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1 Reference Frames
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Figure 1: Global, body and track frames

It is considered a moving body frame B in a plane with respect to an inertial global
frame O, and a Frenet frame F.

~

« Global frame O(i, j) defined as an inertial frame.
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« Body frame B(7’, ;") defined with the exes fixed to the body.

* Frenet frame F(f ,n) defined by projecting the body to the track, with the axes tangent
and normal to the curve.

The position of the bosy can be defined in cartesian coordinates (x,y) or curvilinear

coordiantes (s, e, ).

1.1 Inertial-Frenet-Body transfrom
1.1.1 Rotation matrix

Rotation matrix between the inertial frame O, body frame B and Frenet frame F:

Rg(lb) _ {comﬁ —sinﬂ

siny)  cosy
o _|costpy; —siny,
RE($a) = Lingﬁd cos 1, } (1)
o _ |cosey — sin €y
Rpley) = [sin e, Cose, }

1.1.2 Curvilinear coordinates

The body can be expressed in curvilinear coordinates (s, ¢,), which can be defined with
respect to the Frenet frame F:

~>_4>F
S—TOF 5
L arp (2)

According to the figure ??, the curvilinear abscissa s can be expressed in polar coordinates
s = pb 3)

where: p: curve radius
¢, =1/p: curvature
6 : angle travelled

The angle travelled 6, taking into account the rotation direction, can be expressed as:

0=0,+0 =0, — (90° — by @)
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Figure 2: Angles relation

where 0, is an offset of the starting point to a specific position on the horizonal inertial axis.

Deriving the equation above:

d d

0) = 50— (90° — ) = T0y) ®)

which proves the relation of the angle travelled along the curve 6 and the angle with respect
to the tangent to the curve itself.

Deriving the curvilinear abscissa in polare coordinates in 3 with respect to the time, consid-
ering a constant curvature:

> d " d, - -
= —(pO)t = p—(0)t = pwyt 6
s= ()i = p (0)F = pwy (6)
then the angular velocity: '
S
wy = — = sc, (7)
“Tp
It is defined the deviation e, from the body heading to the curve (desired) heading, is:
ey =Y —1y 3)



1.1.3 Body with respect to the global frame

The position of the body frame B with respect the global frame O is:

.o _ |zg| |ropcosfpg
"oB = [yB} o L“OB sin@B] ©)
~B

The velocity of the body in its reference frame v, can be expressed in the global frame O
as:
U = R{($)I5 = 05 = RE ()1 (10)

The acceleration of the body in its reference frame G5, can be expressed in the global frame

O, deriving the equation above:

. d d . . -B
i = < (09) = - (RQ()78) = RY(W)TE + RY(¥)s
-B
= 39 x RQ()05 + RY()p = RY(W)(@Y x 5 + ip) (b
:>ROaB = wg x 78 + vg
then: 5
B =9 x B + oo (12)
where: @5 = R5d9
1.1.4 Frenet frame
The position of the Frenet frame F with respect the global frame O is:
0 Tp|  |TopcosOp
"or = {yF} - lTOFSiHQF] (13)

The velocity of the body in its reference frame 2, can be expressed in the Frenet frame F

as:
g = Rg(ez/))vB = Uf = RF<61/)) Ug (14)

1.1.5 Body with respect to the Frenet frame
The position of the body can be expressed as:
Top = Top +Tep = Top+ RE($)Th (15)
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Deriving the equation above with respect the time:

£ (735) = () + < (RR()7Es)

=7 = i(TOF) + R ()T hp + Rg(iﬁdﬁ”g}e

=03 = 72OF + 0% X RP(Va)T g + Rg(‘ﬁd);zzB (16)
= RE(1,)79 = Ro(wd)r8F+ O x Eg + TI;B

=R5(¥q) R W)UB = TOF + 0P X Fop + T?B

» LF
=Rg(e,)ip = 7"OF + &9 X Thp +7rp

where: RF(%) RE (W) RG (1)

TOF = st
SF
Tpp = €N

Passing from the cartesian coordinates to the curvilinear coordinates, using the trans-
formation in 2:

RE(e )0 =5+, x €, +¢,
=Rp(e, )05 = §t + $c .k X e,n+ é,n (a7
=RE(e,)05 =t + Se c.(—t) + €,
=Rp(e,)vg = 5(1 eycc)f—i— é,n

which can be decompoed in the Frenet frame axes:

{]=mea ][5 o»

while the deviation angle velocity:

. d . .



