chapter 3 deals with the overview of
the modelling systems and the requirements we have to model our
robotic arm and our anthropomorphic hand. Chapter 4 presents the
methods of direct kinematics and the method we used in particular
for our computations. Chapter , talks about the inverse kinematics,
different methods available to solving them, the method used and the
results obtained. In chapter 6, we deal with a Robotic fingers. We
talk about ways in which we can model the robotic finger and the
calculations done to model the finger. Finally, in chapter 7, we conclude
the results and talk about the future work.

9



Chapter 2

Literature review

The term Anthropomorphism refers to the capability of a device to
mimic the human hand general aspects, such as shape, size, consis-
tency, colour, temperature and aesthetic factors. The word anthro-
pomorphism originates from the Greek words Anthropos and Morphe,
meaning human and form respectively. As per Liarokapis et al.[1], we
can identify at least two dimensions of similarity between humans and
robots: similarity in terms of motion and similarity in terms of mor-
phology. Similarity in motion depends on the kinematic model (relative
link lengths and joint positions) and the joint coordination patterns
(encapsulated in the concept of synergies from Neuroscience). Similar-
ity in morphology concerns the degree of correspondence for visually
perceived characteristics such as shape and size for robotic artifacts or
even facial expressions for humanoid robots.

These days anthropomorphism is becoming increasingly im-
portant for robotics applications for three main reasons:
1) it ensures likeability of robotic artifacts
2) increase a robot’s capability for motion expressiveness, which can be
critical in scenarios where robots must cooperate closely with humans
to accomplish a task
3) it guarantees safety in Human Robot Interaction (HRI) applications
as human-like motion can be intuitively understood by humans.
Humans are starting to interact and co-exist with robots in everyday
life environments. Thus, the more human-like a robot is in terms of
appearance, perceived intelligence and motion the more easily it will
manage to establish solid social connections with humans. In this re-
spect, anthropomorphic arms can generate predictable motion, avoid-

10



2.1. History

ing to surprise or confuse their human partner, or even generate sub
optimal legible motion that is more intent expressive, thus leading to
increased overall safety and efficiency.

2.1 History

The robotic arm has become indispensable part of the industry - be it
agriculture or automation. One can say that 1495 was a historical year
in robotics. It was in this year that the first robotic arm was designed.
This newly designed arm provided four degrees of freedom and also
included an analog controller. The analog controller did two things,
firstly supplied power and secondly provided programmability. The
robotic arm from then on slowly and steadily moved towards sophis-
tication and by the year 1993, Arid, the first Android with a robotic
arm was seen.

2.1.1 Leonardo Da Vinci’s Robotic Arm

In the 1950s, researchers at the University of California, examined the
comprehensive renderings of Leonardo da Vinci’s notebooks which ex-
ceeded over 1,119 pages. His work which dated from 1480 to 1518,
would thereafter be referred to as the Codex Atlanticus, aptly named
after the massive Atlantic Ocean. Leonardo da Vinci, during his life-
time, was heavily influenced by the classical Greek philosophers in the
areas of arts and engineering. The investigations stated that, he gained
the knowledge from ancient scholars like, Hero of Alexandria1, Philon2

and Ctesibius3, who were said to be interested in the mechanical motion
and human anatomy. Da Vinci thus began planning and develovping
these ideas to make a mechanical device. He designed his first ”robot”
in the December of 1478, when he was just 26 years old (Fig. 2.1).

Folio 812 of the Codex Atlanticus, consists of a front wheel
driven, rack and pinion automobile. This was fully programmable and
had the ability to control its direction and motion. It has now become

1Hero of Alexandria (c. 10 AD – c. 70 AD), was a Greek mathematician and engineer
2Philon, 4th century BC, well known for planning the architecture of; the portico of

twelve Doric columns to the great Hall of the Mysteries at Eleusis and an arsenal at
Athens.

3Ctesibius(285 BC – 222 BC), was a Greek inventor and mathematician in Alexandria,
Ptolemaic Egypt
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2.1. History

Figure 2.1: Leonardo da Vinci’s automobile, courtesy of Biblioteca Am-
brosiana in Milan

apparent that this “base” would eventually become the foundation of
his fully functioning automation, according to Rosheim [2]. To make a
simulated humanoid, he knew that he had to form a detailed descrip-
tion of human kinesiology. Da Vinci enforced this by learning about
drafting, human anatomy, metal construction, learning to make tools,
and designing armors on top of painting and sculpting.

In 1495, while he was working on his painting of the Last Sup-
per, it is said that, Da Vinci developed his first programmable robot.
The research being done at the Museo Galileo4 at Florence, it is now
known that this mechanical machine had the capability to open and
shut its mouth,it could wave its arms and move its head about its neck,
automatically according to Capello et al. [3]. This robot consisted of
two parts as shown in (Fig. 2.1). The base had three degrees of free-
dom due to the legs, ankles, knees and hips. The body consisted of four
degrees of freedom from the arms with articulated shoulders, elbows,
wrists and hands. The positioning of the arms show that moving of the
joints in unison could imitate the grasping motion. The robot also had
an “on board” controller fitted within its body to provide power and to
control the arms. The legs of the robot were simulated by an external
crank system. The Museo Galileo has developed computer animations
using this design. it is said that Da Vinci re-evaluated this design to
impress his former royal benefactor, Francis I of France. From Gian

4Museo Galileo, the former Istituto e Museo di Storia della Scienza,contains a wide
range of scientific instruments, which prove the crucial role that the Medici and Lorraine
Grand Dukes attached to science and scientists.
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2.1. History

Paolo Lomazzo’s5 description of Leonardo, Francesco Melzi6 describes
that Da Vinci, developed many ”robots”, as writted in his works as
“birds, of certain material that few through the air and a lion that
could walk...the lion, constructed with marvellous artifice, to walk from
its place in a room and then stop, opening its chest, which was full
of lilies and different flowers.” Rosheim [2] cites that the cart, which
were worked by springs, could power the ”lion”. Da Vinci’s multiple
degrees of freedom automation is considered as an approximate starting
point of technical interest of man in reviewing automation as, da Vinci
inspired attention to detail, has been a recurrent theme throughout
history.

2.1.2 Automata to the Industrial Revolution

Figure 2.2: De Vaucanson’s Androide

The son of a glove-maker, might as well, have been responsi-
ble for the starting the Industrial Revolutions according to Wood G.
[4]. Jacques de Vaucanson, was a mechanical designer who built of
some of the most complex, clockwork of eighteenth century. Born in
Grenoble in the year 1709,he was the youngest of ten children showeing
signs of his marvels at an early age. De Vaucanson was interested in
the anatomy of the human body, and is said to have attended anatomy
and medicine lectures at the Jardin du Roi, where he, met Claude-
Nicolas Le Cat7. By the year 1738, the De Vaucanson had crafted an

5Gian Paolo Lomazzo (April 26, 1538 – January 27, 1592),Trattato dell’arte della pit-
tura, scoltura et architettura,1584, RVE.III.37

6Francesco Melzi(ca. 1491-1568/70), an Italian painter born into a family of the Mi-
lanese nobility in Lombardy.

7Claude-Nicolas Le Cat (September 6, 1700 – August 20, 1768) was a French surgeon
known for Lithotomy and cataract surgery.
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automated flute player (Fig. 2.2), called “androide” and in just over a
year, he had made two more automata to add to his exhibition, a drum
and pipe player and a duck. According to Riskin J.[5],the duck was his
most popular and famous mechanical contrivances. The entrance fee
to Vaucanson’s exhibition Salle des quatre saisons8 in Paris, approxi-
mately three livres (a week’s pay in those times). Abbe Desfontaines9,
who was amazed by the human-like features of the “androide”, de-
scribed the insides of the ”androide”,to have contained an “infinity of
wires and steel chains...form the movement of the fingers, in the same
way as in living man, by the dilation and contraction of muscles”. De
Vaucanson has written a detailed description of the “androide” that
has been published as illustrated works in his book [6].

Many other inventors followed Vaucanson, but the most well-
known, were the Swiss clock-making family, called Jaquet-Droz. In
1774, Pierre along with his son Henri Louis, started to make three life
size humanoids mimicking human capabilities. the village surgeon is
said to have helped them to achieve their goal to develop the limbs and
the arms of the automata. They finally succeeded in buiding an artist,
a writer and a musician which played a clavichord. This was achieved
by applying pressure to the keys by moving the musician’s fingertips
(Fig. 2.3).

Figure 2.3: Jaquet-Droz’s musician

The final automation of interest is of that of Wolfgang Von
Kempelen. He had made a chess player, called the Turk (Fig. 2.4),
as described in the book by Standage T. [7]. It was developed in 1769
for the Empress Maria Therese. The Turk was an elaborate swindle

8Salle des quatre saisons in Hôtel de luxe,Paris
9Abbé Pierre François Guyot-Desfontaines (1685 in Rouen - 16 December 1745 in

Paris),French journalist, translator and popular historian.
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as it was worked by a human operator (Called as the ”director”, a
name given by those who were aware of the automata being controlled
by a human). This ”director” was concealed inside a complex cabinet
present under the chessboard. In spite if this,the automation was an
ingenious system of mechanisms. The chess player was carved by wood
and sat behind a wooden chest, dressed in Turkish clothing. The Turk’s
head could rotate on its head, it’s eyes could move in their sockets and
the left hand were intricately designed. Kempelen had made a panto-
graph, an instrument which could enable the ”director” to control the
Turk’s left arm from the inside of it’s body. The limb could be raised
and then the hand could be moved over the desired chess piece to be
moved. Then, the arm could be lowered to the piece, as the ”director”
moved a lever inside of the panto-graph, making the Turk’s fingers(each
of which had a series of cables connected to the panto-graph), grasp
the chess piece. The Turk’s fingers were wooden and during a match,
the hand would be placed inside a glove so that it could grasp the chess
pieces with more precision.

Figure 2.4: Kempelen’s Turk, with sophisticated left arm mechanisms

2.1.3 Robots of Expositions and Industrial Robotic Arms

The first industrial ”world fair” took place at Paris in 1798 and it per-
mitted the public to see the progress of technology. With the progress
in the field of electronics,where the vacuum tubes were replaced by
solid-state transistors, the development in the microelectronics and
faster computing systems, the revolution in the modern robotic arms
was bound to happen. The first “position controlling apparatus” by
Willard Pollard (Fig. 2.5) was patented in 1938. It was a spray painting
industrial arm with five degrees of freedom. Although this robotic arm
was purely theoretical and never built,Pollard[8]’s design is of interest
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as this automated robotic arm would soon motivate others. Harold A.
Roselund [9], who worked for DeVilbiss 10, developed another spray
finishing robotic arm, which was manufactured. Both of these arms
were ahead of their time as each of them solved the problems related
to the joint movements of the arms in unique ways. The control system,
however, lacked the reliability inhibiting their popularity.