2 Bicycle dynamic model

Ref: [1] (pg. 27), [3]
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Figure 3: Bicycle dynamics

From equations 12, the acceleration of the body in its own frame B, is:

~ ~

ap

~

(jjz X z_jB + 5B - wzz: X (vx;—i_ Uy]) + (Um,;_‘_ ij)
w

(v:r - wzvy)g—i_ (Uy + wsz)j

then: _
o[-
The dynamics of a rigid body is then:
m(v, —w,v,) = F,;+ F,,
m(v, +w,v,) = F,s+ F, (22)
Lw,=1F;—1.F,

Y
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where: m : mass
L1, : front and rear wheel distance from the center of mass
F, f, F,,. : Forces on x body axis of front (f) and rear (r) wheel
Fy £ Fyr :  Forces on y body axis of front (f) and rear (r) wheel
in which the forces can be decomposed in the tire-fixed frame:
Fx,i = Fl,i005(5i) - Fs,iSin(éi) (23)
F, ;= F;sin(d;) + F ;cos(d;)

7 7

Y,

where: F,; = {F;, F},.} : Force on longitudinal axis of front (f) and rear (r) wheel
F,,={F F,}: Force on perpendicular axis of front (f) and rear (r) wheel
0; = {deltay,delta,} : Front (f) and rear (r) wheel steering angles

Replacing the equations 23 into 22, it is obtained the complete formulation:

! (Fypcos(6y) — Fypsin(dy) + Fy,. cos(0,) — Fy,.sin(0,.)) + w,v

Q‘Jx — E Yy
) 1 . .
v, = E<Flf sm(5f) + Fy; cos(éf) + Fy,.sin(6,.) + F,,. cos(d,)) —w,v, (24)

i 1 . .
W, = I_z(lf<ﬂf Sln<5f) + st COS<6f)) _ lr(ﬂr Sln(5r> + Fsr COS<6'P)>)

Sideslip angle Ref: [1] (pg. 27)

The sideslip angle is defined as:

a, =0, —0, 25)

* *

where: 6, = arctan (ZL
’y*

Uyis Uy ¢ longitudinal and lateral wheel velocities in fixed body-frame

While v, coincides with the CoM longitudinal velocity, the v, is the sum of the CoM
lateral velocity and the tangential velocity of the wheel respect to the CoM due to the angular
velocity, then:

U:Uf = Vpyr = Vg
Vyp =, + 1w, (26)

Uy =V

Y — 1w,

Y

where: v, v, ¢: front wheel velocities in fixed body-frame

Uyps Uy, = Tear wheel velocities in fixed body-frame

Replacing the equation above in the first one, it is obtained the sideslip angle of the front
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Figure 4: Sideslip angle

and the rear wheel: l
v, + L w
ap= 5f — arctan (y—fz

U ; 27)

Yy
a, = 0, — arctan

2.1 Tire’s linear dynamic [3]

For small sideslip angles, the wheel lateral force can be well approximated proportional to
the sideslip angle itself:

(28)
FS’I” = CT(FZ.%”H)QT

where C'f, €, is the "Cornering stiffness” of each wheel, depending on the normal force
acting on the wheel and the friction coefficient with the surface.

Here, an estimate of this coeflicient has been done evaluating the dynamic evolution of
the nonlinear plant model, with different values of the cornering stiffness, until a realistic
behaviour has been achieved.

To notice is that small values of the cornering stiffness, make difficult the steering, while
too high values generate excessively high lateral forces also for small sideslip angles, which
are incompatible with the reality.



3 Bicycle dynamics in a curvilinear reference for MPC
prediction

From the previous sections, a dynamic model of the bicycle in a curvilinear reference can
be implemented under the following assumptions:

» Small sideslip angles (o < 10°)
* Front steering wheel command (9, = 0)
* Rear traction (£, =T, F}; = 0)

* The forces are multiplied by a factor of 2 in order to take into account the physics of
4 wheels

the dynamics in 24 can be semplified as:

: 1 .
0, = E(_st sin(dy) +T') + w,v,

. 1

Uy = E(st COS((Sf) + Fsr) — W,V (29)
. 1

W, = I_Z<lfF8fCOS(5f> —I,.F,)

while the sideslip angle, from 27, under the assumption of small angles, is:

vy+lfwz> s v, + lw,
- 0f
v v

ap= 5f — arctan <
* (30)

xT

v, — 1w v, — 1w
o, = — arctan <u>z—u

r
Uy Uy

The tire’s forces are then:

(31)



While the link between the dynamics from the cartesian coordinate into the curvilinear
cooridnate from 18 is:

v, COS ey, — v, Sine,

§(t) =

1 —c.(s)e,
€,(t) = v, siney, + v, cose, (32)
v, cose, —v,sine
: _ x Y Yy Y
61[)<t> =W, — 1— cc(s)ey Cc(s)