Figure 2.5: Early modern robotic arm-the sketch of Pollard’s arm

It was at the San Diego Exposition, that, the ”new age” au-
tomated humanoid would be exhibited. A little known 2,000-lb ”me-
chanical man” was presented at the expo by it’s maker, Professor Harry
May. Alpha (Fig. 2.6), was about 6’2” in height and could open and
close it’s jaws, roll it’s eyes, sit, stand, could move its arms and could
also fire a revolver. In 1939, a superior humanoid was displayed at
the New York Expo by the electronics giant, Westinghouse11. Elektro
stood on the stage, moving about with a sliding gait, high above the
audience and could supposedly, react to English commands (Fig. 2.6).
Elektro could perform far more complex tasks than Alpha being about
7 feet in height and was made in Mansfield, Ohio [10]. The company
records show that, they produced eight more robots from 1931 to 1940
and all these robots had actuated arms and could walk. Elektro is said
to have had a 78- rpm record player to simulate conversation and had
a vocabulary of more than 700 words.

Interestingly, these mechanical humanoids were not called

10DeVilbiss Automotive Refinishing(founded in 1907), is an American manufacturer of
spray guns, airbrushes and related products for paint and lacquer coating applications.

11Westinghouse Electric Corporation(founded on January 8, 1886, as Westinghouse
Electric Company) was an American manufacturing company which ceased its operation
in 1999
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Figure 2.6: The Exposition robots: far left, Harry May’s Alpha; right, three
of the Westinghouse Elektros

”robots” at that time, as Čapek Kapek’s play, “Rossum’s Universal
Robots12” had not gained fame yet. The electronics in those mechan-
ical men was primitive, containing motor drivers that were very loud
and they were made up of vacuum tube relays. These parts would be
replaced by microelectronics and faster and more efficient mechanisms.

Figure 2.7: Unimate robotic arm

Milestones in the robotic industry
1954 — George Devol [11] designed the first programmable robot
1956 — Joseph Engelberger [12], a Columbia University physics stu-
dent, bought the rights to Devol’s robot and started a company called
Unimation
1961 — Unimate(short for Universal Automation Robot), as shown in

12R.U.R. is a 1920 science fiction play by the Czech writer Karel Čapek. R.U.R. stands
for Rossumovi Univerzálńı Roboti
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figure2.7,a robot was installed in Trenton, New Jersey for the fist time
to tend to a die casting machine
1961 — The force feedback incorporating a robot was developed for
the first time
1963 — Robot vision system was established
1966 — Kawasaki13 bought the license to manufacture industrial robot
arms from Unimation.

(a) Stanford Arm

(b) Minsky arm controlled by a PDP-6
computer

Figure 2.8: Sophisticated Robotic Arms

1968 - The Minsky Arm 2.8 was created by Marvin Minsky14 at Mas-
sachusetts Institute of Technology
1971 — The Stanford arm 2.8was ceated at Stanford University by
Victor Scheinman15

1973 — Robot programming language called WAVE was developed at

13Kawasaki Heavy Industries Ltd.(founded on 15th October 1896), is a Japanese pub-
lic multinational corporation primarily known as a manufacturer of motorcycles, heavy
equipment, aerospace and defense equipment, rolling stock and ships.

14Marvin Lee Minsky (August 9, 1927 – January 24, 2016) was an American cognitive
scientist known for his research in the area of artificial intelligence (AI)

15Victor David Scheinman (December 28, 1942 – September 20, 2016), pioneer in the
field of robotics,invented the Stanford arm,[1] an all-electric, 6-axis articulated robot de-
signed to permit an arm solution in closed form
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Stanford fo the first time
1974 — Milacron16 introduced the robot T3 with computer control
1976 — Draper Labs, develops a device called Remote Center Compli-
ance (RCC) for insertion of pats in assembly was developed at Draper
Labs in Boston
1976 — Robot arms were used on the Viking I and II space probes,
which lateron landed on Mars
1978 — PUMA robot, based on designs from General Motors study,
was introduced by Unimation
1979 — SCARA robot design was introduced in Japan
1981 — Carnegie-Mellon University developed the first direct-drive
robot
1982 — FANUC17 and General Motors, formed GM FANUC to market
robots in North America
1982 — Westinghouse bought the rights to Unimation, and secured its
position as the head of the domestic robot industry
1983 — Adept Technology was founded and which successfully mar-
keted the direct drive robot
1986 — Dr. Robert Barnard, who founded the Woods Hole Oceano-
graphic Institute, introduced the underwater robot, Jason, which ex-
plored the wreck of the Titanic
1988 — Stäubli Group18 purchased Unimation from Westinghouse
1988 — The IEEE Robotics and Automation Society was formed
1993 — ROTEX, an experimental robot, of the German Aerospace
Agency (DLR) was flown aboard the space shuttle Columbia which
then helped perform a variety of tasks like tele-operated programs and
sensor-based offline programs
1996 — Honda unveiled its humanoid robot, the development of which
had begun in secret in 1986
1997 — RoboCup-97, the first robot soccer competition was held in
Nagoya, Japan and which drew 40 teams from across the world
1997 — Sojourner mobile robot travelled to Mars aboard NASA’s Mars
PathFinder mission
2000 — Honda19 created a Humanoid Robot called ASIMO

16Milacron is an American limited liability company that manufactures and distributes
plastic processing equipment for fields such as injection molding, extrusion molding, and
metal injection molding

17Fuji Automatic NUmerical Control,(founded in 1958),provide automation products
and services such as robotics and computer numerical control systems.

18Stäubli (founded in 1892), is a Swiss Mechatronics company, primarily known for its
textile machinery, connectors and robotics products

19Honda Motor Co., Ltd. (founded in 1946), is a manufacturer of automobiles, aircraft,
motorcycles, and power equipment
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2001 — Sony20 began to mass produce the first household robot, Aibo,
which was a robot dog.
2001 — Space Station Remote Manipulation System (SSRMS) was
put on the space shuttle, Endeavor, to help facilitate the continued
construction of the space station
2001 — Laparoscopic gall bladder removal via the first tele-surgery was
performed on a woman in Strasbourg, France by surgeons in New Yok,
USA
2001 — robots were used to search for victims at the World Trade
Center site after the September 11th tragedy
2003 — The Unimate was inducted into the Robot Hall of Fame

Figure 2.9: Aichi Expo, Japan in 2005 with the robot exhibits

World’s Expo of 2005 was held at Aichi, Japan which was
attended by over 22,000,000 people. The theme of the expo was “Na-
ture’s Wisdom”, however, technology was the main focus. The hu-
manoid robots played the important role having the tag line “we live
in a robot age”. Working robots roved around the expo and partici-
pated in the routine chores like garbage collection, sanitation, security,
childcare and to aid the handicapped people (Fig. 2.9). Multiple pro-
totypes of robots were displayed for 11 days in the month of June at a
“Robot Station”, where visitors could interact with the hosts of those
robots, which were basically robot-based industrial manufacturers like
Toyota21, Mitsubishi22, and Brother Industries23 as they presented their

20Sony Corporation(founded on 7 May 1946, formerly known as Tokyo Tsushin Ko-
gyo KK), is one of the leading manufacturers of electronics, gaming, entertainment, and
financial services

21Toyota Motor Corporation(founded on August 28, 1937), is a Japanese automotive
manufacturer headquartered in Toyota, Aichi, Japan.

22The Mitsubishi Group(founded in 1870), also known as the Mitsubishi Group of Com-
panies or Mitsubishi Companies, is a group of autonomous Japanese multinational com-
panies in a variety of industries.

23Brother Industries, Ltd.(founded in 1908, as Yasui Sewing Machine Co.),is a Japanese
multinational electronics and electrical equipment company headquartered in Nagoya,
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future technology according to Belarmino J. et al. [13].

2.2 Anatomy of a human hand

Figure 2.10: Anatomy of a human hand

Understanding the basic anatomy of the hand and fingers is necessary if
we want to mimic the functioning of a finger like flexion and extension.
There are no muscles in the fingers and fingers move due to the pull
of forearm muscles with the help of the tendons. The three bones in
each finger are named according to their relationship to the palm of

Japan.
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the hand as shown in figure 2.10. The first bone, closest to the palm, is
called the proximal phalange; the second bone is the middle phalange;
and the bone which is the smallest and the farthest from the hand is
caled the distal phalange. The thumb does not have a middle phalange.
In the same way, the first and largest knuckle is the interlink between
the palm and the fingers, which is called the metacarpophalangeal joint
(MCP). The next knuckle toward the fingernail is the proximal inter-
phalangeal joint (PIP). The farthest joint of the finger closest to the
fingertips is the distal inter-phalangeal joint (DIP).

2.3 Progress in the field of robotic hand

A lot of progress as been made in the field of anthropomorphic hand
to find innovative ways of mimicking the human hand. some of these
are as follows:

2.3.1 EthoHand

There is a dexterous robotic hand called EthoHand[20], shown in fig-
ure 2.11, comprises of finger joints that are consisting of Ball and socket
joint at the thumb.

Figure 2.11: EthoHand
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2.3.2 SmartHand

SmartHand, shown in figure 2.12[21], is a highly innovative, interdisci-
plinary project, combining forefront research by The BioRobotics Insti-
tute, Scuola Superiore Sant’Anna, Pontedera, Italy. It is a five fingered
self-contained robotic hand, with 16 degrees of freedom, actuated by 4
motors. It is able to perform everyday grasps, count and independently
point the index. Underactuated fingers and differential mechanisms
were designed and exploited in order to fit all mechatronic components
in the size and weight of a natural human hand. Its sensory system
was designed with the aim of delivering significant afferent information
to the user through adequate interfaces.

Figure 2.12: SmartHand

2.3.3 Spring Hand

Spring Hand, shown in figure 2.13[22], is under actuated, as it has tra-
ditional actuators that are replaced with passive elastic elements and
mechanical stops. This under actuated hand can be used to obtain an
adaptive grasp that resembles human grasping more easily than a hand
with completely independent DOFs could achieve. This is similar to
the human hand which is also under actuated, as the distal inter pha-
langeal (DIP) joints of the fingers are not independently controllable.
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Figure 2.13: SpringHand

2.3.4 Blackfinger

Blackfinger as shown in figure 2.14[23] hand uses a hybrid actuation
with cylinders both using air and liquid. The two actuators are used
in integration as the pneumatic cylinder is used to set the pressure
but difficult to regulate the position of the cylinder and in case of
an hydraulic cylinders it is easy to fix the position but difficult to set
pressure. Hence the integration of both can offers a good solution. The
extensor tendon is connected to the pneumatic single effect cylinder,
the flexor tendon to the double effect cylinder, with one chamber filled
with high pressure air and the other with low pressure oil. The high
pressure of air is regulated by an electro-valve, specially designed.

Figure 2.14: Blackfinger
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2.4. The PARLOMA hand

2.4 The PARLOMA hand

PARLOMA took inspiration from the InMoov project, which in partic-
ular, has produced a novel robotic hand specifically targeting the tac-
tile sign language reproduction. A major concerns was also to develop
an entirely 3D-printable architecture, to keep costs as low as possible.
Secondly, it improved the hand using a spherical parallel three DOF
joint as a wrist. Parallel manipulators provided, less inertia and higher
stiffness. in addition, to a great architecture, it was also compact and
consisted of simple mechanics.
Robotic hands have also been investigated for haptics-based interac-
tion. Haptics can be a complementary communication means for HRI,
in addition to vision and hearing. PARLOMA aims to fill this lack by
using a haptic interface (a robot hand) that mimics movements of a re-
mote ”signer” captured through Computer Vision techniques. Hence,
PARLOMA needs a dexterous anthropomorphic robotic hand with a
large number of DOFs to replicate the complex movements that are
typical of human hands. In addition, such a hand should be low-cost
in order to be accessible to a large community of users.

Figure 2.15: PARLOMA hand

The proposed solution consists of a 3D-printable anthropo-
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morphic robotic hand designed to reach a high degree of dexterity.
With respect to the InMoov’s structure, the fingers actuated by the
motors were moved and placed in the forearm: bending/extension of
each finger is obtained by means of a tendon (for bending) and a spring
(extension), leading to three under-actuated joints. The ring and lit-
tle fingers present an additional bending/extension joint in their base
(i.e., contact point with the palm), placed at 45 degrees with respect
to the main finger axis to emulate the carpal-metacarpal bending. Ab-
duction/adduction has been implemented for the thumb, index and
middle fingers by means of tendons. Motion transmission has been
improved by introducing nylon sheaths to reduce friction and provide
greater flexibility in the positioning of the actuators, and consequently
greater freedom in the design.

In this thesis, we use the hand, shown in figure 2.15. The
idea is that this hand would at a later stage would be mounted on
a commercial arm. This gives us constraints on the commercial arm
like cost, degrees of freedom, weight and payload. We will talk about
these in depth in the next chapter. We also look at the possibility
of improving the current hand by modelling it’s fingers to get optima
results.
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Chapter 3

Overview and requirements
of the modelling system

To understand the thesis better, we need to divulge into some basic
necessities required for modelling. These representations will be used
later on to understand the manipulator in a better way. Herein, we list
the factors that form the constraints that we have put on our system
to obtain a cheaper and a more robust manipulator. The constraints
are applied on both the arm and the hand.

3.1 Basics for the modelling system

Kinematics allows to represent positions, velocities and accelerations of
specified points in a multi-body structure. These representations can
be independent from the causes that may have generated the motion
like forces and torques. As we venture into the kinematics of this
manipulator, we define some basic concepts which we will be using
later on.

3.1.1 End effector and Cartesian/Euclidean space

End effector is a structure which is situated at the end of the last link
of the robotic arm, which performs the required task or can hold a
tool. The TCP (Tool Center Point) is an ultimate point on the end
effector related to which all other robotic points are defined. The TCP
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moves in a 3D Cartesian/Euclidean space called Task Space. The task
space is the subset of the Cartesian space, that can be reached by the
TCP. Joint Space is the mathematical space (vector space) which has
elements that are the joint values.

3.1.2 Degrees of freedom and redundancy

Joints on a robotic manipulator define the degree of motion (DOM)

RobotDOM = n

. The number of independent variables that describe the Tool Center
Point reference frame is called the TCP degree of freedom (DOF).

ToolCenterPointDOF = n′ <= 6

. The number of independent variables that characterize or are required
by the task reference frame is called the Task DOF.

TaskDOF = m <= 6

. We can consider the following cases:

n = n′ = m

n = n′ > m

n = n′ < m

n > n′ = m

Case 1. The robot is called non-redundant, it has as many TCP DOF
as required by the task.
Case 2. Is impossible for m = 6, but is possible for m ¡ 6; in this case
the robot is redundant.
Case 3. The robot TCP has less DOF than those required by the task,
therefore it is a useless robot (for that task).
Case 4. the robot is called redundant.

3.1.3 Rotation matrix and reference frame

A kinematic chain is a series of ideal arms/links that are connected by
ideal joints and consists of a number of:
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1. Arms/links (rigid and ideal);

2. Joints (rigid and ideal);

The joints are considered to be of two types:

1. Revolute (or rotational) joints; allows a rotation between two con-
nected links;

2. Prismatic (or translation) joints; allows a translation between two
connected links;

Orthogonal Reference Frame (ORF) in 3D space is defined as a set
consisting of an origin O and three mutually orthogonal unit vectors
(i, j, k):

R(O, i, j, k)

Given two right handed orthogonal reference frames Ra and Rb, with
a common origin O, but with different orientation, their reciprocal
relation can be expressed in two ways:

1. Rb represented in Ra

2. Ra represented in Rb

Figure 3.1: Two RF’s Ra and Rb with a common origin but different orien-
tation
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Rb represent the three unit vectors (ib, jb,kb) with components in Ra:

Ra
b =

ib


a

jb


a

kb


a

 (3.1)

Ra represent the three unit vectors (ia, ja,ka) with components in Rb:

Rb
a =

ia


b

ja


b

ka


b

 (3.2)

These are rotation matrices that satisfy the relations:

Rb
a = (Ra

b )
T

Ra
b = (Rb

a)
T

We use elementary rotation matrices where, there are rota-
tions around the unit vectors (i, j, k) of a generic Reference Frame:

Rot(x, α) = Rot(i, α) =

1 0 0
0 cos(α) −sin(α)
0 sin(α) cos(α)

 =

1 0 0
0 cα −sα
0 sα cα


(3.3)

Rot(x, α) = Rot(i, α) =

 cos(β) 0 sin(β)
0 1 0

−sin(β) 0 cos(β)

 =

 cβ 0 sβ
0 1 0
−sβ 0 cβ


(3.4)

Rot(x, α) = Rot(i, α) =

cos(γ) −sin(γ) 0
sin(γ) cos(γ) 0

0 0 1

 =

cγ −sγ 0
sγ cγ 0
0 0 1


(3.5)
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Every rotation can be obtained combining these three ele-
mentary rotation matrices, to obtain rotations,that are composed of a
number of elementary rotations. To achieve this, it is necessary to:

• define the elementary rotation which is applied, i.e., define the
rotation axis;

• define the rotation angle;

• establish if the rotation is performed around a fixed reference
frame or a mobile reference frame;

• if the rotation takes place with respect to the fixed reference
frame, then pre-multiply the matrix with the previous rotation
matrix.

• if the rotation takes place with regard to the mobile RF, then
post-multiply rotation matrix with the previous rotation matrix;

3.1.4 Homogeneous Transformation matrix

Translations are rigid displacements, that keep the axes of the new
reference frame, parallel to the old axes, and just translating the origin.

Ta
b : Rea(O, i, j, k)→ Reb(O

′, i, j, k) (3.6)

Figure 3.2: Translation with respect to a frame

where
−−→
OO′ = tab is the translation vector represented in Ra
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Rotations are represented by matrices and translations of vec-
tors by using the homogeneous representation of vectors:

v =

p1p2
p3

→ v̄ =


p1
p2
p3
1

 (3.7)

It is possible to use a unique representation for roto-translations, called
homogeneous transformation matrix.

Ta
b =

[
Ra
b tab

0t 1

]
(3.8)

where Ra
b is the rotation and tab the translation and

0t =
[
0 0 0

]

3.2 Requirements of Robotic Arm

To find the best robots available which would efficiently replicate the
movements of a human arm, led me to research the possible articulated
robotic arms in the commercial sector today. Having analyzed the
requirements posed by PARLOMA, we notice that, any robotic arm,
to fit in our constraints would require:

1. The arm to be light weight: This is so that the final product would
be portable if need be.

2. The arm should be capable of having a payload of 3 to 10kg: This
is because though the arm would be fitted with servo motors,
springs and other actuating devices which would eventually add
up to the final weight. Another reason is that when ”receiver”
comprehends the tactile signs, by touching the arms, he/she would
exert a certain amount of their body weight on to the arm.

3. A manipulator with higher DOF is preferred: We know that hu-
man arm consists of 7 degrees of freedom and since we are trying
to replicate the same, the manipulator chosen should be as close
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to the human arm as possible as higher DOF means higher dex-
terity.

Keeping the above constraints in mind, we made the following obser-
vations:

The table shows different arms with various degrees of free-
dom, payloads and weights. This would eventually lead to us making
a trade-off so as to prioritize our constraints. Since we put more im-
portance on the Degrees of freedom, we see that Yaskawa SIA5F ma-
nipulator has 7 degrees of freedom. Looking at its other specifications
like weight and payload, we see that it lies well within our specified
constraints. Hence we considered this manipulator for our further cal-
culations.

3.3 Requirements for the robotic finger

As seen in the last chapter, we need to improve up on the current
PARLOMA hand, to achieve a low cost hand with better dexterity.
To achieve this, we need to look into the spring of our under actuated
hand. The making of our spring should be such that it is of a low cost,
as customized springs are more expensive to be manufactured. We look
at the following constraints:

1. The hand should be bio-mimetic : we see that the current arm in
question already satisfies the requirements for this

2. Low cost : we see that the cost goes up when there is a need
to manufacture customized springs. If we are able to define the
constraints on the spring, we can save up on additional costs.

3. Light weight : Though the current hand satisfies this condition
moderately, we see that by reducing the elements on the arm will
lead to lesser weight.