Putting toghether 29 31 32 it is obtained the complete dynamics:

) 2 v, +lw,\ |

. 2 v, + lw, v, —lw,
2 v, + Lw v, — 1w
W (t)=— (1,C, (6 —y—fz>cos<5 —1.C, (—y—>)
) Iz<ff<f v, ) v, (33)

v..Ccose,;, — v, sine
() = -2 Y Yy Y
5(¢) 1 —c.(s)e,

é,(t) =v,sine, + v, cose,

v, COS €y, — v, Sine,

S (4) — . —
61/)( ) Wy 1 — Cc(8>ey Cc(s)

T

where: ¢ = [vw v, w, S € ew]
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4 MPC

4.1 Model linearization

The nonlinear system has to be linearized around the operative point p = [€,, u,]. The
system can be approximated through the Taylor expansion, stopped to the first derivative:

97 of

~%%w+5ywwi&wwA@&@+B@ww (34)

d
E(fsf ()

where: 0£(t) = &(t) — &,
du(t) = u(t) —u,

which can be rewritten, collecting all the constant terms in a offset matrix K:

d

(D = &) = AD)E) — &) + Blp)(w(t) —uo) )

= §(t) = A(p)§(t) + B(p)u(t) + K(p)

where: K = é:() — A(p)&y — B(p)y

4.2 Discretization

The system model is discretized according the Euler approximation:

B, = BT, (36)
Kd — KTS
where: T = aT,,,: MPC sampling time
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4.3 Prediction

At k-th sampled, the predicted state is:

S = Aa(P)&k + By + Ka(p),  Sopre = &k

State prediction: B - ~ -
& = Aq(p)&, + By(p)Uy + Ky(p)

) ST U,
where: & = | ¢ | eR%=MNe; U, = € R™ulVe:
pr|k UN, 1|k
[ Aggp)
_ A P
Ay = | 447 | egranon,
N
_Ad v (p)
r Bd(p) Onm,nu Onz,nu
A4(p)By(p) B,(p) U
Bd(p) = N, N.—1
Ayc(p)Ba(p) Az (p)Ba(p) B,(p)
N, -1 N, -2, N,-N,
Ay" T(p)By(p) Ag” “(p)Bulp) - Ay “(p)Ba(p)
Kd(p)

4.4 Optimization
4.4.1 Objective function

aL o el 2
J (&) = Z Ei — refin |Q + Z Wik ’R
i=1 i=0

= | — refilly, + 1017,

= UE(R + BgQBd) U, +2 (Adgkz + [_(d —refk)TQBdUk

+ (Agé + Ky — Tefk>TQ (Agl + Ky —refy,)

12
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(38)

e anvanuNc

(39)



where: ref, = [’r’efl‘k 'repr‘k] € RNy
Q@ 0 0
L0 0 Q
R O 0
R = 0 R . Q E [RnuNc’nuNc
L0 0 - R
4.4.2 Constraints
State constraints
-U:c,min U:c,mam_ I Om/s +3m/8 i
Vy min  Vy.maz —0.5m/s +0.5m/s
_ _ | %zmin wz,mam _100/8 +100/S
c [gmzn gma:r] - Sin S 0Om Sf (40)
€ymin  Cymaz —2m +2m
_ew’min €w7max_ —10° +100 |
—B,(p)U, < —€,.., +A +K
By(p)Uy, < &aw — Aa(0)€), — Ky
where: gmin = [gmzn fmzn]T € Ranp
— T
fmam = I:S'I’I’LCLCC Smax] e [Ranp
Input constraints
Op, .0 O —30° +30°
— . — fymin fymax | _
te = [Umin Umag] {amm V- } {—Mn/s2 +0.5m /s? (42)
U, <U,_.
Umin < uz|k < Uz = b Tman (43)
Uk S Umax
where: U, = [Upmin umm]T € RNy
U’I’TLCLZIZ = [umaw umam]T E IRnuNp

13



Input rate constraints

Abys in A0 —15°/sT. +15°/sT
— ] — fymin fymaz | _ s s
At = [Attpin At { A, A, } [—O.lm/SQTS +0.1m /8T,
(44)
U, <-AU,,,, — U,
Aumin < Auz\k < Auma:c = g e e (45)
Uk < AUvmaalc + Uk—l
where: = [Au Au,,;,]" € Rrulo
(e ] € R