We will further apply the constraints on the arm and the hand
in chapter 4, 5 and 6 respectively.
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Table 3.1: Comparison between robotic manipulators by manufacturers
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Chapter 4

Direct Kinematics

Kinematics describes the motion of points, bodies and systems of bod-
ies (like a manipulator) without considerations on the causes of motion.
In particular, robot kinematics studies the mathematical relationships
between positions, velocities and accelerations of specific points of these
bodies. The study of these relationships allows to define some func-
tions, called kinematic functions.

This chapter discusses and develops the kinematic equations
of a 7-DOF articulated robot manipulator. The manipulator considered
in this project has seven revolute joints that rotate around fixed axes
of their previous links. A 7-DOF manipulator is considered as it has
a similar structure to that of a human arm. The seven revolute joints
are so arranged, so as to form the shoulder, elbow, and wrist as shown
in Fig. 4.1. Direct kinematics problem is straight forward issue as
compared to the inverse kinematics. Denavit-Hartenberg method is
the most common method for describing the manipulator kinematics
to derive the direct kinematic equations.

The direct kinematic functions form the direct kinematics
which transform the variables q(t)1 and q̇(t)2 of joint space into the
variables p(t) and ṗ(t) of the task space In opposite way, the inverse
kinematic functions form the inverse kinematics, which transform the
variables p(t) and ṗ(t) of the task space into the variables q(t) and
q̇(t) of joint space.

Assigned two reference systems R0 and RTCP , the base and

1 bold letter represents a vector or a matrix
2the dot above the letter represents first derivative
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Figure 4.1: 7 DOF manipulator

the manipulator’s tool centre point, respectively, it is possible to define
the vector p(t) for position and RTCP for orientation, represented in
the reference R0.

p(t) =

[
x(t)
α(t)

]
=


x(t)
y(t)
z(t)
α1(t)
α2(t)
α3(t)


The vector q(t), instead, is the vector of joint variables

q(t) =

q1(t)...
qn(t)


where n, is the number of joints.

Similarly, ṗ(t), is the vector of Cartesian velocities

36



ṗ(t) =

[
ẋ(t)
α̇(t)

]
=


ẋ(t)
ẏ(t)
ż(t)
α̇1(t)
α̇2(t)
α̇3(t)


Here ẋ(t) is a vector of linear velocities and α̇(t) is a vector

of angular velocities of RTCP represented in the reference R0.
Similarly q̇(t) is the vector of joints velocities

q̇(t) =

q̇1(t)...
q̇n(t)


For the simplicity of this thesis, we will concentrate on just

the Direct position kinematics, which refers to the use of the kinematic
equations of a robot to compute the position of the end-effector from
specified values for the joint parameters.

It, mathematically, works to calculate the transformation ma-
trix (as seen in section 3.1.4) f(q(t)) (with which the vector p(t) is
built), such that p(t) = f(q(t)).

p(t) =

[
x(t)
α(t)

]
=

 f1(q)
...

fn(q(t)


f(q(t)) is generally pointed out with T0

n, where the reference
system n is represented in the reference system 0. T0

n is gotten as
composition of the n elementary matrices Ti−1

i (qi(t)), with i= 1,...,n.

Form of the transformation matrix T0
n(q(t)) is shown below

T0
n = T0

1 ·T1
2 · . . .Tn−1

n =

[
R0
n t0n

0T 1

]
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4.1. Methods available

4.1 Methods available

4.1.1 Denavit Hartenberg convention

In 1955, Jacques Denavit and Richard Hartenberg introduced this
convention[24] in order to standardize the coordinate frames for spatial
linkages. The Denavit-Hartenberg convention is a particular conven-
tion attach reference frames to the links of a spatial kinematic chain, or
robot manipulator, which defines four parameters with which to build
the matrix T0

n. the following rules are used in the Denavit Hartenberg
convention:

Figure 4.2: Denavit-Hartenberg convention

1. The origin of Ri is located on the axis of joint gi+1 at the inter-
section between this axis and the common normal between this
motion axis gi+1 and the previous motion axis gi. If the two axes
intersects, the origin is located in the intersection point. If axes
are parallel, the origin can be located in a point of choice, usually
on the arm;

2. Versor ki is aligned with the motion axis gi+1 with the verse indi-
cating positive motion;

38



4.1. Methods available

h!

Table 4.1: Denavit Hartenberg parameters

Parameters Description

di it defines the translation along
the motion axis ki−1, between
the origin of Ri−1 and the in-
tersection of the axis defined
by ki−1 and the axis defined
by ii.

θi it defines the rotation around
axis ki−1, such that ii−1 over-
laps ii.

ai it defines the minimum signed
distance between axis ki−1
and ki along the common nor-
mal, measured along ii

αi it defines the rotation angle
around motion axis ii such
that ki−1 overlaps ki.

3. Versor ii is set orthogonal to ki−1. Since ii must be also orthogonal
to ki, it is normal to the plane defined by ki−1 and ki. If those
two vectors are parallel, axis ii lies on the plane normal to them
with direction and verse chosen by the user;

4. Finally, versor ji completes the right-hand RF;

When fixing the reference frame R0 of the base, the origin cannot be
uni-vocally defined. One solves the ambiguity setting only the direc-
tion of k0, so that it is aligned with g1 and the origin, the verse of k0,
i0 and j0 are chosen by the user. Moreover when fixing reference frame
on the TCP, versor ii is normal to ki−1 and the remaining versors are
chosen by the user.

So the DH homogeneous rotational-translation matrix defines
the transformation between two consequently reference frame.

T = T(R, t) =

[
R t
0T 1

]
(4.1)
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4.1. Methods available

Ti−1
i =


cos(θi) −sin(θi)cos(αi) sin(θi)sin(α) aicos(θi)
sin(θi) cos(θi)cos(αi) −cos(θi)sin(αi) aisin(θi)

0 sin(αi) cos(α) di
0 0 0 1


(4.2)

Ti−1
i = T(I, d)T(Rk,θ, 0)T(I, α)T(Ri,α, 0) (4.3)

Finally we can compute the Direct kinematics function with these step:

1. Select and identify links and joints;

2. Define and place the RFs using DH conventions;

3. Define the constant DH parameters;

4. Define the variable DH parameters and the generalized coordi-
nate;

5. Compute the homogeneous transformation Ti−1
i and T0

TCP ;

6. Extract the direct position KF from T0
TCP

4.1.2 Neural Network analysis

One of the features of the neural networks[14] is it’s ability to ap-
proximate nonlinear maps or functions. Furthermore neural network
schemes are independent of the system structure resulting in a robust
approach with respect to environmental changes. Neural networks are
said to be the ideal choice to compute the direct kinematics of par-
allel manipulators. Two most popular neural network models are the
Multi-layer Feed Forward and Radial Basis networks.

4.1.3 Quasi-closed solution method

In this method of analytical solution[15] of the direct kinematics, nu-
merical approximation is used as far as possible to to solve the equa-
tions. By this means, we basically start with 9 unknown parameters,
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4.2. Method applied in the case of a 7 DOF robotic arm

then using analytical manipulation, the problem is reduced to deter-
mine 2 further parameters. Once we find these two parameters, others
can easily be calculated.

4.1.4 Taylor series expansion

This direct kinematic model[15] uses nonlinear equations with actua-
tor lengths as the input and orientation angles of the end effector as
the outputs . The number of the coefficients in the expansion is deter-
mined by the required degree of accuracy. Solving the direct kinematics
problem, will hence be equal to computing these coefficients.

4.2 Method applied in the case of a 7 DOF robotic
arm

In the case of direct kinematics, we face no complexity in terms of
deriving the equations, as it is a straightforward problem. So, we use
the DH parameter convention.

4.3 Results achieved

Direct kinematics equations are obtained by assigning the coordinate
frames and establishing the link parameters di, ai, αi and θi that form
the Denavit Hartenberg table. The link length ai is distance along xi
from the origin oi to the intersection of the axis of xi and the axis of
zi−1. With the help of the assigned frames, shown in Figure 4.3, we see
that there is no distance along any x axes from the origins to the point
of intersection between the xi and zi−1 so that the link length is zero
in all the frames in the D-H table.

The link offset di is the distance along the axis zi−1 from the
origin oi−1 to the intersection of the axis xi and the axis of zi−1. The
assigned frames in Figure4.3 shows that there are lbs along z0, l

s
e along

z2, l
e
w along z4 and lwt along z6 while there is no any link offsets along

z1, z3 and z5. The link twist αi is the angle between zi−1 and zi and
is measured about the xi axis. Figure 4.3 shows, about x1, there is an
angle of −π/2(rad) between the axes of z0 and z1, there is a same angle
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4.3. Results achieved

Figure 4.3: The coordinate frames assigned to the manipulator

is around the axes of x3 and x5. The angle about x2, between the axes
of z1 and z2 is π/2(rad), which is the same angle around the axes of
x4 and x6. The figure also illustrates that there is no angle around x7,
that is, between the axes of z6 and z7.

The Link angle θi is the angle between xi−1 and xi, and is mea-
sured about zi−1 axis. Since all the joints are revolute joints, the joint
angles from θ1 through θ7 are all variables. The Denavit-Hartenberg
parameters are shown in Table 4.2.

The homogeneous transformation matrices Ti
i+1 are calcu-

lated by substituting the above parameters in the table 4.2, into the
matrix equation for each joint. The resulting transformation matrices
are given by equation (4.4). For the simplifications of the notations,
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4.3. Results achieved

Table 4.2: Comparison between robotic manipulators by manufacturers

Joint Link angle θi(Rad) Link twist αi(rad) Link length ai(mm) Link offset di(m)

1 θ1 −π
2 0 lbs

2 θ2
π
2 0 0

3 θ3 −π
2 0 lse

4 θ4
π
2 0 0

5 θ5 −π
2 0 lew

6 θ6
π
2 0 0

7 θ7 0 0 lwt

the cos(θi) written as Ci and sin(θi) written as Si.

T0
1 =


C1 0 −S1 0
S1 0 C1 0
0 −1 0 lbs
0 0 0 1

 , T1
2 =


C2 0 S2 0
S2 0 −C2 0
0 1 0 0
0 0 0 1

 ,

T2
3 =


C3 0 −S3 0
S3 0 C3 0
0 −1 0 lse
0 0 0 1

 , T3
4 =


C4 0 S4 0
S4 0 −C4 0
0 1 0 0
0 0 0 1

 ,

T4
5 =


C5 0 −S5 0
S5 0 C5 0
0 −1 0 lew
0 0 0 1

 , T5
6 =


C6 0 S6 0
S6 0 −C6 0
0 1 0 0
0 0 0 1

 ,

T6
7 =


C7 −S7 0 0
S7 C7 0 0
0 0 1 lwt
0 0 0 1



(4.4)

The multiplication of the equations shown in (4.4) are per-
formed using Symbolic Math Toolbox in MATLAB to obtain a sym-
bolic form of the direct kinematic function T6

7. This gives the position
and orientation of the end-effector as a function of the joint angles θi.
The position and orientation transformation matrix of the end-effector
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4.3. Results achieved

relative to basic coordinate system is shown in equation (4.5).

T0
7 = T0

1 ·T1
2 ·T2

3 ·T3
4 ·T4

5 ·T5
6 ·T6

7 =


R11 R12 R13 px
R21 R22 R23 py
R31 R32 R33 pz
0 0 0 1

 (4.5)

Here R11, R12, R13, R21, R22, R23, R31, R32, R33, px, py and
pz are given by the equations from (4.6) through (4.17) respectively.

R11 = C7 ∗ (S6 ∗ (S4 ∗ (S1 ∗ S3 − C1 ∗ C2 ∗ C3)

− C1 ∗ C4 ∗ S2)− C6 ∗ (S5 ∗ (C3 ∗ S1 + C1 ∗ C2 ∗ S3)

+ C5 ∗ (C4 ∗ (S1 ∗ S3 − C1 ∗ C2 ∗ C3) + C1 ∗ S2 ∗ S4)))

− S7 ∗ (C5 ∗ (C3 ∗ S1 + C1 ∗ C2 ∗ S3)− S5 ∗ (C4 ∗ (S1 ∗ S3

− C1 ∗ C2 ∗ C3) + C1 ∗ S2 ∗ S4))
(4.6)

R12 = −S7 ∗ (S6 ∗ (S4 ∗ (S1 ∗ S3 − C1 ∗ C2 ∗ C3)

− C1 ∗ C4 ∗ S2)− C6 ∗ (S5 ∗ (C3 ∗ S1 + C1 ∗ C2 ∗ S3)

+ C5 ∗ (C4 ∗ (S1 ∗ S3 − C1 ∗ C2 ∗ C3) + C1 ∗ S2 ∗ S4)))

− C7 ∗ (C5 ∗ (C3 ∗ S1 + C1 ∗ C2 ∗ S3)− S5 ∗ (C4 ∗ (S1 ∗ S3

− C1 ∗ C2 ∗ C3) + C1 ∗ S2 ∗ S4))
(4.7)

R13 = −C6 ∗ (S4 ∗ (S1 ∗ S3 − C1 ∗ C2 ∗ C3)− C1 ∗ C4 ∗ S2)

− S6 ∗ (S5 ∗ (C3 ∗ S1 + C1 ∗ C2 ∗ S3) + C5 ∗ (C4 ∗ (S1 ∗ S3

− C1 ∗ C2 ∗ C3) + C1 ∗ S2 ∗ S4))
(4.8)
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4.3. Results achieved

R21 = S7 ∗ (C5 ∗ (C1 ∗ C3 − C2 ∗ S1 ∗ S3)− S5 ∗ (C4 ∗ (C1 ∗ S3

+ C2 ∗ C3 ∗ S1)− S1 ∗ S2 ∗ S4))− C7 ∗ (S6 ∗ (S4∗
(C1 ∗ S3 + C2 ∗ C3 ∗ S1) + C4 ∗ S1 ∗ S2)− C6 ∗ (S5 ∗ (C1 ∗ C3

− C2 ∗ S1 ∗ S3) + C5 ∗ (C4 ∗ (C1 ∗ S3 + C2 ∗ C3 ∗ S1)

− S1 ∗ S2 ∗ S4)))
(4.9)

R22 = S7 ∗ (S6 ∗ (S4 ∗ (C1 ∗ S3 + C2 ∗ C3 ∗ S1) + C4 ∗ S1 ∗ S2)

− C6 ∗ (S5 ∗ (C1 ∗ C3 − C2 ∗ S1 ∗ S3) + C5 ∗ (C4 ∗ (C1 ∗ S3

+ C2 ∗ C3 ∗ S1)− S1 ∗ S2 ∗ S4))) + C7 ∗ (C5 ∗ (C1 ∗ C3

− C2 ∗ S1 ∗ S3)− S5 ∗ (C4 ∗ (C1 ∗ S3 + C2 ∗ C3 ∗ S1)

− S1 ∗ S2 ∗ S4))
(4.10)

R23 = C6 ∗ (S4 ∗ (C1 ∗ S3 + C2 ∗ C3 ∗ S1)

+ C4 ∗ S1 ∗ S2) + S6 ∗ (S5 ∗ (C1 ∗ C3 − C2 ∗ S1 ∗ S3)

+ C5 ∗ (C4 ∗ (C1 ∗ S3 + C2 ∗ C3 ∗ S1)− S1 ∗ S2 ∗ S4))

(4.11)

R31 = S7 ∗ (S5 ∗ (C2 ∗ S4 + C3 ∗ C4 ∗ S2) + C5 ∗ S2 ∗ S3)

− C7 ∗ (S6 ∗ (C2 ∗ C4 − C3 ∗ S2 ∗ S4) + C6 ∗ (C5∗
(C2 ∗ S4 + C3 ∗ C4 ∗ S2)− S2 ∗ S3 ∗ S5))

(4.12)

R32 = C7 ∗ (S5 ∗ (C2 ∗ S4 + C3 ∗ C4 ∗ S2)

+ C5 ∗ S2 ∗ S3) + S7 ∗ (S6 ∗ (C2 ∗ C4 − C3 ∗ S2 ∗ S4)

+ C6 ∗ (C5 ∗ (C2 ∗ S4 + C3 ∗ C4 ∗ S2)− S2 ∗ S3 ∗ S5))

(4.13)

R32 = C6 ∗ (C2 ∗ C4 − C3 ∗ S2 ∗ S4)

− S6 ∗ (C5 ∗ (C2 ∗ S4 + C3 ∗ C4 ∗ S2)− S2 ∗ S3 ∗ S5)
(4.14)
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4.3. Results achieved

px = C1 ∗ S2 ∗ lse − lew ∗ (S4 ∗ (S1 ∗ S3

− C1 ∗ C2 ∗ C3)− C1 ∗ C4 ∗ S2)− lwt ∗ (C6∗
(S4 ∗ (S1 ∗ S3 − C1 ∗ C2 ∗ C3)− C1 ∗ C4 ∗ S2)

+ S6 ∗ (S5 ∗ (C3 ∗ S1 + C1 ∗ C2 ∗ S3)

+ C5 ∗ (C4 ∗ (S1 ∗ S3 − C1 ∗ C2 ∗ C3) + C1 ∗ S2 ∗ S4)))

(4.15)

py = lwt ∗ (C6 ∗ (S4 ∗ (C1 ∗ S3 + C2 ∗ C3 ∗ S1)

+ C4 ∗ S1 ∗ S2) + S6 ∗ (S5 ∗ (C1 ∗ C3 − C2 ∗ S1 ∗ S3)

+ C5 ∗ (C4 ∗ (C1 ∗ S3 + C2 ∗ C3 ∗ S1)− S1 ∗ S2 ∗ S4)))

+ lew ∗ (S4 ∗ (C1 ∗ S3 + C2 ∗ C3 ∗ S1) + C4 ∗ S1 ∗ S2)

+ S1 ∗ S2 ∗ lse

(4.16)

pz = lbs + C2 ∗ lse + lew ∗ (C2 ∗ C4 − C3 ∗ S2 ∗ S4)

+ lwt ∗ (C6 ∗ (C2 ∗ C4 − C3 ∗ S2 ∗ S4)− S6 ∗ (C5 ∗ (C2 ∗ S4

+ C3 ∗ C4 ∗ S2)− S2 ∗ S3 ∗ S5))
(4.17)

where lbs, l
s
e, l

e
w and lwt are the given link offsets. After deriving

these equations it is possible now to obtain the end-effector position and
orientation from the individual joint angles. Substituting the values of
all the variables, will aid PARLOMA in finding the direct kinematics
for any given specification.
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Chapter 5

Inverse Kinematics

The inverse kinematics is widely used for controlling the robot ma-
nipulators. It has a finite number of solutions, provided, the number
of degrees of freedom of the arm are enough to perform a task in its
reachable work space. For a redundant manipulator it is possible to
generate an infinite number of joint trajectories that lead to the same
end-effector desired trajectory. From these infinite number of solutions
only one solution should be selected in order to control the manipula-
tor.

In this chapter, we discuss the different methods of comput-
ing the inverse kinematics, the second section talks about redundancy
parameterization method at the position level. Then the joint angles
of the manipulator are calculated in term of a new defined arm angle.

The inverse kinematic functions form the inverse kinematics,
which transform the variables p(t) and ṗ(t) of the task space into the
variables q(t) and q̇(t) of joint space.

5.1 Methods available

5.1.1 Redundancy parameterization

The redundancy parametrization[18] can be represented by an arm
angle between a reference plane and arm plane. The arm plane defined
as the plane spanned by the shoulder, elbow and wrist.
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5.2. Method applied in the case of a 7 DOF robotic arm

5.1.2 Jacobians

This method is very powerful, but also has the potential to be compu-
tationally expensive. The end effector has a start position with a goal
position. Jacobian methods have three main steps from a top-down
perspective:
1. Find the joint configurations: T
2. Compute the change in rotations: dO
3. Compute the Jacobian: J

5.1.3 Cyclic coordinate descent

The Cyclic Coordinate Descent[19] is based on minimization applied to
each joint separately. The steps in one pass are ordered from the most
distant segment to the base segment. Here only one joint variable is
changing along the minimization process. That significantly speeds up
the minimization problem.

5.2 Method applied in the case of a 7 DOF robotic
arm

Since we are using an arm with with redundant degrees of freedom, we
can possibly get many solutions for a particular condition. This is when
Jacobian method fails as it needs more computations for obtaining all
the possible solutions. Hence, redundancy parameterization can be
used effectively.

5.3 Method applied

There are two different main methods for inverse kinematics, one solves
the problem analytically at the position level and the other one solves
it iteratively at the velocity level by approximating the solutions over
time. Solving the inverse kinematics and exploiting the redundancy at
the position level will be used in this work of thesis.