Ay, = Wy — Uy g — AU :TUk — U,y
AUk - [Au0|k AuNc_Hk]

Up1 = [Auoucq Auchl\kfl]T

4.5 QP formulation

min - U H (p)Uy, + 27 (p)Uy + 9(p)

(46)
S.t. Ameq(p)Uk < bmeq( )
where: H(p) = (R+ BTQBd)

flp) = (Adfk+Kd( )—Tefk)

QB
g(p) = (Adfk+Kd( —Tefk) QA dfk"‘Kd —Tefk)
[ —B; ] [ —&min T fldfk: + Ky(p)]
EdN gmax - Adgk - Kd<p)
Aineq<p) = I{muNpp ’ bineq<p) - UUnv:;;n
_InUNp _AUmzn o Uk 1
L InuNp - AUvmcwc + Uk:—l -

14



5 MPC - state variation

5.1 Model linearization

The nonlinear system has to be linearized around the operative point p = [€,, u,]. The
system can be approximated through the Taylor expansion, stopped to the first derivative:

d 0 0 :
L 56t ~ CLelt) + Foult) = (1) ~ AW + Bpoult) @)
dt o0& ou
where: 0£(t) = £(t) — & = [dv, dv, dw, ds de, 5e¢]T

du(t) = u(t) —uy = [06; 5a]T
Changing the notation for semplicity, the new state/input definition is defined as the state

error with respect the operative point:

&(t) = A(p)&(t) + B(p)u(t) (48)

5.2 Discretization

The system model is discretized according the Euler approximation:

A, =1+ AT
Bd — BTS
where: T = a7, : MPC sampling time
5.3 Prediction
At k-th sampled, the predicted state is:
Eiv1e = Aa(@)& + Ba@)wrs  Eo = & (50)
State prediction: - - -
& = Ag(p)&k + By(p)Uy, (51

15



B ST Ug|g
where: &, = | ¢ | eR%Ne; U, = : € RmulVe
pr|k UN, 1|k
_Aggp)
_ A P
L) = | 1P | e
N
_Adp<p>
r Bd(p) Onm,nu Onz,nu T
Aq(p)By(p) By(p) S
B = : _ : h : c anNp,nuNc
)= A p)Bo)  AYT0)Bap) - Bu)
N1, N, -2 N,—N,
LA;" (p)By(p) A" “()Byp) -~ A" “(p)By(p)d

5.4 Optimization

5.4.1 Objective function
N, N.—1

z 2 2
J (&) :Z 5i\k_7'efi|k ‘Q+ Z ui\k’R
i=1 i—0
= gk = resilly + 1015, (52)

= UT(R+ BIQB,) Uy, + 2 (Ag&, —refy)’ QB,U,
+ <Ad£k - Tefk)TQ (/idﬁk - Tefk)

where: ref, = [refl‘k fr‘epr‘k]T € RNy
[Q 0 - 0
Q — O Q . O c R Npsna Ny
L0 0 - @
R 0 - 0
R == 0 R ‘.“ ? - [RnuchnuNc
0 0 - R

16



5.4.2 Constraints

State constraints

[0Us min OV maz | [—0.1m/s +0.1m/s
OV min OV maz —0.01m/s +0.01m/s
6wz min (5(4}2 mazx _0-010/5 ‘|‘0-010/8
0, = [06min & mas] = s gamtl =1 lom o1m | Ts 63
6y min €y maz —0.1m +0.1m
-5€¢,min 5ew,max- L —0.1° +0.1°

—By(p)U, < —6¢,,;, + Ay(p)E,
0 <& <6 e ¢ A
gmzn = gl‘k - gmam = {Bd<p>Uk < 5£mam o Ad(p)gk

where: 6€,,:, = [0&min 5§mm]T c RNy
6gmax = [5€max 5§maw]T € R"=Np

Input constraints

00, . 00 —0.1° +0.1°
_ ) — fymin fymax —
Otte = [Otmin taq] 8pin O au } [—O.hn/s2 +0.1m/s? T
U, <6U_ .
5umin < uz|k < 5uma;v = b e

Uk < 5Umax
where: U, = [0Upin 5umin]T € R*«Mp
U e = [Otimaw = Otipyay]” € RPN

5.5 QP formulation
min - UH (p)Uj, + 2" (p)Uy + 9(p)

St Aineg @)Uk < ey (p)

17
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where: H(p) (R+BTQB )
T

d
f(p) = (Adfk - Tefk) C?Bci
g(p) = Adfk_refk> Q(A —Tefk
_Bd 5§mzn + Adé-k:
) A
Aieg(p) bineq(p) = | e Lath
5Umaw
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6 Appendix