One of the published papers is [16], which looked at a method
to compute all the solutions of the inverse kinematics solutions anayti-
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5.4. Results achieved

cally for a 7-DOF redundant manipulators in the position domain. This
is obtained by having constraints on the joint limits. The method pro-
posed requires the use of the arm angle parameterization methods as
proposed by [17] for the redundancy resolution. The arm angle param-
eterization tells that the motion of the manipulator can be represented
by the arm angle geometry. The arm angle is defined as the angle be-
tween the reference plane and the arm plane, which is made up of by
the shoulder, elbow and wrist. In [17] the reference plane is determined
by a fixed vector. However, if this arbitrarily chosen fixed vector and
the axis connecting the shoulder and wrist are co-linear, then the ref-
erence plane is considered to be indeterminate. Hence, [16] talks about
an alternate definition for the reference plane by fixing joint angle 3
in the manipulator to zero and considering the plane spanned by the
shoulder, elbow and wrist as the reference plane.

5.4 Results achieved

Figure 5.1: Arm angle

The redundancy parameterization can be represented by an
arm angle between a reference plane and arm plane. The arm plane
is the plane spanned by the shoulder, elbow and wrist as shown in
figure5.1. The reference plane is determined by the redundant manip-
ulator because the non redundant that we assume, joint 3 angle, is
equal to zero. So the axis of the rotation in joint 2 and 4 are parallel.
Thus, the plane spanned by the shoulder, elbow and wrist in this non
redundant arm can be regarded as a reference plane.
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5.4. Results achieved

We use the following notations, the same as the ones we used
in chapter 4:

• lbs is the length from the base to the shoulder.

• lse is the length from the shoulder to the elbow.

• lew is the length from the elbow to the wrist.

• lwt is the length from the wrist to the TCP rotating around z-axis.

• P0
7 is the position of the TCP.

• R0
7 is the matrix defining the orientation of the TCP.

The redundant degree of freedom represents the motion of
the manipulator and is defined as the arm angle ψ. The axis is defined
as the rotation of the arm is the motion around the axis between the
shoulder and wrist. Now we consider Ls

w be the vector between the
centers of the shoulder and wrist. The calculation of the wrist position
w is given by:

w =

wxwy
wz

 = P0
7 − lwt R0

7

0
0
1

 (5.1)

Here the P0
7 and R0

7 are defined as the given position and
orientation of the tool center point respectively. Wee know that the
equation (5.1) showed the wrist position with respect to the base and
now, the wrist position with respect to the shoulder can be computed
as shown in equation (5.2).

Ls
w = w − Lb

s (5.2)

Here, w is taken from (5.1) and Lb
s is the vector between the

centers of the base and the shoulder links, rotating around z axis. This
is shown as in equation (5.3).

Lb
s =

0
0
lbs

 (5.3)
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5.4. Results achieved

If for a given pose, the end-effector is fixed, then the wrist
position also remains fixed. Hence, the vector link between shoulder
and wrist, Ls

w is considered to be constant as, all the variables on the
right hand side of the equation (5.2) are constants for a stationary
end-effector. Here, a rotation matrix has to be derived to represent
the arm angle rotation around the link that connects the shoulder and
wrist axes. This is as shown in figure 5.1. An algorithm to represent a
rotation vector in space is the vector Ls

w and angle of rotation.

Rψ = I = (1− cos(ψ))(Ks
w)2 + sin(ψ)Ks

w (5.4)

Here I is the 3×3 identity matrix and Ks
w is a skew symmetric

matrix of usw. This is given as shown in equation (5.6)

Ks
w =

 0 −usw(z) usw(y)
usw(z) 0 −usw(x)
−usw(y) usw(x) 0

 (5.5)

Here usw(x),usw(y) and usw(z) can be defined as the x, y and z
coordinates of the vector usw.

usw is a unit vector that defines the direction of Ls
w. This is

given by (5.20).

usw =
Ls
w

‖Ls
w‖

(5.6)

Here ‖Ls
w‖ represents the norm of Ls

w.

As mentioned above, arm angle (whichever chosen) will not
effect the wrist position. But, we can see that the spherical joint ori-
entation of the wrist, as seen from the base of the arm, changes with
the change in the arm angle. The fourth joint angle is independent
independent of the arm angle that we have defined. Again however, a
change in the arm angle would lead to a change in the spherical joint
orientation of the shoulder. This change can be calculated as follows:

R0
3 = Rψ ·R′ 03 (5.7)
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Here R′ 03 represents the rotation matrix of the shoulder when
the third joint angle is assumed to be zero (with respect to the reference
plane). The arm angle also considered to be zero if and only if the plane
of the arm coincides with the reference plane.

5.4.1 Joint angles

We now compute the seven joint angles of the arm angle that we have
defined. This is based on the redundancy parameterization method
discussed in the previous section.

Elbow joint angle θ4

Figure 5.2: Elbow joint angle

Figure 5.2 shows that choosing any arm angle does not affect
the elbow joint angle. For any given fixed end-effector, the elbow joint
angle can be calculated. In figure 5.2, we apply the cosine law for
further calculations.

We calculate the elbow joint prime angle(θ′0), as shown in
equation (5.8).

‖Ls
w‖

2 = lse
2 + lew

2 − 2 · lse · lew · cos(θ′0) (5.8)
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From the above equation cos(θ′0) can be derived as:

cos(θ′0) =
lse

2 + lew
2 − ‖Ls

w‖
2

2 · lse · lew
(5.9)

Here ‖Ls
w‖ shows the length of the vector we had calculated

in the equation (5.2). Now, from this equation, we can easily calculate
θ4 as shown in equation (5.10).

θ4 = π − θ′0 (5.10)

Shoulder joint angles (θ1, θ2 and θ3)

The shoulder joint angles depend on the arm angle that we had defined
earlier. The representation of the shoulder joint angles is done using
the equation (5.7). Varying the arm angle generates different values for
θ1, θ2 and θ3, but with the same given pose of end-effector. Calculating
the shoulder joint angles with the use of the defined arm angle, requires
the need of a reference plane. We see from the definition of redundancy
parameterization, that the reference plane is the plane that contains
the should, elbow, wrist links when the third joint angle is equal to
zero. Let θ′1, θ

′
2 and θ′3 be the joint angles when the rotation matrix

R′ 03 for the associated reference plane. The redundant manipulator
then becomes non-redundant when we assign the θ3′ as 0.

Now we see that when the wrist position is projected onto the
horizontal plane, we can calculate the θ′1 as follows

θ′1 = atan2(wy, wx) (5.11)

Here wx and wy are the x and y coordinates of the wrist
vector seen in equation (5.1). The figure 5.3 shows that the θ′2 can be
calculated by the following equation

θ′2 =
π

2
− α− β (5.12)

Here α is represented as in equation (5.13) and β is repre-
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Figure 5.3: Shoulder joint angle

sented as given in equation (5.14)

α = sin−1
(
wz · lbs
‖Lw

s ‖

)
(5.13)

Here wz is the vector in the z coordinate which is calculated
as shown in equation (5.1).

β = cos−1

(
lse

2 + ‖Ls
w‖

2 − lew2

2 · lws · ‖Ls
w‖

)
(5.14)

Now, we calculate θ′1 and θ′2 using the equation (5.11) and
equation (5.12) respectively. Now that we know that θ′3 equals to zero,
we can use the rotational matrix to calculate R′ 03 .

R′ i−1i =

cos(θ′i) −sin(θ′i)cos(αi) sin(θ′i)cos(αi)
sin(θ′i) cos(θ′i)sin(αi) −cos(θ′i)sin(αi)

0 sin(αi) cos(αi)

 (5.15)

By substituting the values of θ′1, θ
′
2 and θ′3 = 0 into the equa-

tion (5.15) and then using the parameters as in the Denavit Hartenberg
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table, we obtain the following equation (5.16).

R′ 01 R′ 12 R′ 23 =

Cθ′1 0 −Sθ′1
Sθ′1 0 Cθ′1
0 −1 0

Cθ′2 0 Sθ′2
Sθ′2 0 −Cθ′2
0 1 0

1 0 0
0 0 1
0 −1 0


(5.16)

Here R′ 01 , R′ 12 and R′ 23 are the rotation matrices of the ref-
erence joint angles.

Now, the matrix R′ 03 can be computed as shown in equation
(5.17):

R′ 03 = R′ 01 R′ 12 R′ 23 =

Cθ′1Cθ′2 −Cθ′1Sθ′2 −Sθ′1Cθ′2sθ′1 −Sθ′1Sθ′2 Cθ′1
−Sθ′2 −Cθ′2 0

 (5.17)

The matrix in the equation (5.17) is constant for any given
pose. It is now possible to compute the equations for the shoulder joint
angles with the use of the arm angle by substituting the equations (5.4)
and (5.17) into (5.7), which will result in the following equation

R0
3 = sin(ψ)Ks

wR′ 03 − cos(ψ)(Ks
w)2R′ 03 + (I + (Ks

w)2)R′ 03 (5.18)

The right-hand side of the equation (4.18) shows the Ks
w,

which is given as in equation (5.5) and R0
3 is as given as in equa-

tion (5.17). So now, the shoulder joint angles θ1, θ2 and θ3 which
are represented by the arm angle ψ are given in equation (5.18). For
simplification, the equation (5.18) is rewritten as follows

R0
3 = sin(ψ) ·Xs + cos(ψ) ·Ys + Zs (5.19)

Here the matrices Xs,Xs and Xs are given constant matrices
as defined by equations (5.20), (5.21) and (5.22) respectively.

Xs = Ks
wR′ 03 =

Xs11 Xs12 Xs13

Xs21 Xs22 Xs23

Xs31 Xs32 Xs33

 (5.20)
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Ys = −(Ks
w)2R′ 03 =

Ys11 Ys12 Ys13
Ys21 Ys22 Ys23
Ys31 Ys32 Ys33

 (5.21)

Zs = (1 + (Ks
w)2)R′ 03 =

Zs11 Zs12 Zs13
Zs21 Zs22 Zs23
Zs31 Zs32 Zs33

 (5.22)

Equation (5.19) can now be re-written in matrix form to com-
pute the shoulder joint angles. This is done by comparing the elements
of the matrices in the right-hand side and left-hand side of this equa-
tion. R0

3 matrix is computed by substituting the parameters of the
shoulder joints used in the Denavit Hartenberg table into the equation
(5.15) to enable the computation of the matrix form in (5.23).

R0
3 =

C1C2C3 − S1S3 −C1S2 −C3S1 − C1C2S3

C1S3 + C2C3S1 −S1S2 C1C3 − C2C1S3

−S2C3 −C2 S2S3

 (5.23)

The right hand-side of the equation (5.19) is re-written in the
form of matrix as shown in equation (5.24).

R0
3 =SψXs11 + CψYs11 + Zs11 SψXs12 + CψYs12 + Zs12 SψXs13 + CψYs13 + Zs13
SψXs21 + CψYs21 + Zs21 SψXs22 + CψYs22 + Zs22 SψXs23 + CψYs23 + Zs23
SψXs31 + CψYs31 + Zs31 SψXs32 + CψYs32 + Zs32 SψXs33 + CψYs33 + Zs33


(5.24)

Here Sψ and Cψ are used in the place of sin(ψ) and cos(ψ)
respectively. Equating the elements given in the matrices of the equa-
tions (5.23) and (5.24), it is how possible to calculate the shoulder joint
angles. The joint angle θ1 can be calculated by comparing R0

3(1, 2)and
R0

3(2, 2). This is illustrated in the equation (5.25)

−Sθ1)Sθ2
−Cθ1)Sθ2

=
Sψ)Xs22 + Cψ)Ys22 + Zs22
Sψ)Xs12 + Cψ)Ys12 + Zs12

(5.25)
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The above equation can be rewritten as the following equation
(5.26). This equation shows the joint angle θ1 which is represented by
the arm angle ψ.

θ1 = atan

(
−Sψ)Xs22 − Cψ)Ys22 − Zs22
−Sψ)Xs12 − Cψ)Ys12 − Zs12

)
(5.26)

Similarly we compare R0
3(3, 2) in the equations (5.37) and

(5.38), to calculate the shoulder joint angle θ2 as given by the equation
(5.27)

−Cθ2 = Sψ)Xs32 + Cψ)Ys32 + Zs32 (5.27)

This above equation can be rewritten as:

θ2 = acos(−Sψ)Xs32 − Cψ)Ys32 − Zs32) (5.28)

Again, in same way, we compare R0
3(3, 1) and R0

3(3, 3) given
by the equations (5.23) and (5.24) to obtain the following equation.

−Sθ2)Sθ2
−Cθ2)Sθ3

=
Sψ)Xs33 + Cψ)Ys33 + Zs33
Sψ)Xs31 + Cψ)Ys31 + Zs31

(5.29)

By simplifying the equation (5.29), we can calculate the shoul-
der joint angle θ3 as shown in equation (5.30).

θ3 = atan

(
Sψ)Xs33 + Cψ)Ys33 + Zs33
−Sψ)Xs31 − Cψ)Ys31 − Zs31

)
(5.30)

So now, the equations (5.26), (5.28) and (5.30) represent the
shoulder joint angles θ1, θ2 and θ3 which also happen to be represented
in the arm angle ψ .

Wrist joint angles(θ5, θ6 and θ7)

When the orientation of the end-effector is given, that is, R0
7 which

is the rotation matrix with respect to the base, we can calculate the
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following equation.

R0
7 = R0

3R
3
4R

4
7 (5.31)

The above equation can now be rewritten representing the
arm angle as shown in the equation (5.32)

R4
7 = (R3

4)
T (R0

3)
TR0

7 (5.32)

Here, R0
3 is given by the equation that we saw in (5.7) and

R3
4 gotten by substituting the elbow joint θ4 that we computed in

equation (5.10). The link parameters of the fourth joint are taken from
the denavit hartenberg table, and substituted in the equation (5.15).
Now, R4

7 can be computed as in equation (5.33).

R4
7 = sin(ψ)(X)w + cos(ψ)(Y )w + (Z)w (5.33)

Here Xw, Yw and Zw represent the constant matrices for a
given pose. These constant matrices are shown by the equations (5.34),
(5.35) and (5.36).

Xs = (R3
4)
T (Ks

w)T (R′ 03 )T =

Xw11 Xw12 Xw13

Xw21 Xw22 Xw23

Xw31 Xw32 Xw33

 (5.34)

Ys = −((R3
4)
T )T ((Ks

w)2)T (R′ 03)
T =

Yw11 Yw12 Yw13
Yw21 Yw22 Yw23
Yw31 Yw32 Yw33

 (5.35)

Zs = ((R3
4)
T )T (1 + (Ks

w)2)T (R′ 03 )T =

Zw11 Zw12 Zw13
Zw21 Zw22 Zw23
Zw31 Zw32 Zw33

 (5.36)

Just like we calculated the shoulder joint angles, the elbow
joint angles can now be calculated. Equation (5.33) is re-written in
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matrix form to compute the wrist joint angles easily. This is achieved
by comparing the matrices in the right hand side and the left hand
side of the equations. R4

7 matrix can be computed by substituting the
parameters of the wrist joints as shown in the Denavit Hartenberg table
in the( quation e5.15) which leads us to achieve the following equation.

R4
7 =

C5C6C7 − S5S7 −C7S5 − C5C6S7 −C5S6

C5S7 + C6C7S5 C5C7 − C6C5S7 −S5S6

−S6C7 S6S7 −C6

 (5.37)

The right-hand side of the equation (5.33) can now be rewrit-
ten as follows

R4
7 =SψXw11 + CψYw11 + Zw11 SψXw12 + CψYw12 + Zw12 SψXw13 + CψYw13 + Zw13
SψXw21 + CψYw21 + Zw21 SψXw22 + CψYw22 + Zw22 SψXw23 + CψYw23 + Zw23
SψXw31 + CψYw31 + Zw31 SψXw32 + CψYw32 + Zw32 SψXw33 + CψYw33 + Zw33


(5.38)

Using Sψ and Cψ are used to represent sin(ψ) and cos(ψ)
respectively. Comparing the elements of the matrix given in the equa-
tions (5.37) and (5.38), it is now possible to compute the wrist joint
angles. The joint angle θ5 can be calculated by comparing R4

7(1, 3)
and R4

7(2, 3) as shown in the following equation (5.39)

Sθ5)Sθ6
−Cθ5)Sθ6

=
Sψ)Xw23 + Cψ)Yw23 + Zw23
Sψ)Xw13 + Cψ)Yw13 + Zw13

(5.39)

The above equation can be now be rewritten as the following
equation (5.40), which shows the joint angle θ5 which is represented in
term of the arm angle ψ.

θ5 = tan−1

(
Sψ)Xw23 + Cψ)Y23 + Zw23
Sψ)Xw13 + Cψ)Yw13 + Zw13

)
(5.40)

We can now compare R4
7(3, 3) given in the equations (5.37)

and (5.38), to compute the joint angle θ6. This is given by the equation

59



5.4. Results achieved

(5.41)

Cθ6 = Sψ)Xw33 + Cψ)Yw33 + Zw33 (5.41)

The above equation can be rewritten to obtain the sixth joint
angle equation:

θ6 = (cos)T (Sψ)Xw33 + Cψ)Yw33 + Zw33) (5.42)

Again by comparing R4
7(3, 2) and R4

7(3, 1) given in the equa-
tions (5.37) and (5.38) we obtain:

Sθ6)Sθ7
−Cθ7)Sθ6

=
Sψ)Xw32 + Cψ)Yw32 + Zw32
Sψ)Xw31 + Cψ)Yw31 + Zw31

(5.43)

By simplifying the equation (5.43), we can compute the joint
angle θ7 as shown by the equation (5.44).

θ7 = atan

(
−
SψXw32 + Cψ)Yw32 + Zw32
Sψ)Xw31 + Cψ)Yw31 + Zw31

)
(5.44)

Now we have calculated the generic equations for all seven
joint angles of the manipulator in term of the new arm angle parameter
ψ.
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Chapter 6

Robotic finger mechanism

Due to the inherent complexity of a real human hand, there are a lot
of conciliations which are fundamentally put on the anthropomorphic
robotic hands to make them as dexterous as a human hand. In this
chapter we look at the mathematical model of the robotic finger mech-
anism.

6.1 Approaches

Since our aim is to find the possible spring constant for a finger joint,
we look at the different methods available under rigid body mechanics.

6.1.1 Bond-Graph method

Bond graph method can be used to model the model the hand in such
a way that the it is easier to visualize the energy exchange. It is similar
to a block diagram or signal-flow graph, with the major difference that
the arcs in bond graphs represent bi-directional exchange of physical
energy, while those in block diagrams and signal-flow graphs represent
uni-directional flow of information.
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6.1.2 Free body diagram

Free-body diagrams are diagrams used to show the relative magnitude
and direction of all forces acting upon an object in a given situation.
In this method, all the physical attributions of the object are removed.
The object, henceforth, is represented by a simple single line. Every
connection is represented with a unique value, or is replaced by a set
of forces and moments, that represent the action due to that partic-
ular connection. Internal forces found at a connection is replaced by
representational external forces. The point at which it connects, then
connect to other objects in the FBD.

6.1.3 Lagrange method

Lagrangian formulation of modeling derives from the basic work–energy
principle and Newton’s laws of motion.

1. Find the inputs and outputs of the system to be modelled

2. Find the generalized coordinates and compute the Kinetic en-
ergy(K) and the potential energy(U)

3. Compute the Lagrange function L = K − U

4. Compute the differential equations

d

dt

∂L

∂q̇j
− ∂L

∂q̇j
= Fnc (6.1)

where Fnc is the sum of all non-conservative forces acting in qj
direction

6.2 Method used for modelling

As we use these approaches to find the spring constant, we see that
the Bond-graph method at some point gets more difficult to be solved
and so does free body diagram. So we follow the Lagrange method to
achieve the desired results.