6.1 QP linearized matrices

-r0v, Ov, Ov, Ov, Ov, Ov,"
Ov, Ov, Ow, Os Oe,, @
ov, ov, Ov, Ov, Ov, O,
Ov,, 8_1)y dw, Os a_ey Oey,
8f A A Ow, Ow, Ow, OJu, Ow, Jw,
ov, O Ow, 0 0 0
- i e T T 7 B
3 21 22 dv, Odv, Ow, 0Is Oe, Oe,
o¢é, oe, 0o¢, 0¢, 0¢, 0¢,
v, B_Uy dw, Os 8_ey Oe,,
¢, 0é, 0é, 0é, 0é, 0é,
|5, Tv, Ow. 0s e, eyl
a'Um . _2Cf Sin<5f0)<'Uy0 + lfwzo)
v, mu2,
ov,, mu,g =0
O,  2C;lssin(dy)
ow, muv U0
z z0
o, 2
% = Wgo [Cf(vyo + lfw20> Cos(éf()) + C’r(”yO o lrw20>] — Wz
ov 2
Yy _
Bo, " mug [Ceos(dy) + C, ]
ov 2
y _
R [Cflfcos(éfo) —Cl,] —
z
& 2
ov I 02 [Cfl ( Uy0 + lfwz()) COS(5f0> o Crlr(vyo o lTsz)]
T z%x0
Ow 2
61}2 - I v o [ CflfCOS 5]00 +C l,,n]
y zVx
Ow 2
awz =+ - {—Cflfccos(éfo) — Crl%]
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0s

9s "

D5 0 C08(eyn) — Vyo Sin(eyy) .
3€y (1— CceyO)2 ’
Os B —Uy0 Sin(€¢,0) — Uyo COS(€¢0) .
de, (1 —cceyo) "

cCy

o¢, _0

ds
o€
ge, "

€y
¢, . ;
@ = (40 €08(€y0) — Vg sin(eyq)) €y
%y _

s
8é¢ _ Va0 COS(%O) — Uyo sin(ewo) c2
36y (1— Ccey0)2 ’
Oty _ VapSinleyo) +vyoc0s(eyo) 0
dey, (1—ceey) o
00, _ 00, _ 00y _

as - 86y N 86,¢, N

0s 5€y 5’€¢
o, 0w, 0w,

ds  Oe, Oe,

0$ 005(61/10)
a/Ux B 11— Cceyo

95 sin(e,q)
8vy B 1— CceyO

05
ow, 0

20



B0, = sin(ey)
oe.
a—vy = COS(@wO)
oe
Y
=0
ow,,
dey, _ cos(ey0)
v, L—c.e, ©
N sin(e,)
Ov, l1—ceey ©
8e¢ _
ow,
ro0v,, 0v,,
06 da
8'[)5 8vy
95, Da
Ow Ow
of {B } 95, 0a
B=J - = éf $
f< ) ou B2 (%f %
8e'y aey
95; Da
Oey, »p
L 0o Oa
8’(.):” 20 . v 0 + lfwzo .
a_é_f = —W |:Sln(5f0> + <6f0 — Y ’Umo > COS(5f0)5f0:|
o,
Oa
) 20 V0 + L ew .
_ f 0 fWa0\ .
8_52; == {cos(éfo) — (5f0 —— o ) sm(dfo)éfo}
00y _
Oa
adjz 2Cflf v 0 + lfwzo . .
93, - [cos(éfo) — (5f0 -2 ™ ) sm(éfo)éfo}
Ow
2 =0
oa

21
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o _ 05

95, 0a "
e, _ %y _
95, da
o, _ 06,
9,  da
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6.2 Cornering stiffness

Trajectory
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Figure 5: 2 Figures side by side

(c)v=2m/s
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Trajectory Trajectory

(@) v=0.5m/s (b)v=1m/s

Trajectory Trajectory

(c)v=2m/s (d) v=3m/s

Figure 6: 2 Figures side by side
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Trajectory

Trajectory

(@) v=0.5m/s

Trajectory

(b)v=1m/s

Trajectory

(c)v=2m/s

Figure 7: 2 Figures side by side
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(d) v=3m/s



References

[1] R. Rajamani. "Vehicle dynamics ancd control”, Book, Cap2.

[2] A. Micaelli, C. Samson. "Trajectory tracking for unicycle-type and two-steering-wheels
mobile robots”, Book, Cap2.

[3] Yiqi Gao. "Model Predictive Control for Autonomous and Semiautonomous Vehicles”,
PhD Thesis, 2014.

26