We use the following list of symbols to understand the math-
ematical modelling better.
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Table 6.1: List of symbols

symbol description unit

i i-th Phalange
θi angle between phalange and y-axis rad

θ̇i angular velocity between phalange and y-axis rad/s

θ̈i angular acceleration between phalange and y-axis rad/s2

Li length of the i-th phalange m
mi mass of the i-th palange kg
ki spring stiffness coefficient of i-th joint Nm/rad
ci damping coefficient of i-th joint Nm · s/rad
Ii moment of inertia of i-th phalange Kg ·m2

xi displacement along x-axis m
ẋi velocity along x-axis m/s
ẍi acceleration along x-axis m/s2

yi displacement along y-axis m
ẏi velocity along y-axis m/s
ẍi acceleration along y-axis m/s2

Figure 6.1: Spring loaded finger
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Figure 6.1 shows the forces, mass, and angles involved in the
movement of the phalanges of a finger. The angle between the y-axis
and the phalange is θi, Li, length of the phalanx, mi is the center of
mass of the i-th phalange, and ki is the spring stiffness coefficient of
the spring of i-th joint. ci is the damping coefficient of i-th joint and Ii
is the moment of inertia of the i-th phalange. An idealized mechanical
model considered for out modelling wherein each phalange is assumed
to be infinitely rigid with its mass concentrated at the centre. Herein
we also assume that all the joints are friction-less. The first phalange
considered aas a rigid body and is assumed to be a rotational link
as the first joint is assumed to be stationary. Looking at the motion
of the masses m2 and m3, we see that they are more complicated as
they involve rotational motion about the joint while the joints are also
moving and not stationary.

6.3 Results achieved

The Lagrangian method is used to get the equations of motion.

Firstly, we start by computing the kinetic energy of the sys-
tem. The equation of the kinetic energy is given b the equation (6.2)

K =
1

2
I1θ̇21 +

1

2
m2(ẋ22 + ẏ22) +

1

2
I2θ̇22 +

1

2
m3(ẋ23 + ẏ23) +

1

2
I3θ̇23 (6.2)

Then we calculate the potential energy of the system. This
potential energy equation is given by equation (6.3).

U = m1g ·
1

2
L1cosθ1 +m2g[L1cosθ1 +

1

2
L2cosθ2] +m3g[L1cosθ1

+L2cosθ2 +
1

2
L3cosθ3] +

1

2
k1θ

2
1 +

1

2
k2(θ1 − θ2)2 +

1

2
k3(θ3 − θ2)2

(6.3)

Here, we find the positions, velocities and the accelerations of
all three phalanges as shown in the equations (6.4) through (6.11).

x2 = L1sinθ1 +
1

2
L2sinθ2 (6.4)
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ẋ2 = L1θ̇1cosθ1 +
1

2
θ̇2L2cosθ2 (6.5)

y2 = L1cosθ1 +
1

2
L2cosθ2 (6.6)

ẏ2 = −L1θ̇1sinθ1 −
1

2
L2θ̇2sinθ2 (6.7)

x3 = L1sinθ1 + L2sinθ2 +
1

2
L3sinθ3 (6.8)

ẋ3 = L1θ̇1cosθ1 + L2θ̇2cosθ1 +
1

2
L3θ̇3cosθ3 (6.9)

y3 = L1cosθ1 + L2cosθ2 +
1

2
L3cosθ3 (6.10)

ẋ3 = −L1θ̇1sinθ1 − L2θ̇2sinθ1 −
1

2
L3θ̇3sinθ3 (6.11)

Substituting (6.4) to (6.11),in (6.2), we get,

K =

[
1

2
I1 +

1

2
m2L

2
1 +

1

2
m3L

2
1

]
θ̇21 +

[
1

2
I2 +

1

8
m2L

2
2 +

1

2
m3L

2
2

]
θ̇22

+

[
1

2
I3 +

1

8
m3L

2
3

]
θ̇23 +

[
1

2
m2L1L2 +m3L1L2

]
θ̇1θ̇2cos(θ2 − θ1)

+

[
1

2
m3L1L3

]
θ̇1θ̇3cos(θ3 − θ1) +

[
1

2
m3L2L3

]
θ̇2θ̇3cos(θ3 − θ2)

(6.12)

Now for simplification, we make the following substitutions.
We club all the constant terms together and assign them to a common
constant.

X1 =

[
1

2
I1 +

1

2
m2L

2
1 +

1

2
m3L

2
1

]
(6.13)
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X2 =

[
1

2
I2 +

1

8
m2L

2
2 +

1

2
m3L

2
2

]
(6.14)

X3 =

[
1

2
I3 +

1

8
m3L

2
3

]
(6.15)

X4 =

[
1

2
m2L1L2 +m3L1L2

]
(6.16)

X5 =

[
1

2
m3L1L3

]
(6.17)

X6 =

[
1

2
m3L2L3

]
(6.18)

Substituting (6.4) to (6.11),in (6.3), we get,

U =

[
1

2
m1 +m2 +m3

]
gL1cosθ1 +

[
1

2
m2 +m3

]
gL2cosθ2

+

[
1

2
m3

]
gL3cosθ3 +

1

2
[k1 + k2] θ

2
1 +

1

2
[k2 + k3] θ

2
2

+
1

2
k3θ

2
3 −K2θ1θ2 − k3θ2θ3

(6.19)

Again, for simplification, we make the following substitutions
by replacing all the constants elements in a term to a common constant.

Y1 =

[
1

2
m1 +m2 +m3

]
gL1 (6.20)

Y2 =

[
1

2
m2 +m3

]
gL2 (6.21)

Y3 =

[
1

2
m3

]
gL3 (6.22)

Y4 =
1

2
[k1 + k2] (6.23)
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Y5 =
1

2
[k2 + k3] (6.24)

Y6 =
1

2
k3 (6.25)

Y7 = k2 (6.26)

Y8 = k3 (6.27)

Now we calculate the Lagrange equation using the formula L= K-U

L = X1θ̇21 +X2θ̇22 +X3θ̇23 +X4θ̇1θ̇2cos(θ2 − θ1) +X5θ̇1θ̇3cos(θ3 − θ1)
+X6θ̇2θ̇3cos(θ3 − θ2)− Y1cosθ1 − Y2cosθ2 − Y3cosθ3 − Y4θ21

−Y5θ22 − Y6θ23 + Y7θ1θ2 + Y8θ2θ3
(6.28)

By calculating the three differential equations we get,

First differential equation,

d

dt

∂L

∂θ̇1
− ∂L

∂θ̇1
= −c1θ̇1 − c2(θ̇1 − θ̇2) (6.29)

θ̈1 =
X4

2X1

θ̇22sin(θ2 − θ1)−
X4

2X1

θ̈2cos(θ2 − θ1) +
X5

2X1

θ̇23sin(θ3 − θ1)

− X5

2X1

θ̈3cos(θ3 − θ1) +
Y1

2X1

sinθ1 −
Y4

2X1

θ1 +
Y7

2X1

θ2

−c1 − c2
2X1

θ̇1 +
c2

2X1

θ̇2

(6.30)

Second differential equation

d

dt

∂L

∂θ̇2
− ∂L

∂θ̇2
= −c2(θ̇2 − θ̇1)− c3(θ̇2 − θ̇3) (6.31)
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θ̈2 = − X4

2X2

θ̇21sin(θ2 − θ1)−
X4

2X2

θ̈1cos(θ2 − θ1) +
X6

2X2

θ̇23sin(θ3 − θ2)

− X6

2X2

θ̈3cos(θ3 − θ2) +
Y2

2X2

sinθ2 −
Y5

2X2

θ2 +
Y7

2X2

θ1

+
Y8

2X2

θ3 −
c2 + c3

2X2

θ̇2 +
c2

2X2

θ̇1 +
c3

2X2

θ̇3

(6.32)

Third Differential equation

d

dt

∂L

∂θ̇3
− ∂L

∂θ̇3
= −c3(θ̇3 − θ̇2) + F (6.33)

θ̈3 = − X5

2X3

θ̇21sin(θ3 − θ1)−
X5

2X3

θ̈1cos(θ3 − θ1)−
X6

2X3

θ̇22sin(θ3 − θ2)

− X6

2X3

θ̈2cos(θ3 − θ2) +
Y3

2X3

sinθ3 −
Y6

2X3

θ3 +
Y8

2X3

θ2

− c3
2X2

(θ̇3 − θ̇2) +
1

2X3

F

(6.34)

We can use all these three differential equations to calculate
either the motion of the anthropomorphic hand or to find the values of
the constants used for modelling the same provided all other values of
the system are known.
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Chapter 7

Conclusion

The thesis presents the kinematics involved in the development of a 7
DOF anthropomorphic arm. Further, it discusses the robotic fingers
that are modelled with the Lagrangian Method.
We start by looking at the PARLOMA project to figure out a novel
way of moving further ahead with the project. When we look at the
anthropomorphic arm, we are faced with a few constraints which are
essential for the development of the project, namely weight of the arm,
payload and degrees of freedom. These constraints are adhered to, and
we find that Yaskawa SIA5F manipulator, which fulfills all our con-
straints.
After figuring out the optimal manipulator, we look at the direct kine-
matics of the system. Since the manipulator is a 7 DOF system, we see
that the complexity of calculations increases exponentially. We solve
the direct kinematics problem using the Denavit Hartenberg conven-
tion to compute the homogeneous transformation. Since in our case,
there is no distance along any x axes , from the origins to the point of
intersection between xi and zi−1, the link length is taken to be zero in
all the frames. Now, this homogeneous transformation can be further
used to extract the direct position kinematic functions and later, to
find the direct velocity kinematic functions depending on what would
be required.
Now we look at the inverse kinematics of manipulator and see that it is
not as straight-forward as the direct kinematics. This is because, since
our manipulator is a redundant manipulator, we get infinite number of
solutions of the joint trajectories that lead to the same desired end ef-
fector trajectory. From these infinite solutions, then, one solution must
be selected to control the manipulator. Choosing that unique solution
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in this case becomes very difficult. Hence, we choose the redundancy
parameterization to get this unique solution. The redundancy param-
eterization is represented by an arm angle between the reference plane
and the arm plane(plane spanned by the shoulder, elbow and wrist).
Using this arm angle, we then get the values of all the joint angles.
Moving on from the anthropomorphic arm, we look into the anthropo-
morphic hand. We see that the hand too, has constraints such as the
hhand shuld be bio-mimetic, should be low cost and should be light
in weight. This system that get, can be modelled in different ways.
Modelling it with bondgraph, makes it very complicated. Free-body
diagram gives similar uncertain results. Finally using the Lagrangian
method, we compute three differential equations. These equations can
further be used to calculate the spring constants, provided all other
values are known.

7.1 Future work

The development of the manipulator requires further work along with
the motion planning. Singularities and redundancies can be calculated
with more information on the manipulator. We can also potentially see
the effects of the arm angle on the joint angle with more manipulations.
In the case of the robotic finger, simulations can be carried out to check
their effects on the spring loaded joints.
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